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Abstract: This study investigates the effect of thermal errors in five-axis CNC gear milling machines on the tooth
surface accuracy of spiral bevel gears. Based on the machining principle of traditional gear milling machines and
meshing theory, the kinematic model of gear milling based on the generating method and the tooth surface equation
of spiral bevel gears were constructed. Using the rotational projection method, this study derived the coordinates of
discrete points on the theoretical tooth surface. By establishing a motion equivalence relationship between five-axis
CNC gear milling machines and traditional milling machines, the corresponding axis coordinates for each separate
tooth surface point were obtained. Based on multibody system theory and experimental thermal characterization
data, a spatial thermal error model was developed for the five-axis CNC gear milling machine. The model identified
the relative position errors between the tool tip and the workpiece at the machine’s endpoint. The mapping relationship
between the thermal errors of the machine tool and the resulting tooth surface errors of spiral bevel gears was subse-
quently established, enabling the prediction of tooth surface deviations. Field cutting experiments showed that the
root mean square error between the predicted and measured tooth surface error was 2.57 um. The overall tooth surface
deviation pattern aligned well with the model predictions. The proposed method effectively predicts tooth surface er-
rors in spiral bevel gears caused by machine tool thermal errors.
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Fig.1 Schematic of the cutting principle of spiral bevel gears

2 JTIEVIHI%EE

Fig.2 Cutting cone surface of a cutting tool

1.2 BEGEMIEEAE

HRARE SCRR[11- 1218 3 48 Ok VTV AR AR %,
Kl 3 s, Oo—xoyozoﬁ%*ﬂ%ﬁﬁﬂ@*ﬂﬂ?%ﬁ‘%;
O,xy,z, HIIEEAEVRZR , HOIRE s O, =y, 2, i
AP R, ST TR EE; 0%,z .
O, %02 + O, %92, M Opx, v,z WHTENAEAR R 5 S h
e JIALs g AT @ ) 5 o, ik
WM TEAR s 6, WHURZREMHES s X, IR X,



2025 410 H

ST IR R e AR RTIN TR 22 AR K SRR Ik

+ 1097 -

R DA SE E R A A
PR IR R ALK K G) (@), iFERtRR
LR JA(S) | (6).

=M, -M,-r, (3)
ny=H, -H, -n 4)
r.=M M, M, M, M_-M,-r (5)
n,=H - H, H, H,H, H, n (6)

t
L M R AR BRAE

B3 KRERMEMILIRR

Fig.3 Coordinate system for the large gear generating
method

P I e AT TR AT e 1A T2 — X S e il ),
e 4 i, wEAS L g A U S

r,=r+r, (7
n=n,=n, (8)
V,, - n=0 9)

AP n RS T MO TEPLR AL bR R P B4R
K or, AKEE E5 M g I E I O R S AR bR
AR r IR AR R O, FINLIR AL BR &R
JF L O, MR BAENUR AR R P IIRIR 5 ny 9 MG AE
PURAEFR R 5 n, R O RAEVTEE AR AR R TP 1Y

B4 WiEzhi e EmREs

Fig.4 Contact transmission between two moving surfaces

LR 5 V,, AW M ETTE LR AL R 2 v B AR X 12 5
L.

i P R VL AT R 8 I T, IR AR T b M
SATA RS TR O SAIHIXB SR v, AT LR A

V,, =V, -V, =o,xr, -0, X(r,+r,) (10)
—x,, cosdy,
r.=0,0,= -E (an

—x, — X,, Sin d,,

s o, W AEIE; o, ISR AEE. P
o, =i, i, NEL.

