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Abstract： The fast solution of linear equations has always been one of the hot spots in scientific comput⁃
ing.  A kind of the diagonal matrix splitting iteration methods are provided， which is different from the 
classical matrix splitting methods.  Taking the decomposition of the diagonal elements for coefficient 
matrix as the key point， some new preconditioners are constructed.  Taking the tri-diagonal coefficient 
matrix as an example， the convergence domains and optimal relaxation factor of the new method are ana⁃
lyzed theoretically.  The presented new iteration methods are applied to solve linear algebraic equations， 
even 2D and 3D diffusion problems with the fully implicit discretization.  The results of numerical experi⁃
ments are matched with the theoretical analysis， and show that the iteration numbers are reduced greatly.  
The superiorities of presented iteration methods exceed some classical iteration methods dramatically .
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1　Introduction
In the field of scientific and engineering computing， the solution of algebraic equations obtained by discretiz⁃

ing many mathematical models has always been a hot topic， especially with the progress of computers.  Efficient 
numerical methods have always been a goal pursued by people， and iterative methods in numerical methods have 
become the mainstream solution methods.  References ［1-2］ are two classic books， which introduced various itera⁃
tive methods for solving large-scale linear algebraic equations systematically.  From the Gauss-Seidel［3］ iteration to 
the Richardson method， the Chebyshev semi-iteration method and successive over relaxation （SOR） method in the 
1950s and 1970s， the iteration methods have a long history.  Hageman et al ［4］ provided many appliable iterative 
methods.  Axelsson［5］ introduced iterative solution methods comprehensively， including preprocessing techniques.  
Saad［6］ gave the iterative methods for sparse linear systems.  Bai et al ［7-8］ provided Hermitian/skew-Hermitian 
（HSS） splitting methods for non-Hermitian positive definite linear systems， and accelerated HSS methods for 
saddle-point problems.  In references ［9］， a matrix splitting method has been proposed for special matrix and a 
comprehensive review of preprocessing techniques was provided.  References ［10］ gave the application of HSS 
method in Sylvester equation.  Li et al［11］ proposed a modified Gauss-Seidel type iterative methods and Jacobi type 
methods for Z-matrices.  The interpolating preconditioners for the solution of sequence of linear systems were pro⁃

DOI：10.20176/j.cnki.nxdz.20251215

Received：2025-05-09
Foundation item： The National Natural Science Foundations of China （12202219）；the Natural Science Foundations of Ningxia 

（2024AAC02009， 2023AAC05001）；the Ningxia Youth Top Talents Training Project
Biography：XU Qiuyan （1983—）， female， associate professor， doctor of science， research fields： Numerical methods for par⁃

tial differential equations， E-mail： qiuyanxu@nxu.edu.cn.
Citation format：A Kind of Fast Iterative Methods With the Application Based on Diagonal Matrix Splitting［J］. Journal of 

Ningxia University （Natural Science Edition in Chinese and English），2026，47（1）：1-13.



第  47 卷  宁夏大学学报（自然科学版中英文）

vided in references［12］.  A generalized successive overrelaxation iterative method for a class of complex symmetric 
linear system of equations are given in references［13］.  New matrix splitting iteration method for generalized abso⁃
lute value equations was provided in references ［14］， which proposed a relaxed Newton-type matrix splitting itera⁃
tion method.  References ［15］ introduced two-parameter modi fi ed matrix splitting iteration method， established 
the asymptotic convergence theory and demonstrated its convergence under certain conditions.  References ［16］ 
constructed a paradigm of two-step matrix splitting iteration methods and analyze its convergence property for the 
nonsingular and the positive-definite matrix.

Under certain conditions， the classical Jacobi， Gauss-Seidel iteration methods can solve many practical prob⁃
lems.  Especially for the SOR［17-19］ method， which adds the optimal relaxation factor， the iteration acceleration has 
been greatly improved.  However， we find that in the Jacobi iteration method and the Gauss-Seidel iteration 
method， the most primitive information are not fully utilized.  They all use the initial iteration information of other 
points to calculate.  Xu et al ［20-21］ developed a new kind of iteration methods based on the discretization schemes 
with some iterative operators， which are more efficient than Jacobi， GS and SOR methods.  To make more use of ini⁃
tial information to construct iterations， we need to split the main diagonal elements， that is， the diagonal matrix 
constructed by the main diagonal elements， to obtain a new kind of iterative methods.  Therefore， we will propose a 
diagonal matrix splitting iteration methods.  The classical Jacobi， Gauss-Seidel and SOR iteration methods are actu⁃
ally special cases of the presented methods.  We have added the concept of diagonal splitter and provided the range 
of diagonal splitter to ensure the convergence of the generalized methods.  Finally， the new methods are applied to 
solve linear algebraic equations and 2D and 3D diffusion problems.  The experimental results show that the general⁃
ized iterative methods greatly improve computational efficiency， far surpassing classical iterative methods.

