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A Kind of Fast Iterative Methods With the Application
Based on Diagonal Matrix Splitting
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Abstract: The fast solution of linear equations has always been one of the hot spots in scientific comput-
ing. A kind of the diagonal matrix splitting iteration methods are provided, which is different from the
classical matrix splitting methods. Taking the decomposition of the diagonal elements for coefficient
matrix as the key point, some new preconditioners are constructed. Taking the tri-diagonal coefficient
matrix as an example, the convergence domains and optimal relaxation factor of the new method are ana-
lyzed theoretically. The presented new iteration methods are applied to solve linear algebraic equations,
even 2D and 3D diffusion problems with the fully implicit discretization. The results of numerical experi-
ments are matched with the theoretical analysis, and show that the iteration numbers are reduced greatly.

The superiorities of presented iteration methods exceed some classical iteration methods dramatically.
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1 Introduction

In the field of scientific and engineering computing, the solution of algebraic equations obtained by discretiz-
ing many mathematical models has always been a hot topic, especially with the progress of computers. Efficient
numerical methods have always been a goal pursued by people, and iterative methods in numerical methods have
become the mainstream solution methods. References [ 1-2] are two classic books, which introduced various itera-
tive methods for solving large—scale linear algebraic equations systematically. From the Gauss—Seidel ™ iteration to
the Richardson method, the Chebyshev semi—iteration method and successive over relaxation (SOR) method in the
1950s and 1970s, the iteration methods have a long history. Hageman et al "' provided many appliable iterative
methods. Axelsson"’ introduced iterative solution methods comprehensively, including preprocessing techniques.
Saad'®’ gave the iterative methods for sparse linear systems. Bai et al "™ provided Hermitian/skew—Hermitian
(HSS) splitting methods for non-Hermitian positive definite linear systems, and accelerated HSS methods for
saddle—point problems. In references [9], a matrix splitting method has been proposed for special matrix and a
comprehensive review of preprocessing techniques was provided. References [10] gave the application of HSS
method in Sylvester equation. Li et al"" proposed a modified Gauss—Seidel type iterative methods and Jacobi type

methods for Z-matrices. The interpolating preconditioners for the solution of sequence of linear systems were pro-
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vided in references[ 12]. A generalized successive overrelaxation iterative method for a class of complex symmetric
linear system of equations are given in references[ 13]. New matrix splitting iteration method for generalized abso-
lute value equations was provided in references [ 14], which proposed a relaxed Newton—type matrix splitting itera-
tion method. References [ 15] introduced two—parameter modified matrix splitting iteration method, established
the asymptotic convergence theory and demonstrated its convergence under certain conditions. References [ 16]
constructed a paradigm of two—step matrix splitting iteration methods and analyze its convergence property for the
nonsingular and the positive—definite matrix.

Under certain conditions, the classical Jacobi, Gauss—Seidel iteration methods can solve many practical prob-
lems. Especially for the SOR"" method, which adds the optimal relaxation factor, the iteration acceleration has
been greatly improved. However, we find that in the Jacobi iteration method and the Gauss—Seidel iteration
method, the most primitive information are not fully utilized. They all use the initial iteration information of other
points to calculate. Xu et al ' developed a new kind of iteration methods based on the discretization schemes
with some iterative operators, which are more efficient than Jacobi, GS and SOR methods. To make more use of ini-
tial information to construct iterations, we need to split the main diagonal elements, that is, the diagonal matrix
constructed by the main diagonal elements, to obtain a new kind of iterative methods. Therefore, we will propose a
diagonal matrix splitting iteration methods. The classical Jacobi, Gauss—Seidel and SOR iteration methods are actu-
ally special cases of the presented methods. We have added the concept of diagonal splitter and provided the range
of diagonal splitter to ensure the convergence of the generalized methods. Finally, the new methods are applied to
solve linear algebraic equations and 2D and 3D diffusion problems. The experimental results show that the general-
ized iterative methods greatly improve computational efficiency, far surpassing classical iterative methods.

