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Improving the HMC sampling method by Velocity Verlet integrator
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Abstract: Hamilton Monte Carlo (HMC) method is a fast sampling method. To sampling a Hamiltonian
equation, the HMC method uses the Leapfrog integrator. As a result, unsynchronized values of position
and momentum variables of the equation are possibly generated during the iterative process and resulting
estimation error can seriously damage the sampling efficiency and stability of sampling result. To solve
this problem, here we propose an improved HMC (IHMC) method by replacing the Leapfrog integrator
in HMC method with Velocity Verlet integrator. The IHMC method calculates the variables simultane-
ously in each iteration. Two numerical examples are implemented to check the performance of the IHMC
method, one is the problem of estimating the parameters of realized and stochastic volatility (RASV)
model with asymmetric effects, the other is the problem of sampling the variance Gamma distribution. It
is shown that the IHMC method has higher sampling efficiency and more stable sampling result com-
pared with the HMC method.

Keywords: Hamiltonian Monte Carlo method; Velocity Verlet integrator; RASV model; Variance Gam-

ma distribution

YRS BH: 2022-10-17
TEE BN 220D (1999—), WiPEIRI A, Mo d, EEBIE T b4 RECE.
BIEE . FHE. Email: yayongtang@scu. edu. cn

011004-1



% 61 &

Wl K FFRCE RAF RO

%14

1 Introduction

The Hamilton Monte Carlo (HMC) method
is a fast sampling method combining the Markov
chain Monte Carlo (MCMC) method and Hamil-
tonian dynamics. To sampling a Hamiltonian e-
quation, the HMC method uses Leapfrog integra-
tor. This method is firstly introduced in the late
1980s by Duane ez al."”, known as the hybrid
Monte Carlo method. The HMC method is main-
ly applied in physics until Neal® realized that it
can also be applied to Bayesian neural network.
In 2011, Neal"” further provided a detailed intro-
duction to this method and made it widely noticed
and applied. Nowadays the HMC method has
more and more applications in simulations of vari-
ous chemical systems, physical systems and sta-
tistical inferences.

Compared with the MCMC method, the
HMC method has higher efficiency and stability.
But there is still some room for improvement, Re-
cently, combined with some important sampling
methods, new modified Hamiltonian Monte Carlo
(MHMC) methods are proposed “*'. Notably,
Radivojevi¢ er al. ' used the splitting integrator
instead of the Leapfrog integrator to get better
conservation properties. Remarkably, unsynchro-
nized values of the position and momentum varia-
bles of the Hamiltonian equation are possibly gen-
erated during the iterative process and the resul-
ting estimation error can seriously damage the
sampling efficiency and stability of sampling re-
sult. In this paper, we try to use the Velocity
Verlet integrator to improve the HMC method,
since the Velocity Verlet integrator calculates the
position and momentum variables simultaneously
with accuracy similar to the Leapfrog integrator.

The rest of the paper is organized as follows.
Section 2 and Section 3 describe the HMC method
and the IHMC method. In Section 4, two numer-
ical examples are used to show the performance of
the IHMC method. Finally, we summarize this

paper in Section 5.

2 The HMC method

The HMC method combines the MCMC
method with Hamiltonian dynamics. For comput-
er simulation, the Hamiltonian equation is firstly
discretized by using a small time-step e. Then the
Leapfrog integrator is used to carry out the itera-
tive sampling.

Hamiltonian dynamics operates on a d-di-
mensional position vector ¢ and a d-dimensional
momentum vector p, thus the full state space is
2d-dimensional. The system can be described by a
function of ¢ and p known as the Hamiltonian,
H(q,p), written as

H(q,p)=U(q@) +K(p),
here U (g) is called potential energy, K (p) is
called kinetic energy, and the functions are de-

fined as,
U(g) = —In f(q),K(p):%Ip 2,

where f(q) is the probability density of gq. The
position variable ¢ is obtained by solving the

Hamilton’s equation given by the following equa-

tions
dg. _JH _
dt “op P (D
dp,__9H _
& g, VU (q,)

respectively, where ¢ represents time, g, and p,
can also be written as q(¢) and p(z). The Leap-
frog integrator has local error of order & and
global error of order ¢*. The Leapfrog integrator
guarantees the symplectic and volume preserva-
tion properties by performing the following steps

in each iteration:

p(z+§> =p(0) —5VU(q(0),

g(t+e) =q(t) +sp(t+§), (2

p(+e) :p(z+§) — 5 VU (q(t+e))

Step 1  Input the step size g, the number of
iterations L and the initial value g, for q.
Step 2 Draw p from N(0,1).

