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Fig. 1 AR-MOEA local optimum trapping illustration
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Algorithm 1  The framework of the AR-MOEA-
GC algorithm
Input: N (Population size, Size of reference
points)
P« Populationlnitialization () ;
R < RePointCreation() ;
A «P
R',A « UpDateR(R,P,A)
While Termination conditions not met do
P’ «— MatchingParent(P,R’) ;
O « GenerateOffspring (P’);
R,A « UpDateR(R,[P;0],A) ;
P < EliteChoicing([P; O], R’);
If Ae<u
R « deleteRePoint (R)
End
End
Return P
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Fig. 2 Schematic diagram for fitness calculation of the AR-
MOEA and AR-MOEA-GC
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Fig.3  Algorithm flow of the AR-MOEA-GC
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Algorithm 2  Elite selection
Input: P . O (Current population and offspring
population). R (Adjusted reference points)

Output: P (Population output by elite selection)

1: Py « NDSort(P);

2: Pgq < ChooseNonCriticalLayerIndividuals (P;) ;

3: fitness, « CalculateFitnessoflast (P;) ;

4: Pg,y < CriticallndividualSelection ()
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Table 2 Average IGD values of seven algorithms on three types of three-dimensional test functions
IGD
Function
AR-MOEA A-NSGA-IIT MOEA/DD AR-NSGA-IIT NSGA-II NSGA-III AR-MOEA-GC
WFG1 0.6180 0.6640 1.2600 0.7090 0.5630 0.6860 0.6130
WFG2 0.1670 0.1880 0.1940 0.1730 0.2400 0.1690 0.1610
WFG3 0.1620 0.1720 0.4190 0.1510 0.1330 0.1520 0.1690
WFG4 0.2290 0.2610 0.2480 0.2430 0.2810 0.2320 0.2190
WFGS5 0.2330 0.2620 0.2540 0.2390 0.2850 0.2380 0.2240
WFG6 0.2690 0.3030 0.3130 0.2830 0.3360 0.2790 0.2620
WFG7 0.2320 0.2580 0.2760 0.2330 0.2820 0.2320 0.2220
WFG8 0.3110 0.3410 0.3410 0.3190 0.3770 0.3210 0.3070
DTLZ1 2.5500 4.0900 6.0000 4.0900 2.8800 3.8300 3.3200
DTLZ2 0.0550 0.0588 0.0553 0.0562 0.069 6 0.0549 0.0529
DTLZ3 8.9700 11.1000 19.1000 13.2000 8.2400 10.2000 7.9200
DTLZ4 0.3790 0.2190 0.0719 0.2320 0.1330 0.1360 0.1350
DTLZ5 0.0058 0.0113 0.0313 0.0122 0.0066 0.0127 0.0053
DTLZ6 0.7320 0.6820 0.6860 0.7340 0.7320 0.7320 0.7320
DTLZ7 0.2960 0.096 6 0.3060 0.1120 0.0961 0.0873 0.0642
MaFl1 0.044 1 0.0458 0.0800 0.0553 0.0611 0.0619 0.0433
MaF10 0.6030 0.6780 1.2300 0.7210 0.5310 0.6760 0.6030
MaF11 0.1680 0.1810 0.1940 0.1720 0.2250 0.1710 0.1630
MaF12 0.2350 0.2760 0.2650 0.2430 0.2900 0.2390 0.2260
MaF13 0.2130 0.3040 0.2150 0.2680 0.2500 0.3280 0.1910
MaF14 0.4640 0.4350 0.4270 0.4520 0.3930 0.4810 0.4070
MaF15 0.1600 0.2120 0.1570 0.1910 0.2760 0.1930 0.1610
MaF2 0.0331 0.0325 0.0580 0.0330 0.0483 0.0367 0.0312
MaF3 91.80 178.00 902.00 275.00 99.00 219.00 197.00
MaF4 27.60 34.50 39.80 41.20 30.50 34.60 26.90
MaF5 1.2200 0.6800 0.4430 0.7350 0.6470 0.8400 0.4910
MaF6 0.0066 0.0111 0.0328 0.0118 0.0058 0.0129 0.0063
MaF7 0.2100 0.086 1 0.2990 0.1030 0.0788 0.0882 0.0641
+/—/= 1/18/9 0/24/4 3/23/2 1/24/3 6/17/5 1/26/1

"+/—/=" represent significant better, worse, and statistically similar performance compared to AR-MOEA-GC after the rank-sum test
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Table 3 Average HV values of seven algorithms on three types of three-dimensional test functions