The remainder of the paper is as follows： In Sec.  2， we present new generalized iterative methods for solving 
linear algebraic equations； Sec.  3 provides the range of the diagonal splitter and the optimal relaxation factors of 
the presented iteration methods for tridiagonal linear equations.  The new generalized iteration methods are applied 
to solve linear equations， 2D and 3D diffusion problems in Sec.  4.  Finally， Sec.  5 gives the conclusions.
2　Generalized iteration methods

In this section， we provide a class of new iterative methods based on the splitting strategy， which is the exten⁃
sion of the classical Jacobi， Gauss-Seidel and SOR methods in fact.  So we call the new methods as generalized iter⁃
ation methods.
2. 1　Generalized Jacobi， GS， SOR methods

Consider the following linear equations
ì

í

î

ï
ïï
ï

ï
ïï
ï

a11 x1 + a12 x2 + a13 x3 + ⋯ + a1，l - 1 xl - 1 = b1，
a21 x1 + a22 x2 + a23 x3 + ⋯ + a2，l - 1 xl - 1 = b2，

                                                          ⋮
al - 1，1 x1 + al - 1，2 x2 + al - 1，3 x3 + ⋯ + al - 1，l - 1 xl - 1 = bl - 1 .

（1）

Which can be often written as
Ax = b. （2）

Where A = (aij )( l - 1) ×  ( l - 1)， x = ( xj )( l - 1) ×  1， b = (bj )( l - 1) × 1，i，j = 1，2，⋯，l - 1.  There are many methods to solve Eq.  
（1） or （2） like the classical Jacobi， Gauss-Seidel （GS） and SOR iterative methods and so on.  We often introduce 
these iterative methods by the matrix splitting method， namely， the coefficient matrix can be divided into A = D -
L - U， here D=diag（A）， and

L =
é

ë

ê

ê

ê
êê
ê

ê

ê ù

û

ú

ú

ú
úú
ú

ú

ú
0

-a21 0
⋱

-al - 1，1 -al - 1，l - 2 0 ( l - 1) × ( l - 1)

，    U =
é

ë

ê

ê

ê
êê
ê

ê

ê ù

û

ú

ú

ú
úú
ú

ú

ú
0 -a12

0
⋱ -al - 2，l - 1

0 ( l - 1) × ( l - 1)

. （3）
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We will provide a new splitting iterative method， which can accelerate the iteration dramatically.  In fact， the 

classical Jacobi， GS and SOR iterative methods can be extended.
First， we divide the elements of diagonal matrix D into two parts，

D=B+C， （4）
namely，aii = bii + cii，  i = 1， 2， ⋯， l - 1，here

B =
é

ë

ê

ê

ê
êê
ê

ê

ê ù

û

ú

ú

ú
úú
ú

ú

ú
b11

b22
⋱

bl - 1，l - 1 ( l - 1) × ( l - 1)

，  C =
é

ë

ê

ê

ê
êê
ê

ê

ê ù

û

ú

ú

ú
úú
ú

ú

ú
c11

c22
⋱

cl - 1，l - 1 ( l - 1) × ( l - 1)

. （5）

The matrix B and the elements bii，i = 1，2，⋯，l - 1 are called diagonal retention matrix and diagonal reten⁃
tion elements， the matrix C and the elements cii，i = 1，2，⋯，l - 1 are called diagonal splitting matrix and diagonal 
splitter.

Second， we construct the following iterative methods：

Ⅰ：  
ì

í

î

ï
ïï
ï

ï
ïï
ï
ï
ï

b11 x ( k + 1)
1 + c11 x ( k )

1 + a12 x ( k )
2 + a13 x ( k )

3 + ⋯ + a1，l - 1 x ( k )
l - 1 = b1，

a21 x ( k )
1 + b22 x ( k + 1)

2 + c22 x ( k )
2 + a23 x ( k )

3 + ⋯ + a2，l - 1 x ( k )
l - 1 = b2，

⋮
al - 1，1 x ( k )

1 + al - 1，2 x ( k )
2 + al - 1，3 x ( k )

3 + ⋯ + bl - 1，l - 1 x ( k + 1)
l - 1 + cl - 1，l - 1 x ( k )

l - 1 = bl - 1，

（6）

which is called generalized Jacobi（G-Jacobi） iterative method.  When C=0， namely，cii =0，i=1，2，⋯，l - 1，method 
Ⅰ is just the classical Jacobi method.

