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The automorphism group of the complex representation
ring of the dihedral group D,
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Abstract: This paper studies the automorphism group of the complex representation ring (D, ) of the
dihedral group D, of order 8 and all the ring automorphisms of r(D,) are computed. It is shown that

the automorphism group of r( D, ) is isomorphic to the direct product of the symmetric group of degree

3 and the cyclic group of order 2.
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Table 1  Character table of D,

Irr.D, ¢

- {1} {r,r} {r} {s,r’s} {rs,rs|
X1 1 1 1 1 1
X 1 1 1 -1 -1
X3 1 -1 1 1 -1
X4 1 -1 1 -1 1
xAs 2 0 -2 0 0

SIE 2 WZ[x,x,25,2, 2R %, %, 25,

x, WZWIAIR, ZTHARE D, FFRH
r(D) =7 x,,%5,,%;,%, /1,

Horp IR Z %, %y, 2,0, IR & - 1,2,x, -
Xy XXy — Xy X Xy — Xy 00 — 12,05 — %, 0,0, — X, X
-, —x; = L A A HRAR

WERR i1 D, BORHIERR R (1) LTI B 1 Al 4y
AATAFIR KRR V.QV,,i, j=1,2,3,4,5 N H
FITFEAE
ViQV=V.QV,=V,,1=1,2,3,4,5;
V,V,=V,QV,=V,QV,=V,,
V,V,=V,QV,=V,,
V,V,=V,&V,=V,,
V,QV,=V,QV,=V,QV,=V,QV, =

V,V,=V.QV,=V;,

V,QV,=V,V,=V,,
KV, QVi=nlV, ®nlV, ®nlV, ®nkV, ®

-1 - 2 _
s X3 Xy — Xy, Xy — X
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nisVs, A%
n;5=%(1x1x4+2><1x()+1x1x4+
2x1x0+2x1x0) =1,
n§5=%(1x1x4+2x1x0+1x1x4+
2x(-1)x0+2x(-1)x0) =1,
n§5=%(1x1x4+2><( -1) x0 +
I X1 x4+2x1x0+2x(-1)x0) =1,
n§5=%(1x1x4+2x( —1) x0+1x1 x
442x(-1)x0+2x1x0) =1,

n;:%(l X2 x4 +2x0x0+1x(-2)x

4+2x0x0+2x0x0) =0,
HI¥E)
VsQVs=V, @V, DV, DV,,

25 b W 2T Ot v, R BTV ]
1=1,2,3,4,5 % =1, 0l #F LRG| B,

EE 1 THAREE D, BFRE
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AT A S PR TR D vy 2 X 3 AR R
TCAE U ER , B 3 B ] 285

¢:R,—R,,

X, X,
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X3 XY,

Xy 2,
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2 —HEERED, WERRINN B A

TEEM 1 r(D) MREIEAZx,y,2]/
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Z =310,y z,0y0 o M Aut(r(Dy))iC r(Dy) 1Y
H R HE, B id J2 r(D,) RS, o, St r(Dy)
WHEXZ - LA AR, Hd,i=1,2, 11,
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0,1 =1 ,x =,y —xy,z —z,x7 —y;

oy: 1 =l x —x,y —xy, 20— —z,xy —y;

o1 =l x =y, y a2 52,07 —ay;

os5:1 =1, 0 —y,y —x,2— —z,xy —xy;

g¢:1 =1 0 —y,y —xy,z —z,x7 —x;

oyl =1, =y, y —xy,z— —z,xy —a;

o1 =1 ,x —xy,y —x,z oz, 07 —y;

Oy:1 =1 ,x —xy,y —x,z— —z,xy —y;

T: 1 =1, x —ay,y vy, 2 2,07 5

ol =l x —xy,y >y ,z2 = — 2,0y —ax,

wEl 4S=\{id,0,,0,,05,0,,05,06,07,
T5,09,00,0 | S & 12 B,

iR A% oy =id,

(1) oy ZHALTT;