HV
Function
AR-MOEA A-NSGA-III MOEA/DD AR-NSGA-III NSGA-II NSGA-IIT AR-MOEA-GC
WFG1 0.6630 0.6380 0.3580 0.6170 0.6970 0.6300 0.6650
WFG2 0.9130 0.9010 0.8920 0.9080 0.9030 09110 0.9160
WFG3 0.3510 0.3490 0.2410 0.3600 0.3750 0.3590 0.3480
WFG4 0.5310 0.5120 0.5200 0.5240 0.5040 0.5300 0.5340
WEG5 0.5050 0.4890 0.4940 0.4970 0.4820 0.5040 0.5060
WFG6 0.4770 0.4600 0.4500 0.4730 0.4480 04710 0.4800
WFG7 0.5330 0.5190 0.5050 0.5310 0.5100 0.5320 0.5330
WFGS8 0.4480 0.4310 0.4280 0.4430 0.4260 0.4430 0.4490
DTLZ1 0 0 0 0 0 0 0
DTLZ2 0.5560 0.5490 0.5550 0.5570 0.5280 0.5560 0.5580
DTLZ3 0 0 0 0 0 0 0
DTLZ4 0.4000 0.4810 0.5470 0.4750 0.5060 0.5190 0.5230
DTLZ5 0.1980 0.1950 0.1820 0.1940 0.1980 0.1930 0.1990
DTLZ6 0.3290 0.2950 0.2790 0.3160 0.3290 03190 0.3290
DTLZ7 0.2480 0.2650 0.2310 0.2630 0.2630 0.2660 0.2740
MaF1 0.2160 0.2140 0.1880 0.2060 0.2000 0.2020 0.2190
MaF10 0.6690 0.6310 0.3710 0.6100 0.7170 0.6310 0.6720
MaF11 09120 0.9040 0.8900 0.9090 0.9060 0.9090 09130
MaF12 0.5030 0.4760 0.4880 0.4910 0.4800 0.5010 0.5040
MaF13 0.3460 0.3440 0.3280 0.3430 0.2960 0.3370 0.3500
MaF14 0.3660 0.3360 0.2840 0.3130 0.4040 0.2770 0.3990
MaF15 0.3760 0.3150 0.4140 0.3250 0.2120 0.3240 0.3560
MaF2 0.2380 0.2360 0.1970 0.2390 0.2310 0.2360 0.2390
MaF3 0 0 0 0 0 0 0
MaF4 0 0 0 0 0 0 0
MaF5 0.4390 0.4910 0.5190 0.4910 0.4930 0.4750 0.5230
MaF6 0.1970 0.1940 0.1720 0.1930 0.1980 0.1920 0.1970
MaF7 0.2560 0.2670 0.2300 0.2630 0.2660 0.2660 0.2740
+/—I= 2/10/16 0/21/7 2/22/4 1/19/8 4/19/5 1/21/6

"+/—/="represent significant better, worse, and statistically similar performance compared to AR-MOEA-GC after the rank-sum test
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Table 4 Average IGD values of seven algorithms on three types of two-dimensional test functions

IGD
Function
AR-MOEA A-NSGA-III MOEA/DD AR-NSGA-III NSGA-II NSGA-IIT AR-MOEA-GC
WFG1 0.4070 0.4690 0.5820 0.5160 0.3270 0.4910 0.3430
WFG2 0.0316 0.0271 0.0593 0.0351 0.0205 0.0271 0.0210
WFG3 0.0269 0.0352 0.0432 0.0360 0.0276 0.0316 0.0252
WFG4 0.0210 0.0274 0.0277 0.0287 0.0216 0.0255 0.0200
WEG5 0.0682 0.0721 0.0700 0.0729 0.0679 0.0682 0.0672
WFG6 0.0932 0.0891 0.0968 0.1040 0.0888 0.0971 0.0905
WFG7 0.0174 0.0220 0.0222 0.0251 0.0192 0.0193 0.0170
WFGS8 0.1210 0.1290 0.1260 0.1280 0.1160 0.1250 0.1150
DTLZ1 4.0500 5.2100 12.9000 5.7000 3.3100 5.3500 2.7100
DTLZ2 0.0042 0.0052 0.0043 0.0057 0.0052 0.0043 0.0043
DTLZ3 11.50 14.40 30.30 15.30 12.00 14.40 9.83
DTLZ4 0.2990 0.1030 0.0043 0.0545 0.1530 0.1770 0.0043
DTLZ5 0.0042 0.0052 0.0043 0.0056 0.0052 0.0043 0.0042
DTLZ6 0.4110 0.4020 0.4190 0.4140 0.4140 0.3970 0.4140
DTLZ7 0.0928 0.0056 0.0187 0.0059 0.0199 0.0057 0.0052
MaF1 0.0037 0.0042 0.0037 0.0046 0.0048 0.0037 0.004 1
MaF10 0.3930 0.4960 0.5670 0.5050 0.3500 0.4770 0.3840
MaF11 0.0368 0.028 1 0.0612 0.0278 0.0194 0.0283 0.0349
MaF12 0.0392 0.0363 0.0546 0.0369 0.0376 0.0339 0.0333
MaF14 0.5220 0.6150 0.5170 0.5670 0.6230 0.5950 0.6160
MaF15 0.1040 0.0752 0.0301 0.0738 0.1040 0.0862 0.1120
MaF2 0.0021 0.0029 0.0044 0.0026 0.0028 0.0022 0.0022
MaF3 215.00 377.00 1680.00 289.00 126.00 361.00 113.00
MaF4 12.3000 21.3000 39.1000 20.4000 10.3000 18.7000 8.9200
MaF5 0.4790 0.0827 0.0139 0.2150 0.2150 0.3460 0.4120
MaF6 0.0076 0.0127 0.0216 0.0140 0.0063 0.0126 0.0067
MaF7 0.1080 0.0200 0.0182 0.006 1 0.0053 0.0057 0.0051
+/—I= 4/5/18 4/20/3 4/19/4 4/20/3 7/11/19 6/14/7