B (1) ~ (11) BUR]SRAS- 345 48 e itk in Lk 1
TiFE.
1.3 EE#E SR EEEHaLRTE

I Yl A T 5 5 B 5, O AT TG O A S EA T 2
W, 38 R T TGS R S AR B X NG R I
JRLAE Ty FRLE , SRAR A 14 TS AR BRT). TEAS )
TET b T AR 1) $A7 5 ) A 8 e Rl 40 PR DR 1Y
i 2 AR T AR R A RS L R . A SCHE A
w7 BT T AT RS R TEA SE 5 1) EXIAR T 9
IS, G s Foos. H o, «x, v, z, HFEERAETR
z, 0,x,,2, FAHBh AR bR FR . AR SMHERE R, . T
h R e THESR O L TR AR O, FIUARAHE S o, BT
SRAGAS WA AL R

(b) WIHHE M
B 5 HEER
Fig.5 Tooth surface projection

TEREIR AR R O, x, v, 2, T, WA E—F YRR
RN HN



+ 1098 -

REFR AR (A /B 5 TR RR)

58 FHi1oM

v, (1.6,0,) (12)
z, (u,6,9,)
R 145 2 AT T A A R Lt 7 1 ) =2 [ ) T e
POE KR, A1
z, (u,0,¢0)) =—x,,
{X‘i (”79= (2 ) + yvzv (u,@, %) = yijz'p
KA i=12,7 5 j=1295 (x,,,,) K5 FAT
— Y AR R
Bz (9) A (13) , MR AIES RIS S5 |
0 My B S5 o, . FHACAS (12) K1F 2IHE
SRR AL AR 2R HP R T TR S P AR R

r, =

x, (u,é’,(po)}

(13)

2 IHBIESEYIPURE S REIRERI KR

2.1 FHBIESHEN SRR

ASCLL YKH2235 B4 14 8 2 e v WL F
e, HESHWE 6 Fin. PURFEHIFAIKE .
SERE L ERRAS L TR | 1 A AEEE . ZHUREUY T
18 SBER AR TP RS S 450, T x BhAT y Sy 9K
Fithig R U R R & 25 e iz 3. (e B ik
TG, B TR =ik 2 sh s x fiAn y Sl
(R A M2 SRR S DA BB OE 2R 2 Blfd ik
s sl AR SR IR, B R RIMLR L2
B, TEIN THEHOR 5 ARG IR sl A sl i
WSy iEIE Bl FEIN T2 SRS, if AA S
F& x .y z BT S Bl (A0 (AR 2 X 47 T P9 52 ).

S
5§,‘ Rz

E 6 RImBImgtiavlREEE
Fig.6 Structural model of the five-axis CNC gear milling

machine
2.2 FHFIEHLEYVIEIEEY
R 6 MINLIREEFRIRL, FE ST R s T X%
AR ALIZ s AL bR &R, IR 7 R, Horp

Oy Xy yozy WHURAIR R 5 O,x,y,z, FIIEE & ABR R
O,xyz, NWITHMFRFR 5 O,,x,0,,2,, WECHRARR R ;
0, %52, « Ox vz, M O, x,v,z, WHIIIAEIRER 5 LA
155 S el vhoO B A IO T 28 SRR .

4 X
ER > ;)/0 = Jl+
0,
/\\< Y Xey y-
) ” N
Lo Yo .

E7 BEVUKEHEIRR
Fig.7 Motion coordinate system of CNC machine tools
T N TTHLARBR 2R BIFEER AR AR 2R AR B AR G , R
Mw21 = Mth ’ th ’ ng ’ Mg() ’ M()e ’ Mel (14)
A F B SRR LR S a6 M M, S48 A Ut
VEDLA AR SRR B M, XA , 15 BRI 5 14 sl
BB SR G X BERVLZ S SEIN N R , ik
(15) Bz, HOHCAT RASK e 087 TR X% 45 s iR bz R B PR
KB B
x=(L+x,)cosd, —Scos(@,+q)
y=_S8sin(@,+q)-E (15)
z=(L+x,)sind,, +x,

2.3 HURKRHAIREEE

M TR PR ZE A, JJHA TR T 7%
Hh 2o AL B, AT - BT AN A AR XL
PERAME , PR R 22, AT 2R
FRBLAR A il PR 22 5 LR A i AR 22 AR A 5 2R