The remainder of the paper is as follows: In Sec. 2, we present new generalized iterative methods for solving
linear algebraic equations; Sec. 3 provides the range of the diagonal splitter and the optimal relaxation factors of
the presented iteration methods for tridiagonal linear equations. The new generalized iteration methods are applied

to solve linear equations, 2D and 3D diffusion problems in Sec. 4. Finally, Sec. 5 gives the conclusions.

2  Generalized iteration methods

In this section, we provide a class of new iterative methods based on the splitting strategy , which is the exten-
sion of the classical Jacobi, Gauss—Seidel and SOR methods in fact. So we call the new methods as generalized iter-
ation methods.

2.1 Generalized Jacobi, GS, SOR methods

Consider the following linear equations

a, %, tapx, tasx; e ta, %o, =b,
Ay %, + apx, + ayx; + o ta,, %, = b, D)
@y X+ @ L%, Fa Kyt ta o x = b
Which can be often written as
Ax = b. (2)

Where A = (a;);_wu-n» %= (2 )_1yuis b=(b)_1)x1»07 = 1,2, -+, 1 = 1. There are many methods to solve Eq.
(1) or (2) like the classical Jacobi, Gauss—Seidel (GS) and SOR iterative methods and so on. We often introduce
these iterative methods by the matrix splitting method, namely, the coefficient matrix can be divided into A = D -
L - U, here D=diag(A), and

0 0 -a,

- 0 0
L=| , , U= , . (3)
‘. : Q-
T, —a;_1;-, O

(I=1)x(=-1) (I=1)x(-1)
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We will provide a new splitting iterative method, which can accelerate the iteration dramatically. In fact, the
classical Jacobi, GS and SOR iterative methods can be extended.
First, we divide the elements of diagonal matrix D into two parts,
D=B+C, (4)
namely,a,; = b, + ¢;, i =1, 2, «--, [ = 1, here

b, i

B=| " el . (5)

bl*l,l*]

(-1xU-1) Cr-vi-idg-nxu-n

The matrix B and the elements b,,i = 1,2, ---,] — 1 are called diagonal retention matrix and diagonal reten-
tion elements, the matrix C and the elements ¢;;,1 = 1,2, -=+, [ — 1 are called diagonal splitting matrix and diagonal
splitter.

Second, we construct the following iterative methods:

(k+1) (k) (k) (k) (k) _
by x toepxy Fapx, tapgxy o a6 = by,
(k) (k+1) (k) (k) [0 -
I ay %, + by, T Xy Fapxy o tay, 6 = b,, 6
() () (G (h+1) " _
a1 %y ta,_ %, ta_, ;x5 + +b1—1.1—1x1—1 +Cl—1,1—1x/—1_b/—17

which is called generalized Jacobi(G—Jacobi) iterative method. When €C=0, namely,c, =0,i=1,2,+++,1 — 1, method
I is just the classical Jacobi method.

In Eq. (6), we can see that once the vector x'"is given, the new vector x** Ycan be computed. The G—Jacobi
iteration method has the essential parallelism as the same as the Jacobi method. Eq. (6) can be written in element
form to show exactly how to update the approximate solution vector, namely,

, 1 : :
xﬁ/ﬂ):bi b, _z%xlm -, i=1,2,-,01-1.

i JjEi

Next, we can construct another new iterative method,

(k+1) (k) (k) (k) (k) _—
by, tTepxg Fapx, tapxy toe ta o x7, =b,
(k+1) (k+1) (k) (k) ) _
Ar %y + by, T Xy Foapxy t o tay, % = b,,
. D
(h+ 1) (k+1) 1) o L. (k+1) . " _
A q,1%, toa, 5%, toa; 5% + +b1—1,/—1x1—1 +C/—1,171x1-1—b1-1’

which is also called generalized Gauss—Seidel (G=GS) iterative method. Similarly, When C=0, namely, ¢, =

