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Abstract: A structural reliability method was proposed based on multi-fidelity Kriging modeling with
active learning, which determined the computational and spatial locations of sample points during each itera-
tion through a three-stage selection. Firstly, the optimal set of sample points was determined by ensemble
multiple learning functions. Secondly, the computational locations of the sample points were determined by
the proposed BES (beneficial effect strategy). Finally, the spatial locations of the sample points were deter-
mined from the optimal set of sample points by applying Bootstrap sampling method. The effectiveness and
efficiency of the method was demonstrated by two numerical examples and one practical engineering ex-
ample. Compared with the current advanced multi-fidelity model structure reliability method, when the fi-
delity of the model is lower, the computational failure may be effectively avoided, which shows the ad-
vanced and better applicability of the method.

Key words: structural reliability ; active learning; multi-fidelity Kriging model; fidelity selection strat-

cgy

SR A5 AR 1 T T 5 R T B A A R A Y 4 R
R 5 e 25 0 ) o 1o 505 B R A R G BE
B, MCS BT BAS R 57 FEAEAS A T A7

Ry A 1 SR R TR I AR UE T A B L

0 5l%

BE A S AU S 1 5 T RE 45 4 BT 52 1) PR 05 4
A7 8 0 25 AN Wl e DR K 45 R T Y TR

Wy K YA Z IR BEHLAS B R 5 A g
o ] FEPE PR L 5 R R P B (Monte Carlo simu-
lation, MCS )il 11 B 45 Bl #1125 A& K 2t B 0L A A A

Y EHHE.2024 - 12 - 22

ESTH EXEHARB#IES (51109158, U2106223) 5 [ 5 H 4
WF & 3 & (2022YFC2806300) 5 K H i FH & Fl 2% 3 4
(231CZDIC01150)

- 428 -

A S AR AR 45 0 SR 2 HL b 5 w3 5
T 256 MCS FFJ 45 0 AT 5% P IFAl 19 75 125 38 7 B
hERGER, Hd, Kriging #5782 808 5
Xif i A 2 P L A% 5 A ) 00 R I RE g ] e
R B8 H AL Ty 257 T2 0 A 2 A R 1 T
PEPEAG . 8 F . TS5 A TR M OE 0 R S
(limit state function, LSF ) B i 59 480 & 45 2 . ] FH



— T i) 22 04 L Kriging #5850 25 44 W1 SE44 20 A7 14 32 3l 2 &) ik ——Fh 27 i

L

Kriging 15 8 3k 47 45 A4 a] &g 4 73 #r i) — i i 3=
Bl 2 ) RS2 5 311 (design of experiments, DoE)
J 51 BB Kriging £ 84 L 117 32 227 ~J eR B0 H 3 B
BB Kriging BB A S8 . LTk, 2 #1138 T
K F 5077 ) o B, DLgE— 2P 32 % Kriging R (1Y
P ROR LA RS BE L an BICHON 4642 1 iy 22
H 1 A T 47 M (expected feasibility function,
EFF) % > W40 . ECHARD %7 #i 1 (1) % 8 FE A
SRS DA R A TSR Y U R B S ZHANG %6
B A 2L T 3 & DR 25 A% IR AR A S R (1) RETF2
(reliability-based expected improvement function
2)% ) RBCETY L J U R ORI EFF BR300
MRz . FE, HONG VS A R 2 2] 6
&AL TR RS2 B [ R I XE LF) bar Wi — e
“F > R VBCEE IS T O B T 40T A 0 TG SR S B
T X Rz o] KB AR B T2 BT T 4% 2 ) B
IR i S SR TSR 5 G e LD