In Eq.  （6）， we can see that once the vector x( k )is given， the new vector x( k + 1)can be computed.  The G-Jacobi 
iteration method has the essential parallelism as the same as the Jacobi method.  Eq.  （6） can be written in element 
form to show exactly how to update the approximate solution vector， namely，

x ( k + 1)
i = 1

bii (bi - ∑
j ≠ i

aij x ( k )
j - cii x ( k )

i )，  i = 1，2，⋯，l - 1.
Next， we can construct another new iterative method，

Ⅱ：  
ì

í

î

ï
ïï
ï

ï
ïï
ï
ï
ï

b11 x ( k + 1)
1 + c11 x ( k )

1 + a12 x ( k )
2 + a13 x ( k )

3 + ⋯ + a1，l - 1 x ( k )
l - 1 = b1，

a21 x ( k + 1)
1 + b22 x ( k + 1)

2 + c22 x ( k )
2 + a23 x ( k )

3 + ⋯ + a2，l - 1 x ( k )
l - 1 = b2，

⋮
al - 1，1 x ( k + 1)

1 + al - 1，2 x ( k + 1)
2 + al - 1，3 x ( k + 1)

3 + ⋯ + bl - 1，l - 1 x ( k + 1)
l - 1 + cl - 1，l - 1 x ( k )

l - 1 = bl - 1，

（7）

which is also called generalized Gauss-Seidel（G-GS） iterative method.  Similarly， When C=0， namely， cii =
0， i = 1， 2， ⋯， l - 1， the method Ⅱ is the classical Gauss-Seidel method.  The G-GS iterative method can be 
written in the form

x ( k + 1)
1 = 1

bii ( )bi - ∑
j < i

a ij x ( k + 1)
j - ∑

j > i

a ij x ( k )
j - cii x ( k )

i , i = 1,2,⋯,l - 1 .
It can be seen that the latest approximations to the components of x are used in the update of subsequent compo⁃
nents.  The old components x（k） are overwritten with those of x（k+1） as soon as they are computed.

The improvement of the G-GS method can be provided by introducing a relaxation parameter ω.  We add a 
relaxation factor ω to construct the G-SOR iterative method as follows：

Ⅲ： x( k + 1) = x( k ) + ωΔx( k )，

here Δx( k ) = x( k + 1) - x( k )， while x( k + 1) is obtained by the Eq.  （7）.
The G-SOR method is defined by

x ( k + 1)
1 = ω

bii ( )bi - ∑
j < i

a ij x ( k + 1)
j - ∑

j > i

a ij x ( k )
j - cii x ( k )

i + ( )1 - ω x ( k )
i , i = 1,2,⋯,l - 1 . （8）
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When ω=1， the G-SOR method is equal to G-GS method； and when cii=0，i=1，2，…，l-1， the G-SOR method is 
just the classical SOR method.

For above three generalized iterative methods， their iterative matrices are
ì

í

î

ïïïï

ï
ïï
ï

MⅠ = B-1( )L+ U- C = ( )D- C
-1( )L+ U- C ，

MⅡ = ( )B- L
-1( )U- C = ( )D- C- L

-1( )U- C ，
MⅢ = ( )B- ωL

-1 ( )( )1 - ω B+ ω ( )U- C .
Therefore， the classical Jacobi， GS and SOR iteration methods are the special cases of the presented general⁃

ized iteration menthods.  The theoretical anlyses can also be provided.
2. 2　Convergence analysis

Theorem 1［2］ Given the initial vector x(0 )， the G-Jacobi iterative method is convergent only if the spectral 
radius of the iterative matrix MⅠsatisfies ρ（MⅠ）<1.

Lemma 1［2］ If the matrix A is strictly diagonal dominant or irreducible diagonal dominant， then the matrix A 
is nonsingular.

Definition 1［2］ When the matrix A is strictly diagonal dominant or irreducible diagonal dominant symmetric 
matrix， and its diagonal elements are all positive， which is called that A is positive definite matrix.

Theorem 2  If the coe ffi cient matrix A in Eq.  （2） is symmetric， and the diagonal retention matrix B>0， 
then the G-Jacobi iterative method is convergent only if A and 2B-A are all positive definite.

Proof  Because the matrix A is symmetric， and B>0， we get
MⅠ=B-1（L+U-C）=I-B-1A=B1/2（I-B1/2AB-1/2）B1/2.

It shows that MⅠis equivalent to I-B1/2AB-1/2， and both of them have the same eigenvalues.  Moreover， I-B1/2AB-1/2 is 
symmetric， which has real eigenvalues.

（ⅰ） The necessity.  If the iterative method is convergent， then ρ ( M Ⅰ ) < 1.  We can obtain that all of the 
eigenvalues of the matrix I-B1/2AB-1/2are belong to （−1， 1）， which means

| λI - B-1/2 AB-1/2 | < 1，
then

0 < λB-1/2 AB-1/2 < 2.
So the matrix B1/2AB-1/2 is positive definite， which indicates A is positive definite.  Furthermore，due to

B1/2（2B-A）B-1/2=2I- B1/2AB-1/2，

then the matrix 2B-A is positive definite.
（ ⅱ ） The sufficiency.  Since B1/2（I-MⅠ ）B-1/2=B1/2AB-1/2，which means that the eigenvalues of I-MⅠare all 

greater than 0， then we have
λMⅠ < 1 （9）

Otherwise， due to A=B（I-MⅠ）， it has B-1/2（2B-A）B-1/2= B1/2（I+MⅠ）B-1/2.
Since 2B-A is positive definite，λ I+MⅠ

> 1，we obtain
λMⅠ > -1. （10）

From （9） and （10），ρ（MⅠ）<1. So the G-Jacobi iterative method is convergent.
Theorem 3  If the coefficient matrix A in Eq.  （2） is strictly diagonal dominant or irreducible diagonal domi⁃

nant， and the diagonal retention matrix B = diag (bii )( l - 1) × ( l - 1)， bii > 0，i = 1，2，⋯，l - 1，then the G-Jacobi itera⁃
tive method is convergent.