0,i=1,2, -,1-1, the method II is the classical Gauss—Seidel method. The G—GS iterative method can be

written in the form

. 1 i o
x(l“ V= bf [)i - zaljxj‘:‘ MU Z(zijxj(-“ - c[ix(ikj , 1= 1,2,"',1 -1.
i i<i i>i
It can be seen that the latest approximations to the components of x are used in the update of subsequent compo-

k) . . Ck+1)
nents. The old components x'* are overwritten with those of x™**

as soon as they are computed.
The improvement of the G=GS method can be provided by introducing a relaxation parameter w. We add a
relaxation factor @ to construct the G=SOR iterative method as follows:
Im: x%" = 2% + wAx™
here Ax" = 2" Y = x'", while " " is obtained by the Eq. (7).

The G-SOR method is defined by

A= bf b, - Zaijxiv“” - zaﬁxi“ e+ (1 —w)a™,i=12,--0-1. (8)

i j<i j>i



4 TR R CHARBR 2 IR 530 547 %

When w=1, the G-=SOR method is equal to G=GS method; and when ¢,=0,i=1,2,+-+,l-1, the G-=SOR method is
just the classical SOR method.

For above three generalized iterative methods, their iterative matrices are
M,=BNL+U—-C)=(D—C) (L+U—C),
M, =(B—L) (U-C)=(D—C—L) (U~-0C),

My=(B—wL) (1 —w)B+w(U—C)).
Therefore, the classical Jacobi, GS and SOR iteration methods are the special cases of the presented general-
ized iteration menthods. The theoretical anlyses can also be provided.
2.2 Convergence analysis

Theorem 1'% Given the initial vector &

, the G=Jacobi iterative method is convergent only if the spectral
radius of the iterative matrix M | satisfies p(M | )<1.

Lemma 1'% If the matrix A is strictly diagonal dominant or irreducible diagonal dominant, then the matrix A
is nonsingular.

Definition 1"”  When the matrix 4 is strictly diagonal dominant or irreducible diagonal dominant symmetric
matrix, and its diagonal elements are all positive, which is called that A is positive definite matrix.

Theorem 2  If the coefficient matrix A in Eq. (2) is symmetric, and the diagonal retention matrix B>0,
then the G=Jacobi iterative method is convergent only if A and 2B-A are all positive definite.

Proof Because the matrix A is symmetric, and B>0, we get

M =B (L+U-C)=I-B'A=B"*(I-B"’AB"*)B"".

It shows that M |is equivalent to I-B"?’AB™'", and both of them have the same eigenvalues. Moreover, I-B"’AB™"" is
symmetric, which has real eigenvalues.

(1 ) The necessity. If the iterative method is convergent, then p(M,) < 1. We can obtain that all of the
eigenvalues of the matrix I-B"?AB "*are belong to (=1, 1), which means

| A <1,

- prApn
then

0<A < 2.

BRAR”

So the matrix B"?AB™'" is positive definite, which indicates A is positive definite. Furthermore,due to
B"(2B-A)B"*=21- B"*AB"",

then the matrix 2B-A is positive definite.

( ii ) The sufficiency. Since B> (I-M ) B"”=B"AB™"", which means that the eigenvalues of I-M  are all

greater than 0, then we have
Ay <1 (9)
Otherwise, due to A=B(I-M ), it has B"*(2B-A)B'"*= B"*(I+M , ) B™'".
Since 2B-A is positive definite, A,y > 1, we obtain
Ay >-1. (10)
From (9) and (10),p(M ;)<1. So the G—Jacobi iterative method is convergent.

Theorem 3  If the coefficient matrix A in Eq. (2) is strictly diagonal dominant or irreducible diagonal domi-
nant, and the diagonal retention matrix B = diag(b; ),_«-1)» bs > 0,0 =1,2,+-,1 — 1, then the G-Jacobi itera-
tive method is convergent.