3R 7 AR Y Kriging A5 Y (4 50 14 Sk R
T R BT E X TR A A B R
Kriging 5 71 B8 % I M [ AR 1530 A , {5 g FL A
T BT B AR A B FE I L A0 K s kS B CFD
THEE A8 2 Kriging #8589 (9 71 55 A A5 88 3o & s HL
Xif S R TR ) L AR A T R 22 Oy 2k R
A T O LB o 1B PRt 4 22 R L Kiriging
AR 8 R — T 1 SRS B A S AR AT A AL
07 2% AR RV 2 WS B T 2 R LA PR
A 1S o 9 R SORR R G A R AR A R
W Mk AR AR L H £ R L Kriging #5578 76 45
ey AT e 0 A A X A, 2 R R R
HL Kriging #6181 25 ¥4y A1 58 24 73 Hr (9 &= 8l 2% > (U
0 R A A 10 23 1) o 8 W), 22 18 L Kriging £52 !
B8 R AT R 3 BT R [ N A A T S [ L
SRR . VTSR T HON OC R KON EFF bR
BB T — B R T 2 L Kriging 1587 14 25 44 7]
5 Pk & ¥ (active multi-fidelity Kriging-augment
efficient feasibility function. AMK-AEFF) . 7E It
Beml b LU G55 R AR HE R % R R B
Z56 D 2] eRBCR 2 AR B R AT SR 1 B2
U7 AT TR R . AH AR T A OC s o )
31 A T XA A (R L R TR R £ K A 114 i) R
Ko BOTE KM, BT YT I T Be
liever” #E Mg £t T — Fh 37 (14 22 O) L 25 4 7T S ¢y
%5 (BSC-believer) . £/ i fif 2t T AMK-AEFF A&
I T 2 Y ] B B . ZHANG %203 F 24
B e 7 R 0S4 B AR Y R Believer 3R WS 46 4 T —Fb

SRR 2 > R B, AT DU S AT A 2 0 R LS5 R
AR A 27 T pRBRORE 3 R L {HL T 125 01 R 38 )
FHASTR] 27 ] eR B A He

25 b ik, BB B £ {1 Kriging #5151 45 44 7]
HEE D7V T A AR I T T R) A — R R T AR A
PR ECEEXS A3 4 SR A2, 552 b, GBI AY fR 5
BRI BT T8 2 O ik B B S R s —
JEAR IO A [ 2 2] s B3, 3l ) R
ZAUMRGE B — 27 ] B AT e . A SCEE T AT
PR R AR 22 O A B A 2 R RN
ooy o) pRBCHE Y T — b 4T (8 F2 3l o 2 O5 ik L
B ELF-BES (ensemble learning function-benefi-
cial effect strategy) . T 565 WL 2 P2 > ok %k, T
e Hh A Tl 2 ) BRI T DR B B AR R AR R AR
it BES J7 ik i A A R ST AL L B aE g
ELF S0 2 FEAR mi iy 23 A2 &L ISE 2 R 2
Kriging 1 %1 (% [ 3 B 5 5% 5037 O 1 4o 53 461) 46 ik
VLTV WAT RO LA KT fifp Dl 55 750 £ B0 R AR ) et
IR A PG B

1 ELF-BES ¥ &4 %

1.1 MEEHFEIFE

i % 22 {2 B Kriging B (9 F 3% 2], HHTPT
P A RECR BT LI 2R — R R DR
A8 T 5 — 5 4 B Kriging A5 81 14 45 #4 7] 5
PEA T 0 27 ) R B Rl RIS T2 M A
Kriging #5481y 3 2)) 2% ) bR 50, L — i b 78 n] 3%
A

MF I (2,0)= U (x)X h(x,v)X p(x,v)X fx(x)

c(v)

(x,v)=argmax (MF _[f(x;,,v)) (1)

T — Fe A U A ) A e K
MF _If (x,v) . a WEERSE [(x2) P —F
PR LR ) 3 Bl % > BR B B4R Y ERF (ex-
pected risk function) 2% > B E 5 ; £ () N BEALAS
(0I5 5 A 25 %85 BE bR B 5 o 3RS AR AS I TR 0L
B o= FRFEAR GTEMR R BB P R o=h &
INFEA BTE R LB P R 0 ROR R AR AR
Wsc(w)h(a,v)Flp(x, v)s B3R m A 8L 38
SUKH 2 P bR EORN 2% B PR SR R I £ R L Kriging
A 3 B2 ) ) = AN B R A, L ST L S
BRL18 ],