Proof  Due to bii > 0，i = 1，2，⋅ ⋅ ⋅，l - 1， then the diagonal retention matrix B is reversible.  Assume λ͂ is 
the eigenvalue of the iterative matrix MⅠ， which satisfy |λ͂| ≥ 1.  Then we can obtain that the matrix λ͂B - L - U +
C is also strictly diagonal dominant or irreducible diagonal dominant because of the strictly diagonal dominance or 
irreducible diagonal dominance of the matrix A.  From the Lemma 1， we have

det ( λ͂I - M I ) =  det [ λ͂I - B-1 ( L + U - C ) ] =  det ( B-1 )det ( λ͂B - L - U + C ) ≠ 0.

4
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which is contradictory.  Therefore， the spectral radius ρ ( M I ) < 1.  By Theorem 1， the G-Jacobi iterative method is 
convergent.

Theorem 4  If the coefficient matrix A in Eq.  （2） is a real symmetric positive definite matrix， and the diago⁃
nal retention matrix B>0， then the G-SOR iterative method is convergent when

0 < ω < 2 B 2
 B 2 +  C 2

.
Here  ⋅ 2 means 2-norm， and ① If   B 2 ≤  C 2，then 0 < ω < 1.  ② If   B 2 >  C 2，then 

2 B 2
 B 2 +  C 2

> 1，which means ω = 1，the G-GS iterative method is convergent. ③ If  C 2 = 0，the G-SOR 
method is just the SOR method， which is convergent when 0 < ω < 2.

Proof  Assume λ is any eigenvalue of the iterative matrix M and ν is the corresponding eigenvector， then we 
have

( B - ωL )-1 [ (1 - ω ) B + ω (U - C ) ] ν = λν. （11）
Let νH be the conjugate transpose of ν.  Denote νH Bv = δ1，νH Cv = δ2，νHUν = α + iβ，i = -1 . δ1，δ2，α，β are 

all real numbers.  Since L=UT， we get
νH Lν = α - iβ. （12）

Taking the above relationships into （11）， then
λ = δ1 - ω ( δ1 + δ2 - α ) + iωβ

δ1 - ωα + iωβ
. （13）

Computing the square of module in both sides for Eq.  （13）， we get
|λ|2 = [ δ1 - ω ( δ1 + δ2 - α ) ]2 + ω2 β 2

( δ1 - ωα ) 2 + ω2 β 2 .
Note that

d =  [ δ1 - ω ( δ1 + δ2 - α ) ]2 - ( δ1 - ωα ) 2 =  ω (2δ1 - ωδ1 - ωδ2 ) (2α - δ1 - δ2 )，
due to A is real symmetric positive and B>0， then

δ1 > 0， δ1 + δ2 > 0， νH Aν = δ1 + δ2 - 2α > 0，
we can obtain that d<0， namely， | λ | < 1when

0 < ω < 2δ1
δ1 + δ2

.    
Theorem 5 If the coefficient matrix A in Eq.  （2） is strictly diagonal dominant or irreducible diagonal domi⁃

nant， and satisfies |bii| > ∑
i ≠ j

|aij| +  |cii|，then the G-SOR iterative method is convergent when ω ∈ (0，1 ].
Proof  Assume the iterative matrix MⅢ=（B-ωL）-1 ［（1-ω）B+ω（U-C）］ has the eigenvalue λ͂ which is satisfi

ed | λ͂ | ≥ 1， then
det ( λ͂I - M III ) = det [ ( B - ωL )-1 ] det [ λ͂( B - ωL ) - (1 - ω ) B - ω (U - C ) ] =

det [ ( B - ωL )-1 ] det [ ( λ͂ - 1 + ω ) B - ω ( λ͂L + U - C ) ] .
Since ω ∈ (0，1 ] and B is strictly diagonal dominant or irreducible diagonal dominant， we have

|λ͂ - 1 + ω||bii| > ω|λ͂|é
ë

ê
êê
ê∑

i > j

|aij| + ∑
i < j

|aij| + |cii|ù
û

ú
úú
ú > ω

é

ë

ê
êê
ê|λ͂|∑

i > j

|aij| + ∑
i < j

|aij| + |cii|ù
û

ú
úú
ú .

From Lemma 1， we have
det [ ( λ͂ - 1 + ω ) B - ω ( λ͂L + U - C ) ] ≠ 0，

which is contradictory.  Therefore， the spectral radius of G-SOR iterative matrix ρ ( M Ⅲ ) < 1.  So the G-SOR itera⁃
tive method is convergent when ω ∈ (0，1 ].