Proof Duetob,>0,i=1,2,---,1- 1, then the diagonal retention matrix B is reversible. Assume A is
the eigenvalue of the iterative matrix M, , which satisfy Al = 1. Then we can obtain that the matrix AB = L — U +
C is also strictly diagonal dominant or irreducible diagonal dominant because of the strictly diagonal dominance or
irreducible diagonal dominance of the matrix A. From the Lemma 1, we have

det(AI = M,) =det[Al - B'(L+U-C)]=det(B")det(AB-L-U+C)#0.
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which is contradictory. Therefore, the spectral radius p(M,;) < 1. By Theorem 1, the G-Jacobi iterative method is
convergent.
Theorem 4  If the coefficient matrix A in Eq. (2) is a real symmetric positive definite matrix, and the diago-

nal retention matrix B>0, then the G=SOR iterative method is convergent when

2| B,
O0<w<——m-—.
I8l, +lcl,
Here ||||2 means 2-norm, and @O If ||B||2 <||C||2,then O<w<l. @ If ||B||2 >||C||2,then
2| B, . o . .
m > 1, which means @ = 1, the G-GS iterative method is convergent. @ If ||C||2 =0, the G-SOR
+
2 2

method is just the SOR method, which is convergent when 0 < @ < 2.
Proof Assume A is any eigenvalue of the iterative matrix M and v is the corresponding eigenvector, then we
have
(B-wL)'[(1 —w)B+w(U-2C)]v=Ap. (11)
Let »"be the conjugate transpose of v. Denote v" By = §,,v"Cv = 8,,v"Uy = a + iB,i = V-1 8,,6,,a,B are
all real numbers. Since L=U", we get
viiv =oa - iB. (12)
Taking the above relationships into (11), then
8, —w(8, +8, - a)+iwf

8, — wa + iwf

Computing the square of module in both sides for Eq. (13), we get
[, -w(8,+8,—a)] + 0B’

AP = :
(86, - wa)’ + &’ B’

Note that
d=[8-w(b, +8 -a)] -(8, - wa) =w(28, - wd, - w5,)(2a - 5§, - 6,),
due to A is real symmetric positive and B>0, then
§,>0,8 +6,>0, v'Ar =6, + 68, - 2a > 0,
we can obtain that d<0, namely, | A| < Iwhen
26,

0<wc< .
Y8 1,

Theorem 5 If the coefficient matrix A in Eq. (2) is strictly diagonal dominant or irreducible diagonal domi-

nant, and satisfies 1, > zlaljl + le,l, then the G=SOR iterative method is convergent when w € (0, 1].

Proof Assume the iterative matrix My=(B-wL)"' [ (1-0)B+w(U-C) ] has the eigenvalue A which is satisfi
ed|A| = 1, then
det(Al = M,,)=det[(B - wL)"']det[A(B-wL)-(1 —@)B -l -C)]=
det [(B - L)' ]det[(A =1+ w)B - w(AL+ U~ C)].

Since w € (0, 1]and B is strictly diagonal dominant or irreducible diagonal dominant, we have

X =1+ olibl > @lXl] Dlal + > layl + led | > o XY layl + D lal + le,l |-
i>j i<j i>j i<j

From Lemma 1, we have
det[(A -1+ w)B-w(AL+U-C)]#0,
which is contradictory. Therefore, the spectral radius of G=SOR iterative matrix p(M ) < 1. So the G-SOR itera-

tive method is convergent when @ e (0, 1].
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3 Tridiagonal linear equations

In this section, we take tridiagonal linear equations for example to provide the eigenvalues, eigenvectors, the
range of the diagonal splitter, and the optimal relaxation factors of the presented new iterative methods.

Consider the linear equations (2) with the coefficient matrix
d B
_ d
A= P . 'B . , (14
B

we split the diagonal matrix of A into two parts, namely, diag(A)=B+C, here

(I=1)x(-1)

d-vy Y
_ d-vy ~ Y
B= . C= , (15)
d_’y (=1)x(-1) y (=1)x(=-1)
where vy is defined as the diagonal splitter.
Theorem 6 LetA,_,,,_ , in (14) be the coefficient matrix for linear equations Ax = b, the diagonal reten-

tion matrix B and the diagonal splitting matrix C are defined by (15), then the eigenvalues of the G-Jacobi itera-