AR R —Fh xS 218 Sl B H 2 R 5 4%
RGP TR IR, I RE T R R G
FH R EAE G R R, s s iz )
i, MEBIAN LRSS TN g fe i A X2 3 5%
FMZE AL, RHLR N iR 22 1l i 128 sh kg A0 1% 1
AR, B LR A D RE A 2 1] 1 i 1
KA, T HURMIS NSRS AR AR 51 L iR 4%
T PFRIE SRR, HE—25, v AL AL (5] (Y
18 B F R RIR ZE LB AL , S A AR SR T AL
F , FERI TR A A B Bt R AH AL 1R 2 18] R £
B RAR. M PR ZEME A Pl Ti5 | Az 5)
BT i o 70 A 3o A S PR 22 X AR i 11 SR
Wi, Fre ST T He- T AR 22 ) PR 22 R A



2025 410 A SRR WRBEHEL FE IR RN TR 22 A R S Y UE * 1099 -
WRIEE 6 BIPUREEH , MEEAESERLAOFRINES  RHIEHERE; T, W PARE ShRRIEERE ; AT,, BRIk

FA R PAARFES1], anpd 8 A 1 iR,

P
‘°bax¢¢“a

FRIERERE 5 AT, RS Pris SF AR AR P
R 1 FHEIESEVRRE &S
Tab.l1 Low-order body array of the five-axis CNC gear
milling machine

I rG) LG | G | G | rG) | EO)
0—KH; 1—RE; 2, 3G, 4—TH/; s— 11, 1 1 0 0 0 0 0
6— rAL; T—FRhAE; 8—Fdh; 9—TIH 2 2 1 0 0 0 0
8 FEHHEIELETIRRING 3 3 2 1 0 0 0
Fig.8 Topological structure of the five-axis CNC gear 4 4 3 2 1 0 0
milling machine 5 5 4 3 2 1 0
. . " RN 6 6 1 0 0 0 0
PUARA R =S [A] R sh AR | mT LA ad i [ 7 7 6 0 0 0 0
FEAEC RS RIEBORIE, TABRBEIOL | s s 7 e |0 | 0 | o
BTSRRI 2 B, JOh, 7, e I o | o | 8 | 7 ] 6 | o] o
2 HHSBMRE TR AERE
Tab.2 Transformation matrix between adjacent bodies
PR/ SZBRH IE AR/ SEPRIZ Bl TR/ SEBRE IR HAR/SLPRiZ Bl
A - - RIS s o
RAE AR FHIEAE R FHIEAE R FHIFAE R
10 0 x, 100 x 100 x 1000
010 N 0100 010 0100
717,, _ Ni2q T, = Tmp _ Vied T, =
710 0 1z, *“loo 10 00 1 z, 71001 z
00 0 1 00 01 00 0 1 00 0 1
1-2 1-6
1 -Ay. AB. Ax, 10 AB. 0 1 -Ay, AB. Ax,
A 1 -Aa, A 0 1 0 0 A 1 Ao, A
AT, =1, AT, = 7. SN AT, = AT, = V. SNAVE
AB. Aa, 1 Az, S Y VRS -AB. Aa. 1 Az
0 0 0 1 0 0 0 1 0 0 0 1
I 0 0 x4 cosB 0 sinB 0 I 0 0 xg 1 000
010 0 1 0 0 010 010
Iy, = Yo Ty=| . Iy, = Yo T, = Y
0 0 1 2z, - —sinB 0 cosB 0 0 0 1 zg 100 10
00 0 1 0 0 0 1 00 0 1 00 0 1
2-3 6-7
1 Ay, 0 0 1 Ay, AB A,
Ay, 1 -Aa, 0 A 1 -Ac, Ay,
AT, =1, AT, =1,, AT, = Yy 2 AT, = 7y Ay,
8 Lo Aa, 10 -AB, Aa, 1 Az,
0 0 0 1 0 0 0 1
1 0 0 x5, 10 0 xp
0 1 0 yy 0 1 0 yu
T, = T, =1, T, = T, =1,
34p O 0 1 234d 34 4x4 78p 0 0 1 Z78d 78 4x4
00 0 1 00 0 1
3-4 7-8
1 0 AB. Ax,
0 1 -Aa, Ay,
AT, =1, AT =1, Ty, =1 AT, = “AB Aa, 1 : Az,
0 0 0 1
I 0 0 x4 10 0 xg
01 0 y 010 y
Rsv = 45d Ty, =1, Tx‘Jp = . Ty, =1,
45 00 1 2z 8. 00 1 zy
00 0 1 00 0 1
AT, =1, AT =1, ATy, =1, ATy, =1,

