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Finite Difference Solution of One-Dimensional Quantum Systems:
(1) Fundamental Concepts and Infinite Square Well

Hao Ren *, Wen Zhao, Fangna Dai, Wenyue Guo
Shandong Key Laboratory of Intelligent Energy Materials, School of Materials Science and Engineering, China University of
Petroleum (East China), Qingdao 266580, Shandong Province, China.

Abstract: A Python-based teaching code has been developed to numerically verify fundamental quantum
mechanical concepts, such as orthonormality, eigen spectrum, and uncertainty relations. This tool is applicable for
teaching or conducting numerical experiments in structural chemistry courses for students majoring in Chemistry,
Materials Science, and related fields. The techniques described can be extended to more complex one-dimensional
systems, including harmonic and anharmonic oscillators, the radial wavefunctions of hydrogen-like atoms, and double
or multiple potential wells, which are common problems in chemistry. Teaching practices in materials chemistry
program at UPC have shown that most students can understand the material and independently implement
computational codes, thereby deepening their comprehension of course content.
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def oneDWell(X):
V = np.zeros(X.shape) 0.05§
v[e] = high_v E 000 P
V[-1] = high_ Vv S
return V _o.05 4
def kinetic matrix(X): il e
dx = X[1] - X[@] .
N = X.shape[@] 0 U4 Lz E L
T = np.eye(N) * (-2.) X
T += np.diagflat(np.ones(N-1), 1} (C) 10
T += np.diagflat(np.ones(N-1), -1) —— n=1
return T / (-2 * m * dx * dx) 0.8 — n=2
— ——n=3
def potential_matrix(X, potential_function=oneDWell}: §0_ﬁ i =4
return np.diagflat(potential_function(X)) Py ——n=5
K o4
def Hamiltonian(X, potential_function=oneDWell): =
T = kinetic_matrix(X) o
V = potential_matrix(X,
potential_function=potential_function) 0.0 4TS ——————
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K1 N=1008f, BKSNAERERKIRE

n E[n)/Ha fift ¥ B &t /Ha E[n)/E[0] n? 2%
1 0.013818 0.013819 1.00 1 0.01
2 0.055257 0.055275 4.00 4 0.03
3 0.124276 0.124370 8.99 9 0.08
4 0.220805 0.221102 15.98 16 0.13
5 0.344747 0.345471 24.95 25 0.21
x2 RIESHFESHRTAE. ShEHEERATEXR
<x>/L <x2>/L? <p>L/h <p*>L*/h? AxAp/h
HAEM AR BUEM ORI BUEME O RSTIRAR HfH 7 e i HAH A7 Wt A
1 0.5 0.5 0.2828 0.2827 0 0 9.8408 9.8696 0.5678 0.5679
2 0.5 0.5 0.3209 0.3207 0 0 39.3236 39.4784 1.6692 1.6703
3 0.5 0.5 0.3279 0.3277 0 0 88.3305 88.8264 2.6232 2.6272
4 0.5 0.5 0.3304 0.3302 0 0 156.6651 157.9137 3.5485 3.5580
5 0.5 0.5 0.3315 0.3313 0 0 244.0536 246.7401 4.4603 4.4790
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n_sel =8

rng = np.random.default_rng()

idx_sel = rng.choice(N, size=n_sel, replace=False)

idx_sel.sort()

print("Selected dimensions: ", idx_sel)

S = np.zeros([n_sel, n_sel])

for i in range(n_sel):

for j in range(i, n_sel):

S[i,j] = np.dot(C[:,idx_sel[i]], C[:,idx_sel[3j]])
S[3,1] = sS[1,]]

print("The overlap matrix of selected eigenstates:")

print(S)

Selected dimensions: [13 15 30 46 50 60 69 89]
The overlap matrix of selected eigenstates:

[[ 1.00 -90.00 -0.00 -0.00 -0.00 0.00 0.00 -0.00]
[ -0.00 1.00 -0.00 0.00 0.00 -0.00 -0.00 -0.00]
[ -0.00 -0.00 1.00 0.00 0.00 -0.00 -0.00 0.00]
[ -0.00 0.00 .00 1.00 -0.00 0.00 -0.00 0.00]
[ -0.00 0.00 0.00 -0.00 1.00 -0.00 -0.00 -0.00]
[ .00 -9.00 -0.00 0.00 -0.00 1.00 0.00 0.00]
[ 0.00 -90.00 -0.00 -9.00 -0.00 0.00 1.00 -0.00]
[ -0.00 -0.00 .00 0.00 -0.00 0.00 -0.00 1.00]]
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A LR 2 AR A R, VB RHE XUR 7 A Rl s . AR R F iR . —4E 5 14k
REHT T RS A . BB, A SCIE It X R A FE A S B SRR, 108 T AUE T R ZE I E
AT, BRI T AT S S AL A SRR A S A A 1 R 4 T =

TEE RN, AR ZE 5 ML NOR B 2 (0] o FeR ol e s, CH S A 2R H AR, @
W 0 U R A AU B A Rk B TIURARE FE o X T — 4R R 0] I I 1 RN DA B A% s, (3
T B SRR R, T LN D K S AN A R A S E PR K, T SR S T A Y
BRI AT SR FH 8 2538 7 7 9 4% A0 48 (adaptive mesh refinement) 5y [ 34 B8 115 AL PO RS ;28 B, AT
DRI XU R A AR R AT DA AT T SOk AR A AR S I T . Y ATy — L
PR SRR AR T A R ZE 2 R, WOctopus 1. PARSEC 145, e — 26 WLAK {4
A A T R I ST A R ZE Ay i . TR X S AR AT SR U B, R RORE L 8%
FIEE R 2Z . AT RS EE IR E B S AR SR i S Y B .
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