(2)oi=0,=03=0,=05=0,=07 =0} =
oy =0y =0y, =id =03

(3) AIRHI TS 0, 00;,0<i,j<1l,0,0;,0,0, €
S

(114 0, 0;.0,,0<i,j,k<1l , f(o0,)0, =
o (o0,)0

SIIB3 id.0,.0,.05.0,.05.06.07.05 .0+
o100 BRIE (D) B A TR

W1 SJE Aw(r(D,)) THES

SIE4 B fJe r(D) B AR, N f(x) =
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R B (D) AT, BT 2" =1,
HIER RIS 158 TS (f(x))* =f(x") =1,
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1<i<5, M (a, +ayx +asy +a,z +asxy)’ =1, &
ARG E
(a} +a; +a; +a, +az) + (a; +2a,a, +2a,a5)x +

(a; +2a,a;, +2a,a5)y +2a,(a, +a, +a; +as)z +
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(a; +2a,a; +2a,a5)xy =1
HLBC R P, T AL
a)+ai+a; +a; +a: =1,
a;, +2a,a, +2asa5 =0,
a; +2a,a; +2a,a5 =0,
2a,(a, +a, +a; +as) =0,

a; +2aya, +2a,a5 =0,

HHEARLUT 8 41

a :1’
a,=a; =a, =a5 =0;

H T x IERATATRESE 1 8 - 1,55 — 4TI
FEAAELE RN 6 BB, B f(x) = 2,
S(x) = £y B f(x) = zay,

WRE2 W (D) R A [EA, W f(x) 0
SCy) BEA AN 24 FialREREIE -

(Df(x) =x,f(y) =y;

(2)f(x) =x,f(y) = -y;

(3)f(x) =x,f(y) =xy;

(4)f(x) =x,f(y) = —wy;

(5)f(x) = =2, f(y) =y;

(6)f(x) = =, f(y) = —y;

(T f(x) = ==, f(y) =xy;

(8)f(x) = =, f(y) = —ay;

(f(x) =y, f(y) =x;

(10)f(x) =y,/(y) = —x;

(1) f(x) =y, f(y) =xy;

(12)f(x) =y,/(y) = —xy;

(13)f(x) = —y,f(y) =x;

(14)f(x) = -y, f(y) = —x;

(15)f(x) = -y, f(y) =xy;

(16)f(x) = -y, f(y) = —wy;

(17)f(x) =2y, f(y) =x;

(18)f(x) =xy,f(y) = —x;

(19)f(x) =2y, f(y) =v;

(20)f(x) =xy,f(y) = —y;

(2D)f(x) = —xy, f(y) =x;

(22)f(x) = —xy, f(y) = -3

(23)f(x) = —xy,f(y) =y;

2)f(x) = —xy,f(y) = -y,

WERR &S 2 r(D,) W B R, R EIHETT y
5 x FER R R AL SE X FR, B G 4 13E
BRI f(y) = 22, f(y) = 2y B f(y) = ay,
tF S RRUR, BCE IR 24 FHIBIE .

EE2 &S r(D)AFE, N feS,

R B2 (D) B R, R 2, % —
KHIEIX 24 Fha] RETETE -

HER xz =z,yz =z, B IR A E LA

S f(2) =f(2) , f(y)f(z) =f(z) . (1)

“L&
f(z2) =c¢, +ex + 3y +ez +esay,c, e Z,1<i<5,
(2)
T 1:f(x) =, f(y) =y, W f(ay) =xy. &
T B ] 15

(e, +e,x + o3y +ez+esxy) =c¢; +ox ey +

€42 T CsXY=Cy =€ ,C5 =C33 (3)

y(e, +ex o3y +e,z2+05xy) =¢; +C,x +e3y +

C4Z + CsXY=>C3 =€, ,C5 =Ch0 (4)

e N AGB)MAKX(4) ATl es =¢; =¢;, =¢,0 A

Wita=cs=c;=c,=c,,b=c,, M f(2) =a +ax +

ay +bz +axy, HHd ,a,beZ, B fTEZ - FKi1,x,
y,z,xy b N

1 00 a O
01 0 « O
0 01 a Of,
00 0 b O
0 0 0 a 1

Gy SRAFZHE AT AN XAE S by XU, AT
b==+1,
Ny 2 =ay +x+y+1, WA (f(2))" =
S(Z) =f(xy) +f(x) +f(y) +1. H
(a+ax +ay +bz+avy)” =xy +x+y +1,
RIS
4a’ +b” + (4a” +b°)x + (4a” +b°) y +8abz +
(4a” +b")xy =xy +x +y +1,
He A S M5 L O Rl
4d* +b =1,
{8@1):00