Step 3  Simulate discretization of the Ham-
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iltonian dynamics by (2). Then we do dag,
Y Y GTZ:PM *%VU(%\)’
(1) half-step update p: p<p—=VU(); (3)

2
(ii) alternating update p and q for L times,
q<qteps
p<p—eVUWQ;

say,

(ii1) half-step update p: pep*%VU(q).

Step 4 Let (¢,p) be the value taken before
the update, (g,p) be the value taken after the
update. Calculate the acceptance probability

P=exp{ —H(q,p) +H(g,p)}.

Step 5 Draw u~Uniform[0,1], then

(g, ifu=P,
g, if u<P.

When the HMC method runs, the momen-
tum vector is first updated once with half a step,
then the position and momentum vectors are up-
dated a specified number of times with one step,
and finally the momentum vector is updated once

again with half a step. Specifically, the obtained

position and momentum vectors are p (%) »q(e),

])(%) ,q(Ze),p(%) ,q(3e),+++ in order. A note-

worthy drawback of the HMC method is that the
position and momentum vectors are not synchro—
nized in time, which may result in errors during
iteration and affect the sampling efficiency and

stability of sampling result.
3 The IHMC Method

3.1 The Velocity Verlet integrator
To avoid the errors caused by the HMC
method, here we introduce the Velocity Verlet in-

). Similar to the Leapfrog integrator,

tegrator
the Velocity Verlet integrator also has order ¢* lo-
cal error and order ¢ global error and can pre-
serve the symplectic and volume'™ besides that
the momentum and position vectors can be calcu-
lated simultaneously.

The target variable (g, ,p,) discretized by the
Velocity Verlet integrator with step size e is the

solution of the following differential system:

dp 1
TZ; =5 (VU(q,) +VUCg)

where | ¢ |=max{s€Ee Z.:s<t},] t | =min{s EcZ:
s=t}. Compared with (1), the gradient term in
equation (3) is used to reduce the error of the nu-
merical integration. The Velocity Verlet integra-
tor updates the position and momentum variables

as follows.
q(t+2e) =q(t) +2ep(t) —2*VU(q()),

p(t+e) =p(t) —% [VU(g() +VU(q(t+2¢)) ]

q(t+e) =q() +ep(t+e) —*VU(q(1))
D
Then, by using (4) to replace (2), Step 3 in the
HMC method should be replaced by
Step 3~

nian dynamics by (4). Then we do alternating

Simulate discretization of Hamilto-

update p and g for L times:
qu«q +2ep—2VU(Q) »

1P«p§[VU<q> VU () ]

g<—qtep—VU(Q).

Compared with (2), (4) contains more com-
putations on the premise of obtaining p(z+e) and
q(t +¢) with the same e. However, (4) can re-
duce the estimate errors and solve the time syn-
chronization problem with higher stability. That
is to say, good result still can be expected even
for larger step sizes. We will confirm this by
some simulations in the next section.

3.2 Convergence of the IHMC method

To investigate the convergence of the IHMC
method, suppose that U is a quadratic differentia-
ble function satisfying that |VU() | <L ||z,
which can be easily satisfied by most functions.
Consider that T € [0,20),¢ € [0, 1] satisfying
T/e €Z (e #0) and assume that L(T* +eT) <1
which can be satisfied by choosing a suitable T for
a given L. We have the following two theorems.

Theorem 3. 1
po €R?, the following inequalities hold;

1
max{|q, |} <—F——-

neT 1 —% (T +eT)

For given initial values g,
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max| qo [+ [ g+ T 5

2
maX ” pm ” <H p() H +T+

mwhﬂﬁ%+mﬂk
Proof From the equations (3), for all s €
[0,T] we have

s d - _ o
N E q: — g; qo =
JX pLdr — %J\ VU (q,))dr,
0 0
where
1 L]
Pl = bo *?JO (VU (q.)+VU(q.))dus

lr =max{t€e Z:t<r},[ r|=min{t €e Z:t=r).
Combining the above two equations gives

q4s = Qo +p05_

iﬁFWWquHmm )y dudr —
2 JoJo Ld Ful
‘§J;VU(mtﬁh (5)
Then we have
N - ) B i s (L
I g —a—posl = I 4 j j (VU(q) +
VU@WNMW—%ﬁvw%ﬂ&H<
s (L7l
LI Avu o 1+ 1v0 G D dudr +
0 0

s s Lzl
< | nvu<q‘,,>||dr<£J [ gl +
2 0 2 0Jo

”q o ” Ydudr + J H gl dr <
LJ‘( J" max {|q,| }dudr +
0J0 mel0,T]
L[
=22 | _
2 0 menﬁg?»g«J { ” Qm ” }dr
L, , ‘
i(«s +es) max ol <

me [0,

*(T2 + ET) max ” q;n H }

me[0,T]