5
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3　Tridiagonal linear equations
In this section， we take tridiagonal linear equations for example to provide the eigenvalues， eigenvectors， the 

range of the diagonal splitter， and the optimal relaxation factors of the presented new iterative methods.
Consider the linear equations （2） with the coefficient matrix

Ā =
é

ë

ê

ê

ê

ê
êê
ê

ê

ê

ê ù

û

ú

ú

ú

ú
úú
ú

ú

ú

úd β

β d β

⋱ ⋱ ⋱
β d ( l - 1) × ( l - 1)

， （14）

we split the diagonal matrix of A into two parts， namely， diag（A）=B+C， here

B̄ =
é

ë

ê

ê

ê

ê
êê
ê

ê

ê

ê ù

û

ú

ú

ú

ú
úú
ú

ú

ú

úd - γ

d - γ

⋱
d - γ ( l - 1) × ( l - 1)

，   C̄ =
é

ë

ê

ê

ê

ê
êê
ê

ê

ê

ê ù

û

ú

ú

ú

ú
úú
ú

ú

ú

úγ
γ

⋱
γ ( l - 1) × ( l - 1)

， （15）

where γ is defined as the diagonal splitter.
Theorem 6  Let Ā ( l - 1) × ( l - 1) in （14） be the coefficient matrix for linear equations Āx = b̄，the diagonal reten⁃

tion matrix B̄ and the diagonal splitting matrix C̄ are defined by （15）， then the eigenvalues of the G-Jacobi itera⁃
tion matrix are

λ k = γ
d- γ

+ 2β
d- γ

cos kπ
l
，  k = 1，2，…，l - 1. （16）

Theorem 7  Let Ā ( l - 1) × ( l - 1) in （14） be the coefficient matrix for linear equations Āx = b̄，the diagonal reten⁃
tion matrix B̄ and the diagonal splitting matrix C̄ are defined by （15）， then the eigenvalues  of the G-SOR iteration 
matrix are

λk = ( )ωβ
d - γ

cos kπ
l

+ ω2 β 2

( d - γ ) 2 cos2 kπ
l

- ( ωd
d - γ

- 1)
2

，   k = 1，2，…，l - 1. （17）
The proofs of the Theorem 6 and Theorem 7 can be obtained by references ［6］.  From the Theorem 6 and Theo⁃

rem 7， we can get the convergence domains about diagonal splitter γ of G-Jacobi and G-GS methods with the coeffi
cient matrix in （14）.

Theorem 8  Let Ā ( l - 1) × ( l - 1) be a coefficient matrix as in （14） for linear equations Āx = b̄，which is diago⁃
nally dominant and d>0.  diag ( Ā ) = B̄ + C̄，  B̄ > 0 means the diagonal splitter γ < d as in （15）.  Then the G-
Jacobi method is convergent when

γ < d
2 (1 + μmin )， （18）

here μmin is the minimum of the eigenvalues for the classical Jacobi iteration matrix.
Proof  Note λ and μ are the eigenvalues of G-Jacobi and Jacobi iteration matrices.  From the Theorem 6， we 

have
λ = μd - γ

d - γ
， （19）

when | λ | < 1， namely，
-1 < μd - γ

d - γ
< 1 （20）

is satisfied， the G-Jacobi method is  convergent.  So the convergence domain is
γ < d

2 (1 + μmin ).
Similarly， we provide the following theorem.

6
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Theorem 9  Let Ā ( l - 1) × ( l - 1) be an coefficient matrix as in （14） for linear equations Āx = b̄ which is diago⁃

nally dominant and d>0.  Then the G-GS method is convergent when
γ < d

2 (2 - ρ ( J ) )， （21）
here ρ ( J ) is the spectral radius of Jacobi iteration matrix correspondingly.

Proof  Note μ is the eigenvalue of Jacobi iterative matrix.  From Eq.（17）， to ensure the convergence of the 
G-GS method， it need that

|

|

|
||
|
|
| μd

2 ( d - γ ) + μ2 d2

4 ( d - γ ) 2 - γ
d - γ

|

|

|
||
|
|
| < 1，

namely，
μd

2 ( d - γ ) + μ2 d2

4 ( d - γ ) 2 - γ
d - γ

< 1， （22）
and

μd
2 ( d - γ ) + μ2 d2

4 ( d - γ ) 2 - γ
d - γ

> -1. （23）
For （22）， we can get

γ < d
2 ( 2 - μ ) .