—

(5)
fift T e LA



70 IR A2 E R (CH ARBRERR) %23 %
{a=0, (6) T 11 f(x) =y, f(y) =y, W f(xy) =x;
b= =1, THIE 17 f(x) =y, f(y) =xy, W f(xy) =x;

PR B f(x) =2, f(y) =y, W f(2) = x2,
M f(x) =x,f(y) =y,f(2) =z 0, f=id; 5 f(x) =
x, f(y) =y, f(2) = =20, f=0,,

XFFR R B 23 BB TR, #OK R LA ik
WATHUE . R AUR 58, e £/ (2) =f(2),
+yf(2) =f(2), ayf(2) =f(2) 3% 6 DX H Y
R, e Z,<i<5 ZRIMERFH, 3 2 fi,

R®2 ¢ HXBLHE

Table 2 Correlation of ¢,

xf(z) =f(z) Cy =€ ,C5=C5,0, =Cy
—xf(z) =f(2) €)= —C ,05 = —C3,0,= —C4
yf(2) =f(z2) €3 =C1,05 =C,C4 =€y
-yf(z) =f(z2) C3= —C ,05 = —Cy,Cy = —Cy
xyf(z) =f(z) C5s =€ ,03 =Cy,C, =Cy
—xyf(z) =f(z) Cs = —C ,03 = —Cy,Cy = —Cy

RIS Y 2.4 13 116 21 [ 24 INFf
TEo (DA (2) FEEER2 AlH, 5 =c; = —¢, =
—c,0,=0, AWYjL a=-cs5=-cy=¢,=¢,, Ik
I, 31X 6 FEIE 2 B & BN f(2) =a +ax —
ay —axy,aeZ, ——WF fIEZ - F&{1,x,y,z,xy]
TRFERAT I I TE R 0, 3% 5 f & XU ), i
X6 FFIEA LB, HEETTIREIE 3.

TR 3:/(x) =a,f(y) =y, W flxy) =y,

B (D) L2 A5, e5 =¢; = ¢, =¢5,¢4 = ¢40
AP a=c =c, =c; =c5,b=c,, W, (2)RH
flz) =a+ax +ay +bz +axy,a,beZ, ZH f1F
Z-F11 x,y 2, x0p b MREFERATAIAC - b, f 2
BT b = 21, HEH 2 =xy +x+y+1, A
(f(2))? =f(2") =f(xy) +f(x) +f(y) +1,H

(a+ax+ay+bz+axy)’ =y +x +xy +1,
ESIRE

4a’ +b° + (4a” +b°)x + (4a” +b°) y +8abz +

(4’ +b*)xy =y +x +xy +1,
P S 5 T R (5) , F AR 2 7 FR LY
R (6) ,H f(2) = 22,

Hf(x) =x,f(y) =ay, f(xy) =y,f(2) =z,
W, f=0,;

Hf(x) =, f(y) =y, f(ay) =y,f(2) = -z,
W, f=05,

[FIEEUEAHEIE 9 11 17 S 19 WnF .

T 9: f(x) =y, f(y) =2, fxy) =ay;

THIE19:f(x) =y, f(y) =2y W fxy) =2,

AL, wRER 2 11 ¢, =¢, =¢; =c5,
c,=cyo AR S a=c, =c,=c; =c5,b=c, AT,
FH(2)MH f(2) =a +ax +ay + bz +axy,a,be Z,
Gy fAEL - B 41w,y 2 0y | R REFEAIATSIAON b
o -b, RS b= 1, HES S =xy+
x+y+ 1, HAFEE M E A (f(2) =f(2) =
SCay) +f(x) +fCy) + 1, FERUNETE 3 MUERT AT,
HA T RH(6) 155 %1, Wil 2

Hf(x) =y, f(y) =, f(xy) =ay, [(2) =z, 0k
Hd"f:(ﬂ;

Hf(x) =y, f(y) =x,f(xy) =ay,f(z) = -z,
ﬂiljﬁﬂ‘,fza's;