} can be re-

In the above equation max {|q,
me[0,T]

written as

max,{ qm }< max { qn Qo _Pom” } +
m€e[0.T] me[0,T
rnax{quH’qu‘FPOYW (6)
It is further obtained that

G —qo — pom| } <

max {
me[0,T]

(14T
i max{ [ gl +llgo +po T}
1L e

n

Substituting (7) into (6) again gives

1
max s }<4I .
me [£0,T]] ~ (T2 +€T)
me%W”%+%ﬂ| ®)

From the equations (3), we have

bPs = Do *%J;(VU((M)#LVU((JM))dr
€))
From (8) and (9), we get
LT
mz}); {Hpm }<”])O“jL L *
mée&[0,T] 17?(7‘2 +€T)

max{ [ qo s [q0 +p.TI .
From L(T? +¢T) <1, the above equation can be

reduced to

b<lpol +

2
T " max{ [ g -

il

lgo+p Tl (10)
The proof is completed.
Theorem 3. 2
po €ER?, the following inequalities hold:
b<lpol T+

For given initial values g,

max/ lq —q.
maX{ ” 9o ” ’ ” qo JVP()TH }
max lpe—p.l )<

2
Tremaxtlaolla +po Tl

Proof
that 0<{s<¢<<T. From (5), we have
<|pot =)+

Without loss of generality, assume

lq, —q.

1jj“<|vu< )+ VU | dudr +
2] ). q4 q

s

[Ivucgoldr=<Ip ||T+§<<z — 9t +

et —s)) max {[q.|}<I po ”TJr (T* +
me[0,T]
T) —— :
max{[ g, g +pT|} <
Ipo I T +max{lql s g + po T }.
. e,
max|q, —q.[ <l po | T+
max{ ”% ”’”qo _._POTH} (1D

From (9) we have
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| p — p.

LT
1—%(# LT

P <

LGt —s max { g
mée&[0,T]

max{[qoll+lq +p T} <

2
Tremaxtlaolla +p Tl

i.e. ,

2
<T+€max{ ” Qo H ’ “ Qo +P0T” }

{gg\l P b,

12)
asrequired. The proof is end.
Remark 1

time interval T, the values of position variable p

Theorem 3. 1 tells us that in a

and the velocity variable ¢ generated by the IH-
MC method can be controlled by the correspond-
ing constant velocity motion (initial position g,
initial velocity p,). Furthermore, Theorem 3. 2
tells us that in a chain generated by IHMC meth-
od, the deviations of the variable values at all mo-
ments are restricted to a certain range (given by
the initial conditions of ¢,, po, and the upper
time limit T). Thus the convergence of the TH-
MC method is proved.

4 Numerical examples

Example 4.1 Parameter estimation for the
RASV model.

Stochastic volatility (SV) model is an essen-
tial tool for financial time series volatility. It i-
dentifies the time-varying return volatility in fi-
nancial market by describing volatility as a ran-
dom function. Nevertheless, the application of
SV model is limited by the problem of evaluating
their likelihood functions. To handle this prob-
lem, some Bayesian-based approach with the
HMC method are used to accurately infer the pa-
rameters of SV model”*), To compare the per-
formance of the HMC and ITHMC methods, we
establish an SV model with realized volatility
(RV) and asymmetric effect, abbreviated as
RASV model”), by utilizing daily rate of return
data and RV containing intraday high-frequency

rate of return data information.

<+ VU= 1o ol <

Suppose that we have m intraday returns

during day ¢, {r.;}", so that a simple RV esti-

10] :

mator-'" is defined as the sum of squared returns,

m

i.e.s RV, = E r2;. The RASV model is de-
i—1

scribed as
R =o.tctue, t=1,,T,
Y, =cta tou,,t=1,+-,T,
a1 —pay Jra,]?]t s =1,,T—1,

2

@ ~N<O,1£j?),

& O 1 O ‘O
Uu; ’\‘N O D O 1 O ’
7 0] 0 1

where =(R,}2,.Y={Y,}Li.a={a}’i. Let R
and Y be two observation vectors, R, is the rate of
return over a unit time period, and Y, is the log-
arithm of RV estimator, ¢ is the latent vector,
and N ( «, » ) represent a normal distribution.
Let 0=(c,0,0.s¢s0,s0). The joint posterior den-

sity of the model can be written as

T
P(ﬁ»a ‘R,Y):Hp(Rt ‘Ueva[)x
t=1

T
1L 2Y. | coo) X p(@) X plar | @uoy) X

t=1

.
]sz(af | @150 50s0,50).