PURTEBARNEOLR , TV R IR AP AR AL FR AT PR R BR R



+ 1100 -

RHAR 2R (A AR5 TR

58 H10

(16)

PURTESEBRATIRZERITE LT , TIHTIAR i e e
PRAEFR ZR T B SEBR R B

-1
= |:u1,}:{5)0 Lo (E)} '
[f=1,LI”—([9)=0 TL'(")LH("’) (E)}Ct (17)
];f (E) = ]:J'PATZIPT:‘/SATZys

WISEBR T BRI AR I AR AR R A IR 22
E, =P, —P, =(Ae Ae A1) (18)

Hrp

Ae, =sin B[ -0.688(Af_ +AB,)+0.535Acr, +
0.487AB, +c (AB +AB. —AB. +AB, +AB )+
c,(-Ae, ~Aa, +Ac, —Ac, —Aa, )+
~Az + Az~ Az~ Az ]+
cos B[ 0.605(AB,. +AB, +Af, ) +0.493A8, +
0.535Ay, +c, (=Ay, +Ay, —Ay, —Ay. )+
c.(AB+AB.—AB +AB, +AB )+
y(=AY, +AY +Ay,)+z(AB. —AB, )+
Ax, —Ax +Ax, +Ax, |

Ae, =—0.605(Ac,, +Aa, + A, ) —0.493Acr, +
0.487Ay, —0.688Ay, +
¢, (Ay, —Ay, +Ay, +Ay, )+
c.(-Aq, —Aa, +Aa, - Aa, +Aa, )+
XAy +zAo, + Ay, — Ay + Ayy +Ay,

Ae, =sin B[ 0.605(AB. +AB, +AB.)+0.535Ay, +
0.493A8, +c,(-Ay, +Ay, —Ay, - Ay, )+
c.(AB +AB.—AB +AB, +AB. )+
v(-Ay, +Ay, + Ay, )+2(AB, - A8, )+
Ax, - Ax, +Ax, +Ax, |+
cos B[ 0.688(AB,. +Af.)—0.535Aa, —0.487Af, +
c,(-AB —AB. +AB —AB, - AB.)+
c, (+A05S +Aa, Ao, +Ac, +Aaz)—

XAB +y(+Aa, - A, + A, )+
Az Az +Az, + Az, |

(19)

24 ESHRHISEMIZNEERETRLERE
WLIRIZ Bl i $ iR 25 2 S S50 T 25 1500 it 125
PRAEN. &, SRR RN TR 22, T 2R BRS L
PRATB IR 22 19 BARRN , B HLURSS TR R 2215
1 ) Tad B G 2R 5 ] H 2 (Rl AR X 1R 225 . X
CL A 0 B AR AT T 25 50, AL TR 22 i) 31 B A4
T, Rl IR 22 R m &N, R S PURAR 2
SRR TR AL, 45450 (12) L (15) #1(18) , SRS A iR
PG TR (1,0, 0y, Ac) . W22 14 1 5 FAE B
] 22 (8] B A7 TR S IR 22 R s A
d* (1,6.9,.0¢) = . (1.0.0,,A¢) - 1} (11.6.0,)  (20)
Arpe k RUTE EES kAN PIRS A, k=12, N, N &
FN U A AS 5 SR E r,, T T RS S IR 22 AR K
d* R — A T s I 2 U T - PRI T A 1R 2
[ o
Wil E— SRR ZE R EWNE 9 frs, He
! R BRAR TS & AN RS S I AN TR R 1 TR 22
FER TR R T ) F iR ZE M iR ZE R & d 5% 8
Pk nl, FIELRAS, BP
Wt =<d" (u,H,qoo,Ae),nfv> 21
AH R RV TR LSS kAR s AETE Ry Tl L iR 25 (AL

.