For （23）， we get
γ < d

2 ( 2 + μ ) .
Therefore， when

γ < d
2 ( 2 - ρ ( J ) )，

the G-GS iteration method is convergent.
Theorem 10  Let -A ( l - 1) × ( l - 1) in （14） be the coe ffi cient matrix for linear equations -A x = -

b.  The diagonal 
retention matrix -B > 0 and the diagonal splitting matrix -C are defined by （15）， then the G-SOR iterative method is 
convergent when

0 < ω < 2 ( )d - γ
d

.
The theorem can be obtained by Theorem 4.
Theorem 11  Let A ( l - 1) × ( l - 1) in （14） be the coe ffi cient matrix for linear equations -A x = -

b， the diagonal 
retention matrix -B > 0 and the diagonal splitting matrix -C are defined by （15）， the optimal relaxation factor of the 
G-SOR method is

ω opt = 2 ( d - γ )
d + d2 - ( γ + dρ ( M Ⅰ ) - γρ ( M Ⅰ ) ) 2

， （24）
and

ρ ( M Ⅲ ) =
1 - 1 - ( )γ + ( )d - γ ρ ( )M Ⅰ

d

2

1 + 1 - ( )γ + ( )d - γ ρ ( )M Ⅰ
d

2
，

here ρ（MⅠ） is the spectral radius of G-Jacobi iteration matrix.
4　Applications

In this section， we use the presented G-Jacobi， G-GS and G-SOR iteration methods to solve linear algebraic 
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equations and 2D and 3D diffusion problems to examine their superiority and accuracy.  For time dependent prob⁃
lems， we can choose more appropriate splittings of diagonal matrices to establish the algorithms.  Due to the strictly 
diagonal dominance of coefficient matrix obtained by the fully implicit discretization for parabolic problems， the 
choice of splitting is more intuitive.  Denote  Ε ∞ = max | x( )s - x∗ | as the absolute errors， while x( s ) and x* are the 
sth iterative solution and exact solution.  A laptop with a 2. 8 GHz Intel Core i7 processor and MATLAB running in 
Windows 10 is used for computations.
4. 1　Linear equations

（Ⅰ）Consider the linear equations Ax=b with

A =
é
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ê

ê

ê
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ê

ê

ê ù

û
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ú

ú
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ú

ú

ú
3 -1
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ê

ê

ê
êê
ê

ê

ê ù

û

ú

ú

ú
úú
ú

ú

ú
2
1

⋮
2 ( l - 1)

.

The exact solution is x* = [ 1，1，⋯，1 ]T.  Taking the linear equations with the order of l = 101 for example， 
Fig.  1 provides the iteration numbers of the G-Jacobi and G-GS iteration methods with the different values of diag⁃
onal splitter γ.  It is shown that the G-Jacobi iteration method is convergent when γ <0. 5， which is matched with 
the results obtained by the theory analysis

γ<
3
2 (1 + μmin ) ≈0. 500 5

in Theorem 8； The G-GS iteration method is convergent when γ <2 nearly， which is matched with the results 
obtained by the theory analysis

γ < 3
2 (2 - ρ ( J ) )≈2. 000 5

in Theorem 9.  Table 1 shows obviously the iteration numbers of the G-Jacobi and G-GS iteration methods when l =
101，  E ∞ ≤ 1 × 10-4， which are matched with the theoretical analysis.  Moreover， when γ=0， the iteration num⁃
bers 34， 14 are corresponding to the classical Jacobi and GS methods， which are not the smallest.  We find that the 
iteration numbers of the G-jacobi method reach to 22 nearly at γ=-0. 4/0. 3.  The G-GS method leads to 13 when γ 

is about 0. 1/0. 2.  In fact， the presented G-GS method has already achieve the same iterative numbers as the classi⁃
cal SOR method.

l = 101，  E ∞ ≤ 1 × 10-4.
（Ⅱ） Consider the linear equations Ax=b with
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Fig.  1　The iteration numbers of the G-Jacobi and G-GS methods with different γ when l = 101， E
∞

≤ 1 × 10-4
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The exact solution is x∗ = [ ]1，1⋯，1 T.  Taking the linear equations with the order of l=101 for example， Fig.  
2 provides the iteration numbers of the G-Jacobi and G-GS iteration methods with the different values of diagonal 
splitter γ.  The eigenvalues of the coefficient matrix in problem （2） are same as that of the matrix in problem （1）， 
so they have the same range of the diagonal splitter for the convergence.

Table 2 shows the iteration numbers of the G-Jacobi and G-GS iteration methods when l = 101，  E ∞ ≤ 1 ×
10-4， which are matched with the theoretical analysis.  When γ， the iteration numbers 34， 20 are corresponding to 
the classical Jacobi and GS methods， which are not the smallest.  We fi nd that the iteration numbers of the G-
Jacobi method reach to 32 nearly at γ=0. 2.  The G-GS method leads to 13 when γ is about 0. 5.  These results indi⁃
cate that the classical Jacobi and GS methods of matrix splitting are not optimal compared to the diagonal element 
splitting for G-Jacobi and G-GS methods， as the new methods use more initial information for approximation.
4. 2　2D diffusion problem

Consider the following diffusion problem
Cv

∂T
∂t

- KΔT ( x，y ) = f ( x )， ( x，y ) ∈ Ω = (0，L ) 2，  t > 0， （25）
with the initial and boundary conditions

