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Sharp bounds study on survivor average causal effects
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Abstract: The survivor average causal effect (SACE) can be used to measure the differential impact
of receiving different treatments on subjects who would survive under any treatment condition. It re-
presents an important area of research in causal inference. Since the samples of subjects who would
always survive in both the treatment and control groups cannot be directly observed, SACE is typically
unidentifiable, allowing only for the estimation of its bounds. In the literature, mainstream methods
for deriving sharp bounds on SACE rely on multi-parameter linear programming, generating closed-
form solutions by enumerating all vertices of the constraint polyhedron in the dual problem. If monoto-
nicity and stochastic dominance conditions are not satisfied, the enumeration method cannot be used to
solve this multi-parameter linear programming problem. This paper addresses the sharp bounds of
SACE within the principal stratification framework, considering “truncated by death” , stable unit
treatment effect, and ignorability assumptions. The optimization problem is solved based on polynomi-
al equations derived from first-order Karush-Kuhn-Tucker ( KKT) conditions. The LaLonde dataset
from the National Supported Work Demonstration ( NSW) project in the United States was empirically
selected to calculate the sharp bounds of the SACE under complete covariates for the “always-survivor”.
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HIE L AT LIS Mt L, 70 7E00.3, 0.5 1/
1 R AN BT B R (ELIN , SACE 31 58 i) L 552
{HAEIT . AMERBL, SKARFFEI LB, (¢) B UB, (¢)
Hh R 2 08 S B 20 E TR A R A A, RS T

7o A PR, 75 & SACE it 5 i B R s a3
TR 1] 2 AT, TR 45 v AR i 5 A T 934
FRME LRSS 75 G SACE KT 7o AT
B



82

JUINR A2 E AR H AR AR

B2U%

4 SZ3E N
4.1 HiEE

SEYE R4 Bl 4 R U T NSW 35 H , B
FETAER NI E T 3298 & T RSO . %
Wi HAE 20 k22 70 AR R, N 1R it g
ONTIEEE 10 b 5 St , B T AR B i 4
PR B T AR RS A R T R SRR AE R
SR . I E AR R TR R R S A e,
TEZMC B 4b R AL 1 % 38 % 7E 1976—1977 4] LU
RAH9 ~ 18 A A B ARSI, X BRI 75 22 1 17
Pl I, BT A % R E IR BRI B S > IS
R 9 A Hid sk —IRE A . T NSW I H
AT BRI IR IR, S R A 2k BN
KB TR, AU 65% M2 RE S5 T RIGH
27 AWK RSN 27 A A PRI R
AIEAEEE T SET A, A AT A A B s A
SERENY . R AR BT A H R TE
T TLAR IR BR G 2% R0 25 T 2 0 Pl b, NSW 351 H
1) Lalonde 1 PSID #4775 2z i >,

ARSI Lalonde #s 4, HALAT 614 #4524,
Horr 185 ARGALSTFC 2 Ab BEAL H J8 R 429 N AE
XFIRAH , IF HazBdi e i) 321808 24 o 4

Sy T PP BE VI H X BT 520, 452 1K
HAE 1978 SRR AN N EOGHRAY 45 RS B Y, 8
PRAE P RTIC N “reT8” , I Ak 38 Ao v 6 BOKE FE R 43
MR WAFIRIAL Y = 1 R, Y =0 2R
A o Bk b i weat” AL BRAE B Z, o,
Z =1 FoR 2 TAERON, Z =0 R e L
o STERLITH o A AF AR i, SEBR o 1978 4R K
HOIARES S =1 Fon 32l 7E 1978 48 P il
A BT, S =0 W27 3230 th T 2Rk i e A
N0, 38 € ] F RS &, 4045 52 10 i 4 1R AR
DL NIRRT | 2 5 U i P I (1974 4R
1975 SERJUAARDE 1977 45 B AR LA K2 32 20
K, e H s 4R e AT 23 B E 2 married” * race”
“nodegree” “re74” “1e75” “age” “educ”, H H,
“re74” “re75” “age” Ml educ” Ky i S AR & HAy
BB, Lalonde HCUAE 1071 Y62 075
AR TEGE T4 RAE R 4 PR,