7 —Z I T Kriging Believer 5 W32 H 1)
— PR ) R A A — AR = A R
y=a’cos x+sin xcos x > iR HF B, 43 G 7E €

- 429 -



REALA T RE B 37 & 5 23 2026 4F 2 H

L0, 20X Ta] 1 335 2] il 8 A MR A s A S Il 4 4 T
Fa E Kriging B, WA 1 s . BRI 3T Be-
liever 5B Y 3 8127 > YA B2 38 1 78 4 1T DoE T
EF A 1) Krriging 5 7 By 41 {1 (9 AR AR A5 2 Ak T30 2
1B B 32 FUI 48 A P LSBT F 8l 2
M WP AR OO FE A SIS N B DoE., i 1 iy
“OOREA S 17, SR JE BT Kriging A48, AR 418 152 11
%) ) S o 9 T 5RO TS T B B A AR R
QA RORG BE T AT TR A R AR AR R I A

aar True model
— P4 Kriging Fi#1

soo| WA Kriging B0
e DoE

#;(X)

—00r kA 1

-400

0 5 10 15 20
X
El1 Believer REEHIERE R
Fig.1 Demonstration of Believer strategy mechanism

1.2 ELF-BESEAKJFIE
A SCHE Y ELF-BES k76 Z {4 B Kriging

AR ) 7 B BB o R Pl O = B Bk B A E f A
2 N Rl 1 R VAN L IS VAR = 1N 7y
.,

%~m5&ﬁ?%ﬁﬁmﬁ%ﬂ®§&L?Eﬁtﬁ
ZKS%A{ o » Lnws ***s Lo )o H T A — P2

oR B T BT A AT A @lﬁ]@“‘ S WCAE P 4
ﬁm%j A N 12 R R i i N )

PRIEL L A EFF 2% 2 pRBURT U 27 2] bR 5008 )
?LSFWJ&#ZﬁﬁUﬂU&%X}‘ RS, ERF %
>J BRIES R TR AR G R g S el i L H A
> R R G B R IERE AR SR e S . A
X%k EFF.U.ERF" | REIF2., H"™ & 8k 13 W]
ELF-BES Jyik. 4% 2% > R B0 #E 3 72 15 WA
N SCHR , AN IR, T U R N R

PR B0 AR 2 1 0 — 5 A RUA (B PE AR T S
BRI RO A AT — AR
R R, R Fh R, = LSF Y
AR, i R E AR LSF A SRR
Shy 2 T AR BHABE TR 1) G5 AL AT R B T 1 P Y (i)
AW MK EE R MA RIS,

BB BOR I E T AR R A . A
SCHEME T — i TSR BR A R ORI L R
Fmg , BES kAR FREIANAFTE 2 AR
0 I | =R VSN i = 0 5 N v 1 = (A N

- 430 -

ORI, — B 0 F 2 S5 T 4 2 B IR AR
O R /D £ v DR RO AR AR B A AU A5 R
() B o ARG O FLRE AR S50 A 2B 2 B i 22 IR IR
FURE A 7] BB X Kriging #5 7  J - 67 T 28021 7
PRI M IR PR LR AR %) Y i 22 R B Krriging B 7Y
AN BE $ AL R A £ ORI A I I R R
FEALE BT 4 Bt ry 45 B 2wl 58 0 L 5 s —
AT R AR AR L, T AR SE U IO AR A 25 5
U] 24 252 8 AP DR ELREAS A
X 22 R H Kriging A5 B A7 25 2R 7 B 18 # m]
LA 2 S50 3 g o AR 6 8 00 2% 22 B AR, T ESC
. BSC C(error-
based stopping criterion using bootstrap estima-
tion ) 7 )" 45 | Z2 1 B Kriging #5578 T 158 2% B 1K
PR JE T O B R B AN Wi s MR 4 /NS . AR SCER
BE T ROME R 0B AG A AR xR
Kriging 1 8 A £ BOR 7 WEA HEN] . B T4l 1t
KRB AR B AR R ik O
s = PP @
, b,
o PP, A 3R 2 SO A I A L
N HAP R R .