tion matrix are

2 k
PP A I YA (16)
d—y d—vy l
Theorem 7 LetA,_,,,_, in (14) be the coefficient matrix for linear equations Ax = b, the diagonal reten-

tion matrix B and the diagonal splitting matrix C are defined by (15), then the eigenvalues of the G-SOR iteration

matrix are

2

k ik k d

A, = B cosl+ Lcoszl—( @ -, k=1,2,---,1-1. QYD)
d-vy l (d-7vy) l d-vy

The proofs of the Theorem 6 and Theorem 7 can be obtained by references [6]. From the Theorem 6 and Theo-
rem 7, we can get the convergence domains about diagonal splitter vy of G=Jacobi and G—=GS methods with the coeffi
cient matrix in (14).

Theorem 8  Let A(/-UX(/- ,, be a coefficient matrix as in (14) for linear equations Ax = b, which is diago-
nally dominant and d>0. diag (A) = B + C, B > 0 means the diagonal splitter y< d as in (15). Then the G-

Jacobi method is convergent when
d
Y <5 T+ p), (18)

here u,;, is the minimum of the eigenvalues for the classical Jacobi iteration matrix.

Proof Note A and w are the eigenvalues of G=Jacobi and Jacobi iteration matrices. From the Theorem 6, we

have
d -
A=BEZY (19)
d-vy
when|A| < 1, namely,
d -
1 <BETY (20)
d—-vy

is satisfied, the G=Jacobi method is convergent. So the convergence domain is

d
<—(1+ )
Y<5 (1 +p,)

Similarly, we provide the following theorem.
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Theorem 9  Let A,_,, ., be an coefficient matrix as in (14) for linear equations Ax = b which is diago-

nally dominant and d>0. Then the G—=GS method is convergent when
d
7’<5(2—P(J)), 21D

here p(J) is the spectral radius of Jacobi iteration matrix correspondingly.
Proof Note p is the eigenvalue of Jacobi iterative matrix. From Eq. (17), to ensure the convergence of the

G-GS method, it need that

d *d?
p +/ X Y
2(d - y) 4d-vy) d-vy
namely,
d 2d2
K +/“ -, (22)
2(d - y) 4d-y)y d-vy
and
d 2d2
e +/ rE - Y 5y (23)
2(d - y) 4(d-y)y d-v
For (22), we can get
d
<—(2-pum).
7 <5(2-n)
For (23), we get
d
<—(2+u).
7 <5(2+n)
Therefore, when
d
Y <§(2 -p(J)),
the G—GS iteration method is convergent.
Theorem 10  Let Z(,, yxi-n in (14) be the coefficient matrix for linear equations Ax =b. The diagonal

retention matrix B > 0 and the diagonal splitting matrix C are defined by (15), then the G=SOR iterative method is

convergent when
2(d - y)
——7—.

0<
@ d

The theorem can be obtained by Theorem 4.

Theorem 11 TLet A in (14) be the coefficient matrix for linear equations A x = b, the diagonal

(=-1x(-1)

retention matrix B > 0 and the diagonal splitting matrix C are defined by (15), the optimal relaxation factor of the
G-SOR method is

W, = 2(d = y) (24)

opt ’
d+Jd&* = (y +dp(M )~ yp(M,))

and

o 1_(w+<d—;>p<M1>)z
p(Mm)= ‘ s

1+/1_(w+(d—;)p(M1))z

here p(M ) is the spectral radius of G—Jacobi iteration matrix.