While estimating the RASV model, both the

HMC method and the IHMC method are applied

for parameters a, ¢, 0.5 0,5 p» and parameters g,

and ¢ are sampled directly from the conditional

posterior density.

The data used in this example are the 1-mi-
nute high-frequency data of Shanghai Composite
Index from January 4, 2021 to February 21,
2022. We take the opening and closing prices of
each day to calculate the daily return rate, and get
the series R={R,}L,. The RV estimator was cal-
culated by using the daily 1-minute high-frequen-
cy data, and the logarithm was taken to obtain
the sequence Y={Y,}L,. We estimate the RASV
model by running the corresponding 25 000 itera-
tions of the HMC and IHMC methods and taking

5000 iterations as burn-in period. The prior dis-
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tributions required in the joint prior density are
set as
o: ~IG(5,4) .0, ~1G(2.5,0.025),

o, ~1G(2.5,0. 025>,502ﬁ~3(20,1. 5),

“%~B<1.5,5>,C~N<o,1o>,

where B( » , ) and IG( = , « ) represent the Be-
ta and inverse Gamma distributions, respectively.
The choice of these prior distributions ensures
that all parameters make sense. Particularly, the
Beta prior for ¢ and p ensures that —1<<¢g,p<<1.
For initial parameter values, we set

6@ =1,c® =0,62 =0. 1 79D(o) =0. 95,

67(7(» —0. 1’(0(0) = 0.3, = {a© T,

where

ar'” NN(Oari:y?) va; ~N(gpa; 96;27).

Tuning parameters for the HMC method
have been reported to be more difficult than tun-
ing the parameters for other MCMC methods, be-
cause the performance of the HMC-based method
is highly sensitive to two specified parameters,
i.e. , the step size and the number of iterations.
For its larger computation in the IHMC method,
we use a 1arger step size to compensate. In the
following simulation, we set iteration number 100
for both the HMC method and the IHMC meth-
od. For the parameter o, we set step size 0. 005
for the HMC method, while 0. 01 for the IHMC
method, and for the parameters ¢,0. s5,:0, We set
step size 0. 006 for the HMC method, while
0.012 for the IHMC method. The estimation is

implemented by R software.

Tab. 1 Numerical result of Example 4. 1 for different methods
Parameter Mean SD Standard Error 95% interval 1F Acceptance rates
Panel A: the HMC method
@ 0. 9971 0.0023 1. 61 X107° [0.9926,0. 9998 54,9148 1
Oe 0. 1915 0. 0060 4,22X107° [0.1822,0. 2018 2640. 993 0. 824 80
oy 0. 3897 0. 0304 2.15 X101 [0. 3450,0. 44457 22.6592 0. 999 88
0 0. 0846 0. 0649 4.59x107* [—0.023 28,0.190 30] 3. 1630 0.999 44
Ou 0. 0977 0.0214 1.51x10=* [0.063 74,0.136 78] 206. 3357 —
¢ 0.1393 0. 1152 8.14x107* [—0.052 84,0.332 29] 3217. 453 —
Panel B: the IHMC method
@ 0. 9968 0. 0023 1. 64 X107° [0.9924,0.9997] 24. 0917 1
e 0. 2131 0. 0027 1.91X10° [0. 220 91,0. 2177] 26. 1327 0. 998 94
oy 0.3611 0. 0016 1.12X107° [0. 3588,0. 3640 3.3032 1
o 0. 0822 0. 0035 2.44 %1075 [0.077 02,0.088 32]] 7.5342 1
Ou 0.0135 0. 0006 4,06 %1076  [0.012 57,0.014 45] 2. 2205 —
c 0. 8634 0. 0624 4,41 X101 [0.7701,0. 9679 24. 0893 -