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

T ( x，y，0 ) = sin ( x + y )，
T ( 0，y，t ) = sin ( y + t )，
T (1，y，t ) = sin (1 + y + t )，
T ( x，0，t ) = sin ( x + t )，
T ( x，1，t ) = sin ( x + 1 + t )，

Table 1　The iteration numbers of the presented methods when l = 101， E
∞

≤ 1 × 10-4

γ

-0.6
-0.5
-0.4
-0.3
-0.2
-0.1

0
0.1
0.2
0.3

G-Jacobi
24
23
22
22
24
29
34
43
57
86

G-GS
19
18
17
16
16
15
14
13
13
14
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Fig.  2　The iteration numbers of the G-Jacobi and G-GS methods with different γ when l = 101，  E
∞

≤ 1 × 10-4
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where Cv = 1 is the specific heat，K = 1，f ( x ) = 2sin ( x + y + t ) + cos ( x + y + t ).  The exact solution is T =
sin ( x + y + t ).  We divide the domain Ω with the space step hx = L/l in x direction and hy = L/m in y direction （for 
simplicity， we only consider the case of h = hx = hy）， and time step τ， while l，m and J1 are positive integers and 
xi = ih， yj = jh， i，j = 0，1，⋯，l； tn = nτ， n = 0，1，2，⋯，J1 . Denote ( xi，yj，tn ) as ( ih，jh，nτ ) and T n，( s )

i，j  as numeri⁃
cal solution on the nth time level with sth iteration at the node( xi，yj )，s = 0，1，⋯，J2 . We use the 2D fully implicit 
（2D F-I） scheme to discrete Eq.  （25）， due to its unconditionally stability.  The discreted linear equations can be 
written as A 2T

n + 1 = bn
2 while A2，b2 are the coefficient matrix and right term［21］.  For the presented generalized itera⁃

tion methods， we choose the optimal diagonal splitter γ=2rK and optimal relaxation factors in Eq.  （24） to examine 
the superiority and accuracy of the presented generalized iteration methods.  Denote En as the absolute errors，

 En

∞ = max
i

|T ( xi，yj，tn ) - T n
i，j|.

Table 3 provides the absolute errors of the 2D Jacobi， 2D G-Jacobi， 2D GS， 2D G-GS， 2D SOR， and 2D G-
SOR methods when τ = 0. 001，J1 = 10，J2 = 10， which shows the errors of 2D G-SOR method is smallest.  The 
accuracy of 2D G-GS method even exceeds 2D SOR method.  Fig.  3 gives the iteration numbers of 2D Jacobi， 2D 
G-Jacobi， 2D GS， 2D G-GS， 2D SOR and 2D G-SOR iteration methods under the errors control  E ∞ ≤ 1 × 10-4 
within 200 times steps.  From Fig.  3， we observe that the iteration numbers of 2D G-SOR method is least， and 2D 
G-GS method is also efficient even more than 2D SOR method.

4. 3　3D diffusion problem
Consider the following diffusion problem

Cv

∂T
∂t

- KΔT ( x，y，z ) = f ( x )， ( x，y，z ) ∈ Ω = (0，L ) 3， t > 0， （26）
with the initial and boundary conditions

Table 2　The iteration numbers of the presented methods when l = 101，  E
∞

≤ 1 × 10-4

γ

-0.6
-0.5
-0.4
-0.3
-0.2
-0.1

0
0.1
0.2
0.3
0.4

G-Jacobi
43
41
40
39
37
36
34
33
32
45
84

G-GS
29
27
26
25
23
22
20
19
17
16
15

Table 3　The comparison of the errors when τ = 0. 001，J1 = 10，J2 = 10

r

1.024 0
4.096 0

16.384 0
65.536 0

h

1/64
1/128
1/256
1/512

2D Jacobi

9.002 5×10-4

4.926 1×10-3

8.217 7×10-3

9.480 2×10-3

2D G-Jacobi

6.799 1×10-4

4.828 6×10-3

8.206 0×10-3

9.479 3×10-3

2D GS

1.387 1×10-4

2.639 5×10-3

8.206 0×10-3

8.998 0×10-3

2D G-GS

8.988 8×10-6

7.642 8×10-5

2.749 1×10-4

3.946 7×10-4

2D SOR（ω̄ opt）

9.063 6×10-6

1.354 0×10-3

5.719 8×10-3

8.575 7×10-3

2D G-
SOR（ω opt）

4.054 3×10-6

3.668 9×10-5

2.094 6×10-4

3.442 0×10-4
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T ( x，y，z，0 ) = sin ( x + y + z )，
T ( 0，y，z，t ) = sin ( y + z + t )，
T (1，y，z，t ) = sin (1 + y + z + t )，
T ( x，0，z，t ) = sin ( x + z + t )，
T ( x，1，z，t ) = sin ( x + 1 + z + t )，
T ( x，y，0，t ) = sin ( x + y + t )，
T ( x，y，1，t ) = sin ( x + y + 1 + t )，