4 Applications

In this section, we use the presented G=Jacobi, G=GS and G=SOR iteration methods to solve linear algebraic
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equations and 2D and 3D diffusion problems to examine their superiority and accuracy. For time dependent prob-
lems, we can choose more appropriate splittings of diagonal matrices to establish the algorithms. Due to the strictly
diagonal dominance of coefficient matrix obtained by the fully implicit discretization for parabolic problems, the

choice of splitting is more intuitive. Denote | E | = max|«' — x*| as the absolute errors, while x’ and x" are the

sth iterative solution and exact solution. A laptop with a 2. 8 GHz Intel Core i7 processor and MATLAB running in
Windows 10 is used for computations.
4.1 Linear equations

( I DConsider the linear equations Ax=b with

3 -1 2

-1 3 -1 1

A= . . . 7b: .
-1 3 2

(I=1)x(-1) (-1
The exact solution is * =[1, 1, -+, 1]". Taking the linear equations with the order of [ = 101 for example,
Fig. 1 provides the iteration numbers of the G—Jacobi and G—GS iteration methods with the different values of diag-
onal splitter y. It is shown that the G=Jacobi iteration method is convergent when y<0. 5, which is matched with

the results obtained by the theory analysis
3
<y (1 +u,,)=0.5005

in Theorem 8; The G-GS iteration method is convergent when y <2 nearly, which is matched with the results

obtained by the theory analysis

y < % (2 - p(J))~2.000 5

in Theorem 9. Table 1 shows obviously the iteration numbers of the G=Jacobi and G-GS iteration methods when [ =

101, |E|_ < 1% 107, which are matched with the theoretical analysis. Moreover, when y=0, the iteration num-

bers 34, 14 are corresponding to the classical Jacobi and GS methods, which are not the smallest. We find that the
iteration numbers of the G—jacobi method reach to 22 nearly at y=-0. 4/0. 3. The G—GS method leads to 13 when y
is about 0. 1/0. 2. In fact, the presented G—GS method has already achieve the same iterative numbers as the classi-
cal SOR method.

I=101,[|E| < 1x10™

(II) Consider the linear equations Ax=b with

3 -1 2
-1 3 -1 1
A= . . b= .
-1 3 (I-1)x(-1) 2 (1-1)
200
——G-Jacobi
—-G-GS

150

100

Iteration numbers

50

Fig. 1 The iteration numbers of the G-Jacobi and G-GS methods with different ¥ when! = 101, E| <1 x 10™*
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Table 1 The iteration numbers of the presented methods when I = 101, E||_ <1 x 107

y G-Jacobi G-GS
-0.6 24 19
-0.5 23 18
-0.4 22 17
-0.3 22 16
-0.2 24 16
-0.1 29 15

0 34 14

0.1 43 13

0.2 57 13

0.3 86 14

The exact solution is ™ =[1, 1---, 1]T. Taking the linear equations with the order of /=101 for example, Fig.
2 provides the iteration numbers of the G—Jacobi and G-GS iteration methods with the diff erent values of diagonal
splitter y. The eigenvalues of the coefficient matrix in problem (2) are same as that of the matrix in problem (1),

so they have the same range of the diagonal splitter for the convergence.

140
—+—G-Jacobi
120 —--G-GS

100

80

60

Iteration numbers

40

20

0—6 -5 -4 -3 -2 -1 0 1 2
Fig. 2 The iteration numbers of the G-Jacobi and G-GS methods with different ¥ when! =101, |E|_ <1 x 10

Table 2 shows the iteration numbers of the G=Jacobi and G—=GS iteration methods when [ = 101, |E|_ <1 x

10", which are matched with the theoretical analysis. When 7y, the iteration numbers 34, 20 are corresponding to
the classical Jacobi and GS methods, which are not the smallest. We find that the iteration numbers of the G-
Jacobi method reach to 32 nearly at y=0. 2. The G—GS method leads to 13 when 7 is about 0. 5. These results indi-
cate that the classical Jacobi and GS methods of matrix splitting are not optimal compared to the diagonal element
splitting for G—Jacobi and G=GS methods, as the new methods use more initial information for approximation.