Tab. 1 presents the result obtained by using

the HMC method and the IHMC method. The IF

is defined as IF=1+2 ;p] » where p; is the auto-
correlation at lag j, le’liCh is used to illustrate the
efficiency of the method and reflect the conver-
gence rate. This quantity can be interpreted as
the number of correlated samples with the same

variance-reducing power as one independent sam-

ple. An IF value of 1 indicates that the draws are
uncorrelated while large values indicate a slow
convergence as well as a bad mixing. Note that
Nugroho and Morimoto™"!"! have proven that the
IFs are relatively not sensitive to the initial val-
ues. It can be seen that the resulting parameter
estimates are quite close. By comparison, the SD
value and standard error of the IHMC method is

smaller, indicating that the fluctuation of variance
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of the sampling result obtained by the THMC
method is smaller, and the sampling results are
more reliable. Meanwhile, the IFs of the IHMC
method are all lower than those of the HMC

method, indicating that the convergence rate is

0.998
0.996
0.994
0.992 | i
0.99 IW
0.988 "l
0.986

(a)

0.984 ]
0.5

faster and the mixing effect is better. The accept-
ance rate of the IHMC method is obviously higher
than that of the HMC method, and the acceptance
rate is very close to 1, which shows that the TH-
MC method has a higher sampling efficiency.
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Fig. 1 Trace plots for the parameters @, 0. 0,0 of RASV model (from top to bottom) estimated by using the

HMC method and the IHMC method

The trace plots and the autocorrelation plots
for posterior samples of two methods are dis-
played in Figs. 1 and 2, respectively. The trace
plots show that the sampling result of the IHMC
is more stable. The autocorrelation plots exhibit

quick decay of the autocorrelation as time lag be-

the

process is stationary. As observed in the autocor-

tween samples increases, indicating that
relation plots, the attenuation of the autocorrela-
tion of two HMC methods are at a good pace and
For two HMC

methods, the autocorrelation attenuation and ac-

have the similar performance.

011004-7



% 61 &

Wl K FFRCE RAF RO

%14

ceptance rate of g, is slower than other parame-

ters, it may be that the g, parameter is highly sen-

sitive to the model, which needs further study.

T Y 1
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08 08
06 06
04 0.4
0.2 02
0 — v 0
02 . . . . | 02 . . . . .
50 100 150 200 250 300 350 400 50 100 150 200 250 300 350 400
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Fig. 2 Autocorrelation function of the parameters ¢,0. »0, .0 (from top to bottom) es-

timated by the IHMC method (left) and the HMC method (right)

Example 4.2 Sampling the variance Gamma
distribution,

Financial time series noise often exhibits
spiky and thick-tailed properties. we use the nor-
mal scale mixture distribution—Variance Gamma
distribution (VGD) to verify the effectiveness of
the IHMC method for sampling distributions that

exhibit spiky and thick-tailed properties. The

VGD was proposed by Seneta et al. > to de-
scribe stock market returns. The density of VGD
can be written as

NG L a OG0 DD
| Nl g GO | 5.
That is to say, the VGD is equivalent to the fol-

lowing hierarchical form:

X‘y’62,9~N<x\/1,%2) and (9‘19’\

011004-8
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Set the parameter (us6,9) =(6,2,5) and in-
itial value x, =2 to sample the distribution using
the HMC method and the IHMC method. Similar
to Example 4. 1, we set iteration number 100 for
two methods, step size 0. 25 for the HMC method
and 0. 5 for the IHMC method. The sampling re-

sult are shown in Tab. 2, Figs. 3 and 4. From the
sampling result, it can be seen that the THMC
method is more stable and has higher acceptance
rate. Comparing the IF values and the autocorre-
lation function plots in Fig. 4 reveals that the
sampling result for the IHMC method has better

convergence speed and mixing effect.

Tab. 2 Numerical result of Example 4. 2 for different methods

method Mean SD Standard Error 95% interval IF Acceptance rates
HMC —0. 0045 2.0137 8.81 X103 [—4.0308,3.9892] 3. 3186 0. 999 04
THMC 9.59X107° 5.28 X109 2.36X107* [—0.0657,0. 0699 2. 0084 0. 999 92
15 T T T T 1
HMC
IHMC| |

0 0.5 1 1.5 2

Fig. 3 Trace plots of VGD for different methods
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Fig. 4 Autocorrelation function of VGD estimated by the IHMC method (a) and the HMC method (b)

5 Conclusions

In this study, we have improved the HMC
method by combining the Velocity Verlet integra-
tor and proposed the IHMC method. By using
two numerical examples, we show that the sam-
pling results for the IHMC method are more sta-

ble, with better SD, standard error, acceptance

rate and IF values. Therefore, we may make the
conclusion that the IHMC method has higher
sampling efficiency and stability than the HMC
method.

It is worth noting that it is also interesting to
improve the HMC method by combining the Ve-
locity Verlet integrator mentioned in this paper
with the existing MHMC methods, which is the
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major topic of our future work.
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