Hf(x) =y, fly) =y, fay) =x,f(z) =z,
W, f=06;

L) =y, [y) =xy, f(xy) =x,f(2) = -z,
BElt, f=0;

L f(x) =xy, f(y) =x,f(xy) =y,f(z) =z,
W, f=0g;

B f(x) =xy, fy) =x,f(xy) =y,f(2) = -z,
B, =05

B f(w) =xy, f(y) =y, f(ay) =x,f(2) =z,
H:J‘,fzo-l();

B f(x) =2y, f(y) =y, f(xy) =x,f(2) = -z,
W, f=010

XFFEIE 5.8.10.12.22 J2 23, (1) K32
Hl,es=c, = —¢, = —¢3,¢, =0, AL a=-¢c5=
¢y = —c, = ¢ I, 3% 6 FFIE 2 BB ATl
f(z) =a-ax +ay —axy,acZ, ——WIF f1EZ -
Fetl o,y 2,00 FEEFEMATHAXIER 0, X5 f
JEXUN P I, HGX 6 FETE A LI, [RIF, X 1%
B 6.7.14 15 18 J 20, = (1) 4543 2 Al A1,
cs=c,= —¢, = —¢3,¢, =0, APt a=c =c =
—¢, = =y, W, X 6 FPFIE P 2 BB AT RN
f(2) =a-ax —ay +axy,a € Z, ZHALX 6 FiFIE
WAL,

Zi b eIz |

EE3 (D)W AFMEE Auw(r(D,)) =S,

IERR i 1 SER 2 A5,

T4 Aw(r(D,))=S,x7Z,, ¥, S, 2=
UONREE , Z, 2 — B E e
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E 4 M=1{id,o,,0,,00,05,00!,N=
lid,o o ZF0NJES BF8E, HIET ZBrigsh
Wz, T os=0,=0 =0, =0y =id, H 0,0, =
T100y =040 = 05,0,0, = 0,0 =000, =0, 1]
LM S W FHRE, S = AREE S g, [
b ,o0, =00, =0,,,,i =2,4,6,8,10, lUfETEN
HIS=MxN, ZHHEM3 715,

gi BRIk, —Jr i, AXER H, Aw (r (D))
B — TR B D R R AE R et . S i
B—DEAS (D) B—HEARRTAFRAEE, B
Fir(D,) WAL FR T "R 43R A4, 3 A
B AL —ZEA T 2308 °] LUE & 4, T2 15 3
r(D,) b5 Sy [RM A RT3 53 —J7 i, a)
FAHSE A A A2 1 sk AU iR U4 X SE A
[lAe o SCH o REE AT DT 8, MKt (D) A aT Yy
FR IR R K r (D) A T Z IR
KFo BRI A AR OC R AUA R B E RN
AR UM HEE 2 FEIS 3 ARG

HIE2 Aw(r(D,)) FHEHRZ -V, ]
(4 1 ()40 Fir 2L 4 R R T =R KBRS

SE Lk

It 3 o AR D, (n=4) KR K
r(D)FF £ A W M B Aw (r (D,)), H
[Aut(r(D,)) | =4, 0] Aut (r(D,) ) 26 — A5l #
T AR A FERI M, 2 n =4 Dy R
i, Aut(r(D, ) ) oA — A~ Al #4583 R U G A Y
TR

UERA AT S DLICHR3 | i 3.2 BUER

FAT, M oA B A D, £ r(D,)
(1 B R LE R 8 — e 2 3o EAR S AR ST S8 e
Pk AR Aut (r(Ds)) =2, , Aut (r(Dg) ) =
Ly X Ly, Aut(r(Dy) ) =7y X Ly X Lo BT R Y
TR RO, SO SCIUIETE T B
i AR D, BE RN A R RE. ]
UL, U T PR R 7 B A B A N 2 0
AR (Z WOCHRI3 T BE 3. 3) , il ] AR H% 7
A Hp A AR 18 56 2R XORSR AR X L P — AR D,
FORIH A [ . X T B BOR R AR, 20K
HERE I RIR A, 7250t TR] ) 7 9 2 1 2%
PR FR S, AW B AL BEAT T3, AT R AR
JE A LICK MR A o
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