(error-based stopping criterion)"*”

P =P(G(x)F kos(x)) (3)
=0 '(1—a/2)
JCFP (1 —a)HEMFEAVGHH =0 '(97.5%)=1.96;
G(x) N Z 15 B Kriging K81 1 55 90 248 5 o, () H B
E-S
5 B B E T — REA R S [E] o B

TE ot s Tiews *+0s T+ HE B B FE AR 15 X
g%EKngmgﬁiE/}? A H L ERE AR SRS
] o7 & a] DIARFE (DB . Bl TARSCER T
Zo A 2] eREC, AN [R) 2% ) eR B 58 07 AR TR
WO B o () (E AT 5 X . e,
i A — DG — B Ufseo (o ) (B LA T TR0 2
T3Hh T — AR AR S S ] TR R 2 R A
Kriging 5% %1 Fl I AS i 22 P 8 K0 i, — R Ui
Kriging #7 2 B R L3 — qi i 25 Hax e 22
/N, H 244 B Kriging #58 — i 238 i3 £
Kriging % 5 gt 75, 3 W HOK T A8 28 PR Ak 1 09 2
2. W, 52 CERL25 )8 & - A 3Cil i Bootstrap
H 25 4 RE vk i 1L 2 IR B Kriging 158 X i O FF A%
OB AW U B E VL IS e (20) BT
Bootstrap F 25 il HE 1245 AR AS S50 R #0158 25 B
Ja 454 (1) 58 U = B BEREAS R 95, 1 0 e
) 5 BB AE AR A5



— P ) 22 PR B Kriging B8 B Z5 A AT SE PRS0 7 09 T2 82 21 5 h——AE 250 B35 LB

Bootstrap [ %% fli # 1% /2 38 & % 9] i DoE #
AT A I gy R R L B 9t = an 2 BT
IR o BT R m UK A8 S R — R AR BT
FFREA S — B 19 DoE,... » 3144 #2871 Kriging £
Y, AT 5 B m A~ Kriging B8 . 4 33155 m A
Kriging #% B Xf 3 — # A& & = 19 fl 3t H
(G (x),Gy(x), -, G, (x)} [ B, T 3 G i
FE AL B 52 e, AP BR 95 06 AR DX TA] Py A il
{8 B % 95 % B A5 X 8] Y m 4> Kriging F 58 Xf 4
A 1 A N A{G(2), G(x), -,
G. ()} W 2 {5 B Kriging #6846 B A 45 2 4k 1 951
MR 2% o () H

IS A
au(a)= [ 2(G(a)= G la)y (4)
i=1
400 f o DoE
- 95%EF X
— Ture model
200 Bootstrap Kriging !

— Krigingli#l £

y;(x)

B 5 10 15 20
X

2 Bootstrap B Z# A REE

Fig.2 Bootstrap sampling method schematic

1.3 EEEN

15 1R BRI T 3h 7 ) TR S — A K
o MR TN TR RO A0 B AR L R g AR B
REAE Jhy — ol 452 (b i 00 )0 LA e ik Oy s AHZ 5 R AR
J I A A 24 A Kriging #5804 75000 25 3 #5473
SR YA 7% 2R ASORE AR AR E 117 I A Kriging #55 Y
o5 Hh ) TIN5 2 A O 25 1 0 TR G, T B 2
WA B R AR O . AR SO — TR A I S
U, R i G 0 2 2 ARE SRR A T A R 25 5 B, SCRE R
W SIS R R RS R L TR Y B 4k T 4R U ik
2 DU TE W R AG T O RO 5 1Y B AR 0 5 B b
e TP % B R AR BR800 728 A SR A TN 2k
RO RAG T AR 2 T DA #b 38 98 3 5 T A6 T R 2K