=4 WREFRITER

Table 4  Descriptive statistical results

AR R FEA IE H %K bRz LEONE] f/MA
age 614 27.363 25 9.881 55 16
educ 614 10. 269 11 2.628 18 0
re74 614 4 557.547 1042.330  6477.964 30 540.070 0
re75 614 2 184.938 601.548 3295.679 25 142.240 0
re78 614 6 792. 834 4759.019  7470.731 60 307.930 0

4.2 SKIEHR

2.2 /NITHE S Y SACE IR B 10 AR ALY ik
B TR, K T NSW 35 H 1 Lalonde %54
b, QBB B 1975 AU 0 BYHEEL
2, 1974 A /NER P WA R O BT B0, DRI, R 4R
PEEE Y reTS " e Ao 0 - 1 A8 i, 1 ARRIAKR
T 0 WY R, “re74” W OR B 4G Kot [ A
“race” FUEAH 3 Bl o2, BEIBCH Y black ™ Ml
“hispan” {2 0 - 1 258, BU L J& T%F0%, A& T
WHR O, G WP b B, BUA S A8 R 2
3 gk . RAF(14) R (15) fefliit =X
(13) BRI, I i 45 21 15 1l 523038 /9 2 X

RN T, (ERS a5l T KL EA-# 7 18
k37 Sl N R U o
&5 SACE#R
Table 5 Bounds on the SACE

e E B ST
SERHs R [ -0.255, 0.268] 0.523

WEEF S ot T SACE 15 JUfH
SR M [ -0.255, 0.268 1, Hoiy 5 AR B T
PP T 2 A P d i ik — 20 i, B I T
ST X T B Y AR A X T A2 4 A
1978 AR E S AA VIS, 51 A B AT AT PR



%2 3

F R385 < SEAF -4 DRSSO ) AR B 301 5

&3

P UER AT (FRE, RIE 52 B p AL i i) SACE
BHFCLEE, eV & T &R, RVAL LA 5 %) i
AP 2SO 22 (L TR] I 60 5 I 600K, Mk AR &
NSW I H %1252 55 9 320 WA IE 1) sl 67 16
RO P, A SCERAT 5 B — s, ARl
LEFE S 1 DR AR R Bl i B 4 A AR A T

FeAb 2 S B ) L, SR i He— B KKT 2%
XY 22 3 25 AR 2, T B A0 8 15 ) A S pe
fignl AR SACE IR i B IR aff 3k ik s B4l
LR A AR & T 4 E R LA, A
RHEFG] SACE, 1ty H.34 L 45 SRAE — 5 Y6 B 1 B &
CORILSEAFE” G ORI R B A R e, R

a0}

5

-1y

TS E T I SACE B S FFHE 3“4k

Wz

TSR TR AR AL MHE R R

%

JH 5 [ [ 58 S5 TARE 7R 95 (NSW) 00 H H 1 La-
londe s BE AT SRR I , Ve 5 52 B P AL A Oy
BENEIE , IO ASSCR I T 8255 I R F , i1
JE R4 SACE 1 FExE LA E NSW i H X F 32 il
WA TE ) 0 T ) S5O0 o AR A AT 5 i 45 5 S
EBE e B B A KKT 2P bi 45 8 R 07
5B SE PR R (EL

AR BB S vh o 48 TR I o 2 i A
SN, BT Frangakis 5552 H 19 00 295 BF5E

IR Z E TR Wk FOR

S 30k
[1] Rubin D. Estimating causal effects of treatments in randomized and nonrandomized studies[ J]. Journal of Educational Psy-

chology, 1974, 66(5) : 688-701.

Statistics & Proba-

[2] Frangakis C E, Rubin D B. Principal stratification in causal inference[ J]. Biometrics, 2002, 58(1) ; 21-29.