B9 EERERE
Fig.9 Schematic of tooth surface errors

3 ErEHEER AT M TIRE N8

3.1 MRS

HRAE LR S5 8 Az SRS, A SO 3 A~ H 4
Bl AT R IAR ZE A S, S IR AR R
FELEMUIR = BRI X IR, FUAR e B AN 3
K10 Fros. HrhE M 6 Witk 2= faE {22
SEECR A 16 MREEAZIRES , FR AR R UIR R |
TR SRS ALERE XE; ER RS 12 MR
A e L AT A T A A SR T O S Tl
7R T FAILAE S B o7 AN S S il DX
PARIRV

JF e 2k b AR 22 N S 0 i, AR SCSR
Renishaw [ XM60 FOGTIUFT QC20 BRAFFAL 7351l



2025 410 H

ST IR R e AR RTIN TR 22 AR K SRR Ik

- 1101 -

I R PR ZE IR R DR 2. TR, B
2l x.y.z IR ERD S Bk legk 3 Jr RNz s
50 min, B /5 ASHUR IO T 000 B B A PR 2.
HE 5 YR, WA 1 FoR. LLz i,

T, I, T, TM T, T,

N~

NSNS

NN

(b) HURT
B 10 BEERRRETE
Fig.10 Schematic of temperature sensor installation

K3 LWHE

Tab.3 Experimental scheme

W5 H HAM/EEE st
HLHL 7,1, T | EFH T | Te, Thr, Tis
ER NN Ty, Ts, To | EHFMES | Tro, Taor Tor
TRz hoR e T, Ts, To | EHMFHTIES | T, Tos, Tos
=50 HiEeoN Tio, Tu, To | ERWFEIE | Tos, Tos
R T3, Tha, Tis
g ™, 751 Ty
v,/ (m/min) 3
BEpD) Lt v,/ (m/min) 3 Btk sn ]
. . 300
R v./(m/min) 3 (r/min)
FHh4%54/ (/min) 300

W AT
BT P 0
i
| samanppL ok |

B 11 21THRENERE
Fig.11 Measurement process for 21 error items

TREE/C

255 mE 12 ~ 514 Pos. EEENE SRS E
LA PR AR T7 SR, AR 11 P, i
SR 15 FoR.

60

50

40

B 12 BE&MIREENELR

Fig.12 Temperature measurement results from the linear
axis experiment
6
5 F
g
N
E
®o2r
N &
0 .-~/ L L L
350 400 450 500 550 600
W 25 A B/ mm
(a) EfriRZE
1.5
g2 A
B of S
3 /
#
& N
mo-15} A
=
-3.0 L L L L
350 400 450 500 550 600
W £ AL AR /mm
(b) x M HL R
0.6
E o3
H
s
i 0
I
£ -03}
>
~0.6 " " " "
350 400 450 500 550 600
] 5 AL FR/mm
(c) y M HLRERE
== AL h L3 h L5 h
MHl2h —e— #Hl4h
B 13 ZHABEMNRESELAERE
Fig.13 Thermal positioning and straightness errors of the

z-axis



H58E H10M

- 1102 - KERF2ER (B AR5 TR
E
E
2
T
K
=
-6 L L L L
350 400 450 500 550 600
) 5 AR AR/ mm
(a) iRz
5
~ 4
£
1
® 2
Fad
E
0 , , , ,
350 400 450 500 550 600
) 5 AR BR/mm
(b) iRz
1.0
0.5}
e L
\E 0
=05t \/
§§ -1.0} s
¥ L
= 1S
2.0 F
-2.5

350 400 450 500 550 600
) 25 A8 FR/mm

(c) WinRZE
== A1 h HHL3 h == HHL5h
#H2h —e— H4h

14 ZAAHBEIRE

Fig.14 Thermal angular errors of the zaxis

30

| AL h

3 #Wl2h

-20 3 #W13 h

30k L4 h

U0 LS h

xp - I yz V-1 xz°f- 1]
EcR A

E15 EEENELER

Fig.15 Perpendicularity measurement results

T B R 25/ (um/m)
I
=

AR 5 0 TRl PR 2= g T R
LARENTBUNE 16 Fiw. 1EIT R F Rl 22 i 5256
B, FHdErEER 3 FIE 17 2310 RiE3) 5h, &

ZERNE 18 FiR.