MRS A5 i B k), B SR RSN
Ettnundg e
}3;/7}3;1 1 P;/ 17}3;/ 2
max ( - s N ,
P! P! (5)
p;z—zip;hs
Ai)\ €,
Py

ot PEOR S d U RS BT AR 19 2K A 3R L %

15 1BV 0N A o S 4 W R AR T A5 2R 250 ME 232 1 R Xt
B2/ T e, L AL TG TR RO R0y B A5 7
B 455 L 7 D) B, R OHBE 3 s TR HR 250D
BB AT R L 28 8. e, e, ) HUME 75 1 £
TEHG BE FNAK 3 2 0] A R 47 1) Pl AR SOt 2
X BUE S 3K e,=0.2,6,=0.01,
14 FHixiit

A ST $ 22 ) L Kriging 5 A1 45 ¥4 7 5E ¥ 43
B DLR 1040 5 SR A,

1)k H Monte Carlo fi#£: 44 & 6, AR 4 fi AL 428
pe U T I QA O = S/ NS (Sl Y 2 S N
{ X1, oy ey T b

2) B 5E W0 46 AR OR R AR AT {2, 2 e

Ii?m}’{l',l, -l')l# "'yxilnit}o

3) 73 ST 50 U v /A PR AR AR Y IS
IO7AFL A8 40 463 g /I PR B DoE , 4 £ 490 By (B3R )
Z At B Kriging £

4)FE T AR AN 5 ] pRBOTH B — 2 ) R U
Xt L 14 i AR A AL B S T AT 5 2 oK RO Y
BOHERE AR R LM R AR SR

EFF .U ERF
{ xnew b IH?W’ A 9 IU?W }O

5) 3 F BES Jr ik T — B FEREAS S5 B
P8 X T REAR, BOABE B RO FORE AR S T
B E .

6) i & BB 7 B I . A Bootstrap FI 28 fili A
B 2o s Toews =0y o PV AR SURY TR
22 I A (D) B8 T — S B FEAR S 25 18]
g,

7)) B S A5 Tl P Lk U] R N AT
BE8) s W M &, BN B DoE AT ER 3) .

)R (6) .3 (7) TR Y ATk T 4
12 AR PS5 A B Covw, . FIT A 53 2 %K
JETR AL Cov, << 0.05. 451 M AT L3R 10) 5 157
W HATHERE9)

P~—>N1(G
f ch,-fl ( (l))
1 |z]<o0 (6)
I(x)=
0 |z|>0
1—P
Covp = |— ! (7)
PN,

9) T8 2 1 B S {H Cov, > 0.05 1 , 35
B 25 iR S Tt @ B RURE AR I8 31 2R 3 kAR
i @ M 4 N, =5N,.. & BHAT IR 2) .
10) % tH R SOME S, D7 W S R, i i A 55
A 2 A LGSR AT B SR T 9 TS
- 431 -



REALA T RE B 37 & 5 23 2026 4F 2 H

AW

Twr=T,+ T, (8)
S T Ty 23 500 A o R ORI 9 5 A IR AR AR 280 1
TFE A L5 S DU OB o O OB TR A T3 0CHK

2 BEHEPIKIE

AT 25 2 AN E B BT R Ok B A kb
5ot B — SR 3l AR SO ELF-BES
ik 5 E A M R e ik £ 0] A Kriging B8 45
A SE M 5 i AMFK-D™ L AMK-AEFF " 5
BSC-Believer " LA f B {5 EL 45 ¥4 1] 55 M 7 % AK-
EFF™ | AK-U" | AK-ERF"" | AK-RLCB"", AK-
H*  AK-REIF2#H 7R g . b T B 1k d
W X 4t L S I D b ) AR S 3 B 2
2] 7% 0 R AR SO BT AT 1Y £ 4 L Kriging A58
T ATy 1 38 R FH SCHRC 19 TP B i . A RRAIGR
FEBEMLE (5 ma I 7 R B E A R 30K, i
G S LT X LAy AT . BRMCS TF 5 4
PE AR BEAT IR 253 AR 2 AR A

en,=|Pi— PY<| /P (9)