[3] Zhang J L, Rubin D B. Estimation of causal effects via principal stratification when some outcomes are truncated by “death”
[J]. Journal of Educational and Behavioral Statistics, 2003, 28(4) : 353-368.

[4] Zhang J L, Rubin D B, Mealli F. Evaluating the effects of job training programs on wages through principal stratification
[J]. Advances in Econometrics, 2008, 21 117-145.

[5] Imai K. Sharp bounds on the causal effects in randomized experiments with “truncation-by-death” [ J].
bility Letters, 2008, 78(2) . 144-149.

[6] Horowitz J L, Manski C F. Identification and robustness with contaminated and corrupted datal J ]. Econometrica, 1995, 63
(2) . 281-302.

[7] Freiman M H, Small D S. Large sample bounds on the survivor average causal effect in the presence of a binary covariate
with conditionally ignorable treatment assignment[ J]. The International Journal of Biostatistics, 2014, 10(2) : 143-163.

[8] Ding P, Geng Z, Yan W, et al. Identifiability and estimation of causal effects by principal stratification with outcomes trun-
cated by death[ J]. Journal of the American Statistical Association, 2011, 106(496) ; 1578-1591.

[9] Wang LB, Zhou X H, Richardson T S. Identification and estimation of causal effects with outcomes truncated by death[ J].
Biometrika, 2017, 104(3) : 597-612.

[10] Balke A, Pearl J. Bounds on treatment effects from studies with imperfect compliance[ J]. Journal of the American Statisti-
cal Association, 1997, 92(439) . 1171-1176.

[11] Beresteanu A, Molchanov I, Molinari F. Partial identification using random set theory[ J]. Journal of Econometrics, 2012,
166(1) . 17-32.

[12] Manski C F. Partial identification of probability distributions[ M]. Berlin; Springer, 2003.

[13] Shan N, Dong X G, Xu P F, et al. Sharp bounds on survivor average causal effects when the outcome is binary and trun-
cated by death[ J]. ACM Transactions on Intelligent Systems and Technology, 2016, 7(2) ; 1-11.

[14] Gabriel E E, Sachs M C, Sjolander A. Causal bounds for outcome-dependent sampling in observational studies[ J]. Journal
of the American Statistical Association, 2022, 117(538) : 939-950.

[15] Chen A X, Cui X, Yang G R. A unified framework for bounding causal effects on the always-survivor and other populations

[EB/OL]. [2024-04-26](2024-08-25). http://arXiv. org/abs/2403. 13398v2.



84

JUINR A2 E AR H AR AR #$24 %

[16]
[17]

[18]
[19]
[20]
[21]
[22]
[23
[24

[25
[26

R

(27]

(28]

[29]

(30]

[31]

Gal T, Nedoma, J. Multiparametric linear programming[ J ]. Management Science, 1972, 18(7) ; 406-422.

Acevedo J, Pistikopoulos E N. An algorithm for multiparametric mixed-integer linear programming problems[ J ]. Operations
Research Letters, 1999, 24(3) . 139-148.

Dua V, Pistikopoulos E N. An algorithm for the solution of multiparametric mixed integer linear programming problems[J ].
Annals of Operations Research, 2000, 99(1) . 123-139.

Li Z K, Terapetritou M G. A new methodology for the general multiparametric mixed-integer linear programming ( MILP)
problems[ J]. Industrial & Engineering Chemistry Research, 2007, 46(15) ; 5141-5151.

Charitopoulos V M, Papageorgiou L. G, Dua V. Multi-parametric linear programming under global uncertainty[ J]. AIChE
Journal, 2017, 63(9) . 3871-3895.

Charitopoulos V M, Papageorgiou L. G, Dua V. Nonlinear model-based process process operation under uncertainty using ex-
act parametric programming| J]. Engineering, 2017, 3(2) ; 202-213.

Charitopoulos V M, Papageorgiou L. G, Dua V. Multi-parametric mixed integer linear programming under global uncertainty
[J]. Computers & Chemical Engineering, 2018, 116, 279-295.