4.2 2D diffusion problem

Consider the following diffusion problem

Cr% - KAT (x,y) = f(x), (x,y) e 2=(0,L)*, t >0, (25)

with the initial and boundary conditions

T(x,v,0)=sin(x + vy),
T(0,y,t)=sin(y +t),
T(l,y,t)=sin(1 +y +¢),
T(x,0,t) =sin(x + 1),

T(x,1,t)=sin(x + 1 +¢),
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Table 2 The iteration numbers of the presented methods when / = 101, |E|_ <1 x 10

y G-Jacobi G-GS
-0.6 43 29
-0.5 41 27
-0.4 40 26
-0.3 39 25
-0.2 37 23
-0.1 36 22

0 34 20

0.1 33 19

0.2 32 17

0.3 45 16

0.4 84 15

where C, =1 is the specific heat, K = 1,f(x) = 2sin(x + y + 1) + cos(x + y + ¢). The exact solution is T =
sin(x +y + ). We divide the domain {2 with the space step h, = L/l in x direction and h = L/m in y direction (for
simplicity, we only consider the case of h = h, = h,), and time step 7, while [, m and J, are positive integers and
%, = th, y, =jh, i,j=0,1,---,15t,=nz, n=0,1,2, -, J,. Denote (xl.,yj, t,) as (ih, jh, nz) and T,’f}m as numeri-
cal solution on the nth time level with sth iteration at the node(x,, ¥, ),s =0,1,,],. We use the 2D fully implicit
(2D F-D) scheme to discrete Eq. (25), due to its unconditionally stability. The discreted linear equations can be

written as A,T" "' = b} while A,, b, are the coefficient matrix and right term""

. For the presented generalized itera-
tion methods, we choose the optimal diagonal splitter y=2rK and optimal relaxation factors in Eq. (24) to examine
the superiority and accuracy of the presented generalized iteration methods. Denote E" as the absolute errors,

I E"

= ml_axlT(x[,y/, t,) =T/

Table 3 provides the absolute errors of the 2D Jacobi, 2D G-Jacobi, 2D GS, 2D G-GS, 2D SOR, and 2D G-
SOR methods when 7 = 0. 001, J, = 10, J, = 10, which shows the errors of 2D G-=SOR method is smallest. The
accuracy of 2D G=GS method even exceeds 2D SOR method. Fig. 3 gives the iteration numbers of 2D Jacobi, 2D
G-Jacobi, 2D GS, 2D G-GS, 2D SOR and 2D G-SOR iteration methods under the errors control [ E||_< 1 x 107
within 200 times steps. From Fig. 3, we observe that the iteration numbers of 2D G=SOR method is least, and 2D

G—-GS method is also efficient even more than 2D SOR method.

Table 3 The comparison of the errors when = = 0. 001, /, = 10, J, = 10

2D G-
SOR(w,,,)

opt

r h 2D Jacobi 2D G-Jacobi 2D GS 2D G-GS 2D SOR(@&,,,)

opt

1.024 0 1/64 9.002 5x10™* 6.799 1x107* 1.387 1x10™ 8.988 8x107° 9.063 6x107° 4.054 3x10°°
4.096 0 1/128 4.926 1x107° 4.828 6x107° 2.639 5x107° 7.642 8x107° 1.354 0x107° 3.668 9x107°
16.384 0 17256 8.217 7x107° 8.206 0x10~° 8.206 0x10~° 2.749 1x107 5.719 8x107° 2.094 6x107

65.536 0 1/512 9.480 2x107° 9.479 3x107° 8.998 0x10~° 3.946 7x10™ 8.575 7x107° 3.442 0x10™

4.3 3D diffusion problem

Consider the following diffusion problem

aT
C— = KAT(x,y,2) = f(x), (x,7,2) € 2= (0,1)", >0, (26)

with the initial and boundary conditions
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Fig. 3 The iteration numbers of the 2D Jacobi, 2D G-Jacobi, 2D GS, 2D G-GS, 2D SOR,
and 2D G-SOR methods when h = 1/64, 7 = 0. 0005, J, = 200, | E ”, <1x10™

%,%,2,0) = sin(x + y + z),
0,v,2,t) =sin(y +z + 1),
Ly,z,t) =sin(1 +y + z + 1),

sin(x +z +¢),

x, 1,2,

T
T
T
T
T
T

sin(x +y + 1),

(
(
(
(x,0,z2,1t
(
(
T(

(

sin(x + 1 +z+1t),
(
(

) =
%, y,0,1)
)