Fig.17 Measurement process for spindle thermal errors

50
40 +
o )
@ 30 /
20 %/_/
="
10 1 1 1 1
0 1 2 3 4 5
HF i) /h
— T, — T, T, — T,
T, — T, — T, — Ty
— Ty T, T, T,
(a) FEHhEE
50
0
g -50
o
= -100
-150
-200
0 1 2 3 4 5
] /h
(b) FhhHiRzE
18 FHMIREMELER
Fig.18 Spindle thermal error measurement results

e LL MRS R QD) RIVR]5 SRR

E 16 5=ENEISH
Fig.16 Measurement site for the five-point method

HL I O A SR AR b

!

R B NER:

17 FHHIRENERE




2025 410 H

ST IR R e AR RTIN TR 22 AR K SRR Ik

< 1103 -

FZEWTHIE R J5 0] A ERZEAE. LR ALis T i) 4R
HER AR KA B, HOUMZHAN 4 B, %
SRIRZETMEE RN 19 Fros.

F4 BiEEERARILASH

Tab.4 Geometric parameters of the large spiral bevel gear

B Bt
W%k 38
i) tilie
1 TE b /mm 32.18
BB m /mm 5.391
ARSI 0,/ (°) 20
Bhzcfas ) 90
HMfERE R, /mm 106.61
A& A /mm 10.40
TS A, /mm 1.57
WS A /mm 8.82
e 6/ (0) 73.54
S 8, /(%) 75.02
HHES 6, /(°) 68.21
-20 /:\
P
25t 2 /7}EZ€E;:
£ i
E -30 ) Z o
N O o A Y
_35) FRAE [ 7
Ly * BRI
o o PR
‘5\far\f?,~a~—f—~5?>
R x Jmm

E19 SEEBEABNER
Fig.19 Predicted results of discrete points on the tooth
surface

3.2 IHkin

TE YKH2235 ZEIR st e e gt il EadkAT 1
PRDISEE. B 20 SRR T RAe Bm Tad #,
AT IAY). e, 5 1 MR AENUR T
MUGSE BN IR Y. 7658 1 NI T 52 Us , F6
PURIBT L IR [ ARG EIZE > 8h 5, FFEES 2 ANk
BT, AT 2 NSRRIz AT, iR 3 b
(T BUEHLUARIAL Sh, BEEIEATE5 2 wikfeitblse
5. AN Tad B P T BEAE R THE R 2 (an ) 2
FE | PR 25 O TR SE) X5 SR s, AL
FPHLRAST A3 U] 52 56 349 4 FFA [R] %) T8 Fnxt 7)
ik, Bl Rl —#E NG5, 08 A Sk 1
BEALIRZE. LLAh, BHLAEALIRAS T i) s2 56 (i
AR R T ELARS U1 0 5 A8 ] H SRR R 41K
AR 0 R SERCET I ST, LA/ T EL BRI 6 4 T R 22
(RS R AR ST 107 TR 22 R HURAES TR
(T TRIR 22 , BERE A R0/ 2 UG D) AT () T 236 0R

2 IR 2256 R GEVEIR ZE XTSRRI, A5 3 A 1
RE A 147 2 11 T 5 o7 T P PR TR 22

AR SEIS AR EHE T A VI T2 S 80n £ 5 s,
I R A3 A I TR I T 2 AR B, HeAeRn T
BrBcR A 10 UTHIEAE , A TRy By 2 IRUTH
PRfE.

(a) Hfein 185

[ wiorn |

!

| Kmmmm i |

!

| amenssm |

!

| s ansoimaLg |

I

| xammsm g |

(c) Wit
B 20 KYIsELe
Fig.20 Trial cutting experiment
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Tab.5 Gear manufacturing process parameters

280 | A E/mm | EREE (/min) | JE45 3/ (mm/min)
MU T 3 300 3000
T 0.2 300 3 000
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Fig.21 Measurement results of tooth surface deviation
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Fig.22 Thermal-induced tooth surface deviations in spiral bevel gears
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