Pearl J. Causality; models, reasoning and inference[ M]. 2nd ed. Cambridge: Cambridge University Press, 2009.
Schaible S, Ibaraki T. Fractional programming[ J]. European Journal of Operational Research, 1983, 12(4) . 325-338.
Li Q, Racine J S. Nonparametric econometrics| M]. Princeton; Princeton University Press, 2007.

Lee D S. Training, wages, and sample selection: estimating sharp bounds on treatment effects[ J]. Review of Economic
Studies, 2009, 76(3) . 1071-1102.

Huber M, Laffers L., Mellace G. Sharp IV bounds on average treatment effects on the treated and other populations under
endogeneity and noncompliance[ J|. Journal of Applied Econometrics, 2017, 32(1) : 56-79.

Lalonde R. Evaluating the economic evaluation of training programs with experimental data[J]. The American Economic
Review, 1986, 76 . 604-620.

Armstrong T B, Kolesar M. Finite-sample optimal estimation and inference on average treatment effects under unconfounded-
ness[ J]. Econometrica, 2021, 89(3) . 1141-1177.

Chernozhukov V, Newey W K, Singh R. Automatic debiased machine learning of causal and structural effects[ J]. Econo-
metrica, 2022, 90(3) : 967-1027.

Masten M A, Poirier A, Zhang L. (). Assessing sensitivity to unconfoundedness: estimation and inference[ J]. Journal of

Business & Economic Statistics, 2024, 42(1); 1-13.

[ REHE: SHM]

B s’ —

-1 0 0 0 0 0 0 0 0 0 1
0 -1 0 0 0 0 0 0 0
0 0 -1 0 0 0 0 0 0 0
o 0 0 -1 0 0 0 0 0 0
o 0o 0 o0 -1 0 0 0 0 0
O 0 0 0 0 -1 0 0 0 0
A(g)=| 0 0 0 0 0 0 -1 0 0 0 |
O 0 0 0 0 0 0 -1 0 0
O 0 0 0 0 0 0 0 -1 0
O 0 0 0 0 0  -mp.. -me.. O 0
0 0 0 0 -mo.. -m.. O 0 0 0
0O 0 0 0 0 0 0 0 0o -1
Lo 0o o0 o0 0 0 0 0  -my.. O




552 MR, 5 SR I PR RN AR B 3 AT 5 85
B sk —
(g s ). +us —A; =0,
(ty +pa3 +pe)mo . +ps =4, =1 =0,
(g g+ ). +us —A; +1 =0
(o +py +a6)7o . +pus —A, =0,
(ps +pg)my.. —As =0,
BB EETR T -
(g +p6)mo .. =246 =0,
(uy +ue)my.. =47 =0,
(tr +p6)mg .. =25 =0,
MeTTo.. Ao =0,
Wi Fo e ¥ Fo oo F s Fry o FpaFor o s A00P 00 FALP L — A (P =Py .) =0,
o (fooe +fave +11%2) = Fii o =0,
Moo (fi0re +/ 30 < ¢ +£370) = Fyy ., =0,
o (oo +f10ve +fooh) =Fii, =0,
oo (foe +f0ee +f5°0) = Fo 0, =0,
w0-e tfi0e ¥ ) =1,
To. (Zafior e 4Foth 130 411 + 570 ) —1=
~Afoo.. =
~Aaf10.. =0,
= 2f%. =0
AR 1 —2 /), =0
~Asfoh =0,
lefémh —
.10 20—0
~2ef3"h. =0
= 2f 5. =0,
A(my..=Pr.o.) =0
Anlmy.. =P, ...) =0,
—Apmy.. =0,
A (P =Py.o —my..) =0




86

JUINR A2 E AR H AR AR $24 %

M&1 SBoRMIE

Appendix Table 1 A subset of optimal solutions

A R L R 2

S Fii/(Py e =Polo) 1- Fo.0./(Py 1. =Py.o0)
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o 0 0
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M 0 0
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A 0 0
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g 0 0
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A 0 0

A 0 0
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