X, 9, 1,1 sin(x +y+ 1 +1),

where C, = 1 is the specific heat,K = 1, f(x) = 3sin(x + y + z + t) + cos(x + y + z + t). The exact solution is T =
sin(x +y + z + ). We divide the domain {2 with the space step h, = L/l in x direction,h = L/m in y direction and
h. = Llq in z direction (for simplicity, we only consider the case of h = h, = h, = h), and time step 7, while [, m, ¢
and J, are positive integers and x, = ih, i = 0,1, -, 3y, =jh,j=,1,-,m;z,=kh,k=0,1,--,q3t, =n7, n=
0,1,2, -+, J,. Denote (xl,yj,zk, t,) as (ih, jh, kh,n7), and T, , as numerical solution on the nth time level at the

node (x;,¥,,2,). We use the 3D fully implicit (3D F~I) scheme to discrete Eq. (26) since it is stable uncondition-

ally. The discretization can be written as,A,T"*' = b%, while A,, b’ are the coefficient matrix and right term'*". For
the presented generalized iteration methods, we choose the optimal diagonal splitter y=3rK and optimal relaxation
factors in Eq. (24) to examine the superiority and accuracy of the presented generalized iteration methods.

Table 4 gives the absolute errors of the 3D Jacobi, 3D G-Jacobi, 3D GS, 3D G-GS, 3D SOR, and 3D G-
SOR methods when 7 = 0.001, J, = 10, J, =5, which shows the errors of 3D G-SOR method is the smallest of
these iteration methods. The accuracy of 3D G-GS and 3D G-SOR methods even exceed 3D SOR method on accu-
racy. Fig. 4 provides the iteration numbers of 3D Jacobi, 3D G-Jacobi, 3D GS, 3D G-GS, 3D SOR, and 3D G-
SOR methods within 200 times levels when 7 = 0. 000 5. The results show that the presented generalized iteration
methods are performed very efficient because the smaller iteration numbers can save the computational cost well

and speed up the calculation of the solver on each iteration.

Table 4 The comparison of the errors when 7 = 0. 001, /, = 10,/, =5

3D G-
r h 3D Jacobi 3D G-Jacobi 3D GS 3D G-GS 3D SOR(&,,)
SOR(w,,)
0.2250  1/32 3.560 8x10™* 1.8313x10™ 8.445 7x107° 6.1139x10™° 6.186 4x10™ 5.771 1x10°°
1.0240  1/64 3.571 9x10°° 3.313 3x107° 1.623 8x107 3.707 0x10™* 4.837 4x10™* 1.596 1x10™*

4.096 0 1/128 7.301 0x107° 7.261 1x107° 5.543 1x107° 1.205 1x107° 4.044 6x107° 8.202 8x10™
16.384 0 1/256 9.132 1x107° 9.128 1x10~° 8.380 1x107° 1.378 6x10°° 7.655 3x107° 1.229 7x107°
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Fig. 4 The iteration numbers of the 3D Jacobi, 3D G-Jacobi, 3D GS, 3D G-GS, 3D SOR,
and 3D G-SOR methods when i = 1/32, 7 = 0. 0005, J, = 200, E|_<1 x 10™*

5 Conclusions

A class of diagonal matrix splitting iteration methods is provided, and the classical Jacobi Gauss—Seidel and

SOR methods are the special cases of these new methods. By selecting appropriate diagonal element splitting, bet-

ter iteration methods can be constructed. We give the eigenvalues, convergence domains and the optimal relaxation

factors of the presented methods for tridiagonal coefficient matrix. This kind of generalized methods are applied to

solve the algebraic linear equations and 2D and 3D diffusion problems with fully implicit discretization. It is found

that fewer iteration numbers are used to improve the calculation efficiency and save the calculation cost compared to

the classical Jacobi, Gauss—Seidel and SOR methods. The new methods can also be used to solve ill conditioned

equations, such as saddle point problem and nonlinear equations.
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