2.1 EH)1:Multimodal i £
AS A h, Multimodal 5% bR 2500 g 1o 14 B A

L
51, (2 4)a,— 1)

gh(xl,xz):mnT n

AR B Ry e 1k R

+2 (10)

. bx 5r, 35
gl(xl,xz)Zgh(xl,xz)*sm(TllJr D +ﬁ) (11)
~N(1.5.1)  2,~N(2.5,1)

TR BB R RL B LSF Al 3 s . Rk
o /AR R BB R T B AR L e=5. E MR i
JIt 38 5 14 200 i 1) i DR LR AR 5 B O 6 0 8 IR
T BREA S5 B0 R 210 M) HR FEAS It @ LA Ay

1X10°,
8

4
& 20
I AR £
-8 -4 0 4 8 -8 -4 0 4 8
X Rl
() EE R (b) AR LB

B3 ARFREE#EIUHNLSFREE
Fig.3 Schematic representation of LSF for different

fidelity models
HAEA T B B ELF-BES # 33 >
Aot i P 4 I 78 DR i 07 0 A R UK fige i A v Y
HAAEO . da~ K 4d 73 5 R T IR R AR 58
+ 432 -

6 UKL AR VB 12 R 3K AR BB 18 Wk AR 1 R A 4y
fii . W LLE M R R AR ET , 208 L Kriging #5271
X LSF By # & RO 85 2% bt AR #E 47 , ELF -
BES J7 7k 3 3885 Hb 3% £ 15 O B A 5SORUIS D) FLRE
AR 15 0 BT 2248 1 Kriging #6570, 5% J W SR L A5 5%
i SEE T X LSF B LA LU I 1 6 4> f B
AR R 12 AR AR FLREAS A, BB A AR OR ELAE A A
Z T AR EAEA (G TR Ny BR 5
PREFEAR BN, BRI B A S ED .

ad

2.5 # . . 4
235 1.0 15 40 65
(b)I=6, Nyy=8, Ny =24

=2.5 AL . . 1
235 1.0 15 40 65
(2)1=0, Ny =6, Nip =20

=25 id * s =25 ! * * !
=35 -10 15 40 6.5 =35 -10 15 40 65
(€)I=12, Ny:=10, Ny =28 (d)I=18, Nyp=12, Ny =32

—— PRI RYLSE ——— R EBIR A LSE
—— ZRIKrigingfTPHLSE  w  FURFRIEA T

*OFRH R ORIAEA T O WA IRIREREACT
o HHRMR AR

E 4 ELF-BESHEEH TR
Fig.4 Updating process of ELF-BES

1A S TR 705 45 05 1 30 I i s 47
f1% - 3 45 SR F0 30 Uit B IR B AR X 4R 22 00 A
UMCSH B IZ%E, aTLLE M AR,
5 OR BAEH AT SRV S M 7 IR AR L L 2 AR KA
A]REE AT O R T AR AR B T ORIE R T H

®1 BONEHTERTEERE

Tab.1 Calculation results for each method in example 1

A ViRiS TR Ty P/10 2| ep/ %
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27.5
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LAY BSC- 19.6
Believer (12.6435.0X0.2) 3.12 0.46
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Tab.3 Calculation results for each method in example 2

TR ViRiS W Ty | P/10 2| ep/%
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Beliover 119.3%0.1) 254 | 11.27
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Fig.7 Demonstration of 30 solutions of the structural

reliability method based on multi-fidelity modeling
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Tab.4 Number of failed calculations across 30 runs for

different methods under different correlation coefficients
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Fig.9 Variation of the number of calculations with the
correlation coefficient for the BSC-Believer method
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Tab.5 Failure statistics of the ELF-BES method under

the conservative stopping criterion
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