"+/—/=" represent significant better, worse, and statistically similar performance compared to AR-MOEA-GC after the rank-sum test
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Table 5 Average HV values of seven algorithms on three types of two-dimensional test functions

HV
Function
AR-MOEA A-NSGA-III MOEA/DD AR-NSGA-III NSGA-II NSGA-III AR-MOEA-GC
WFG1 0.4880 0.4440 0.3750 0.4170 0.5290 0.4320 0.5160
WEG2 0.6240 0.6220 0.6040 0.6200 0.6250 0.6220 0.6240
WEG3 0.5710 0.5660 0.5600 0.5660 0.5710 0.5680 0.5710
WFG4 0.3420 0.3390 0.3360 0.3390 0.3410 0.3390 0.3420
WEFG5 0.3090 0.3070 0.3070 0.3090 0.3100 0.3090 0.3100
WFG6 0.2980 0.3010 0.2940 0.2940 0.3000 0.2960 0.3060
WEG7 0.3430 0.3410 0.3390 0.3420 0.3430 0.3420 0.3440
WFGS8 0.2840 0.2800 0.2800 0.2810 0.2860 0.2810 0.2860
DTLZ1 0 0 0 0 0 0 0
DTLZ2 0.3470 0.3450 0.3460 0.3470 0.3460 0.3470 0.3470
DTLZ3 0 0 0 0 0 0 0
DTLZ4 0.2440 03120 0.3460 0.3300 0.2950 0.2870 0.3380
DTLZ5 0.3470 0.3450 0.3460 0.3470 0.3460 0.3470 0.3470
DTLZ6 0.3390 0.3340 0.3290 0.3450 0.3460 0.3310 0.3470
DTLZ7 0.2290 0.2420 0.2400 0.2420 0.2400 0.2420 0.2420
MaF1 0.5820 0.5810 0.5820 0.5810 0.5800 0.5820 0.5820
MaF10 0.4940 0.4310 0.3840 0.4270 0.5170 0.4380 0.5200
MaF11 0.6230 0.6210 0.6040 0.6210 0.6260 0.6210 0.6260
MaF12 0.3270 0.3280 0.3180 0.3290 0.3280 0.3300 0.3240
MaF13 0.3460 0.3440 0.3280 0.3430 0.2960 0.3370 0.3500
MaF14 0.1360 0.0931 0.1020 0.0945 0.1070 0.0958 0.0135
MaF15 0.6450 0.6990 0.7860 0.6990 0.6530 0.6830 0.6360
MaF2 0.2070 0.2060 0.2050 0.2070 0.2070 0.2070 0.2070
MaF3 0 0 0 0 0 0 0
MaF4 0 0 0 0 0 0 0
MaF6 0.3420 0.3380 0.3210 0.3370 0.3440 0.3370 0.3470
MaF7 0.2270 0.2400 0.2400 0.2420 0.2430 0.2420 0.2420
+/—/= 2/9/17 3/18/7 4/18/6 2/17/9 5/9/14 3/16/9

"+/—/=" represent significant better, worse, and statistically similar performance compared to AR-MOEA-GC after the rank-sum test
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Fig. 6 Population distribution results of seven algorithms on MaF2
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Table 6 Average IGD values of seven algorithms on problems with discontinuous true Pareto fronts