where Cv = 1 is the specific heat，K = 1，f ( x ) = 3sin ( x + y + z + t ) + cos ( x + y + z + t ). The exact solution is T =
sin ( x + y + z + t ).  We divide the domain Ω with the space step hx = L/l in x direction，hy = L/m in y direction and 
hz = L/q in z direction （for simplicity， we only consider the case of h = hx = hy = hz）， and time step τ，while l，m，q 
and J1 are positive integers and xi = ih， i = 0，1，⋯，l；yj = jh，j = ，1，…，m ； zk = kh，k = 0，1，…，q；tn = nτ， n =
0，1，2，⋯，J1 . Denote ( xi，yj，zk，tn ) as ( ih，jh，kh，nτ )，and T n

i，j，k as numerical solution on the nth time level at the 
node ( xi，yj，zk ) .  We use the 3D fully implicit （3D F-I） scheme to discrete Eq.  （26） since it is stable uncondition⁃
ally.  The discretization can be written as，A 3T

n + 1 = bn
3，while A 3， b͂n

3 are the coefficient matrix and right term［21］.  For 
the presented generalized iteration methods， we choose the optimal diagonal splitter γ=3rK and optimal relaxation 
factors in Eq.  （24） to examine the superiority and accuracy of the presented generalized iteration methods.

Table 4 gives the absolute errors of the 3D Jacobi， 3D G-Jacobi， 3D GS， 3D G-GS， 3D SOR， and 3D G-
SOR methods when τ = 0. 001，J1 = 10，J2 = 5， which shows the errors of 3D G-SOR method is the smallest of 
these iteration methods.  The accuracy of 3D G-GS and 3D G-SOR methods even exceed 3D SOR method on accu⁃
racy.  Fig.  4 provides the iteration numbers of 3D Jacobi， 3D G-Jacobi， 3D GS， 3D G-GS， 3D SOR， and 3D G-
SOR methods within 200 times levels when τ = 0. 000 5.  The results show that the presented generalized iteration 
methods are performed very efficient because the smaller iteration numbers can save the computational cost well 
and speed up the calculation of the solver on each iteration.
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Fig.  3　The iteration numbers of the 2D Jacobi， 2D G-Jacobi， 2D GS， 2D G-GS， 2D SOR， 
and 2D G-SOR methods when h = 1/64， τ = 0. 0005， J1 = 200，  E

∞
≤ 1 × 10-4

Table 4　The comparison of the errors when τ = 0. 001，J1 = 10，J2 = 5

r

0.225 0
1.024 0
4.096 0

16.384 0

h

1/32
1/64
1/128
1/256

3D Jacobi
3.560 8×10-4

3.571 9×10-3

7.301 0×10-3

9.132 1×10-3

3D G-Jacobi
1.831 3×10-4

3.313 3×10-3

7.261 1×10-3

9.128 1×10-3

3D GS
8.445 7×10-5

1.623 8×10-3

5.543 1×10-3

8.380 1×10-3

3D G-GS
6.113 9×10-6

3.707 0×10-4

1.205 1×10-3

1.378 6×10-3

3D SOR（ω̄ opt）

6.186 4×10-5

4.837 4×10-4

4.044 6×10-3

7.655 3×10-3

3D G-
SOR（ω opt）

5.771 1×10-6

1.596 1×10-4

8.202 8×10-4

1.229 7×10-3
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5　Conclusions
A class of diagonal matrix splitting iteration methods is provided， and the classical Jacobi Gauss-Seidel and 

SOR methods are the special cases of these new methods.  By selecting appropriate diagonal element splitting， bet⁃
ter iteration methods can be constructed.  We give the eigenvalues， convergence domains and the optimal relaxation 
factors of the presented methods for tridiagonal coefficient matrix.  This kind of generalized methods are applied to 
solve the algebraic linear equations and 2D and 3D diffusion problems with fully implicit discretization.  It is found 
that fewer iteration numbers are used to improve the calculation efficiency and save the calculation cost compared to 
the classical Jacobi， Gauss-Seidel and SOR methods.  The new methods can also be used to solve ill conditioned 
equations， such as saddle point problem and nonlinear equations.
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一种基于对角矩阵分裂的快速迭代方法及其应用

许秋燕
（宁夏大学  数学统计学院，宁夏  银川  750021）

摘 要：线性方程组的快速求解一直是科学计算领域的研究热点之一。文中提出了一种对角矩阵分裂迭代方法，其不同于经

典的矩阵分裂。以系数矩阵对角元的分解为核心，构建了若干新的预条件子。以三对角系数矩阵为例，从理论上分析了新方

法的收敛域与最佳松弛因子。将所提新迭代方法应用于线性代数方程组，以及全隐离散下的二维、三维扩散问题的求解。数

值实验结果与理论分析一致，同时显示了新方法大幅减少了迭代次数。所提出的迭代方法显著优于部分经典迭代方法。

关键词：迭代；矩阵分裂；扩散方程：收敛性；最佳松弛因子
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