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Conditions of Putnam-Fuglede theorem on the Pontrjagin spaces
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Abstract : [Objective] In this paper,we consider conditions of the Putnam-Fuglede theorem on the Pontrjagin space. [ Methods] To
perform our analysis, we study the commutativity of operators by utilizing the operation rules of an operator under the regular
decomposition and the normal decomposition of a Il space.,as well as the Liouville theorem for operator value analytic functions. Then
weobtain the Putnam-fuglede theorem on the Pontrjagin space. [Results] Let A and B be two bounded linear operators on a II; space
with AB=BA,where A denotes a normal operator,and A and B secure a communal neutral-invariant subspace. By A denotes the JC* -
algebra spanned by operators A,B and unit I. (1) If 4 is a nondegenerate algebra, then Putnam-Fuglede theorem holds,i. e. AB =
BA*®. (2) If A is general algebra, then Putnam-Fuglede theorem holds if and only if B € A" (commutation of 4). (3) A is general
symmetric algebra if and only if there is a communal neutral invariant subspace Z of A and B such that B¥Z C Z. (4) If the function
I oA || is analytic at z=0,then A" B=BA~ . [ Conclusions] We have established conditions in which the Putnam-Fuglede theorem
continues to hold on the Pontrjagin space.
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