IGD
Function
AR-MOEA A-NSGA-III MOEA/DD NSGA-II NSGA-IIT AR-NSGA-III AR-MOEA-GC
DTLZ7 0.2960 0.0966 0.3060 0.0961 0.0873 0.1120 0.0642
IMOP5 0.1430 0.1410 0.4030 0.0757 0.1170 0.1020 0.0998
IMOP8 0.1760 0.1780 0.5170 0.1600 0.1370 0.1400 0.1340
WEFG2 0.1670 0.1880 0.1940 0.2400 0.1690 0.1730 0.1610
R T T FEETEFLSE Pareto FHT A ELERIE A HY (6
Table 7 Average HV values of seven algorithms on problems with discontinuous true Pareto fronts
HV
Function
AR-MOEA A-NSGA-III MOEA/DD NSGA-II NSGA-III AR-NSGA-III AR-MOEA-GC
DTLZ7 0.2480 0.2650 0.2310 0.2630 0.2660 0.2630 0.2740
IMOP5 0.5090 0.5010 0.4430 0.5070 0.5070 0.5140 0.5180
IMOP8 0.4840 0.4710 0.1630 0.4660 0.4880 0.4830 0.5000

WFG2 0.9130 0.9010 0.8920 0.9030 09110 0.9080 0.9160
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Fig. 7 Population distributions found by seven algorithms on the WFG8 problem
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Fig. 8 Population distributions found by seven algorithms on the IMOPS problem
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Fig. 10 Impact of different grid sizes on the IGD and HV values for WFG problems and MaF series problems
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Table 8 Average GD and Spacing values of AR-MOEA and AR-MOEA-GC on various test problems
. Spacing GD
Function
AR-MOEA AR-MOEA-GC AR-MOEA AR-MOEA-GC
WFGl1 0.4420 0.3830 0.0520 0.0509
WFG2 0.2030 0.1740 0.0065 0.0063
WFG3 0.1610 0.1210 0.0854 0.0832
WFG4 0.2960 0.1890 0.0058 0.0060
WFG5 0.2930 0.1920 0.0084 0.0087
WFG6 0.3000 0.1920 0.0149 0.0152
WFG7 0.3000 0.2050 0.0064 0.0067
WFGS8 0.2990 0.2060 0.0224 0.0228
MaF1 0.0660 0.0531 0.0006 0.000 6
MaF10 0.4160 0.4090 0.0502 0.0492
MaF11 0.2100 0.1780 0.0069 0.0076
MaF12 0.2860 0.1920 0.0088 0.0090
MaF13 0.1160 0.1310 0.0456 0.0536
MaF14 0.2220 0.1880 0.0797 0.0738
MaF15 0.9700 1.9700 0.2350 0.5330
MaF2 0.0445 0.0304 0.0018 0.0018
MaF3 1300.00 5560.00 2420.00 8590.00
MaF4 35.8000 36.8000 8.3200 10.2000
MaF5 0.2080 0.1850 0.0022 0.0027
MaF6 0.0129 0.0120 0.0002 0.0004
MaF7 0.0769 0.0774 0.0017 0.0020
DTLZ1 0.3640 0.4290 0.4230 0.5340
DTLZ2 0.0861 0.0533 0.0006 0.0006
DTLZ3 1.1700 1.2700 1.8700 1.4700
DTLZ4 0.0464 0.0453 0.0004 0.0006
DTLZS 0.0133 0.0105 0.0002 0.0002
DTLZ6 0.0120 0.0092 0.0969 0.0967
DTLZ7 0.0708 0.0761 0.0016 0.0019
+—/= 1/16/11 9/0/19

"+/—/=" represent significant better, worse, and statistically similar performance compared to AR-MOEA-GC after the rank-sum test
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An Adaptive Multi-Objective Optimization Algorithm with
Reference Point Based on Grid Congestion Degree

WANG Xuewu, GAO Yongliang, GU Xingsheng
(Key Laboratory of Smart Manufacturing in Energy Chemical Process, Ministry of Education,
East China University of Science and Technology, Shanghai 200237, China)

Abstract: In multi-objective optimization, balancing both convergence and diversity in the searching population is
paramount. However, the AR-MOEA algorithm, which prioritizes optimizing the IGD-NS indicator, and accelerates the
convergence process, is prone to trapping in local optima, leading to incomplete coverage of the entire Pareto front by
the population. To address this issue, this paper introduces the Adaptive Reference Point Multi-Objective Evolutionary
Algorithm based on Grid Crowding (AR-MOEA-GC). This algorithm differentiates the fitness calculation methods for
contributing and non-contributing individuals within the population, thereby ensuring both diversity and convergence.
Furthermore, to expedite the convergence speed of the population during the later stages of the algorithm, a reference
point adjustment strategy is integrated to guide the population to evolve towards the true Pareto front. The enhanced
algorithm was rigorously tested against six advanced multi-objective evolutionary algorithms using three types of test
functions. The results demonstrate that AR-MOEA-GC exhibits competitive performance in solving three-dimensional
multi-objective optimization problems.

Key words: evolutionary algorithm; IGD-NS indicator; multi-objective optimization; grid congestion degree;

evolutionary computation
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