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Local existence and uniqueness of solutions to

the evolutionary model for magnetoviscoelasticity

YE Ting-ting, WANG Guang-wu, HUANG Gui-huo

(School of Mathematics and Information Science, Guangzhou University, Guangzhou 510006, China)

Abstract; In this paper, we prove the local existence and uniqueness of solutions to the evolutionary model for

magnetoviscoelasticity in R*, R’. This model consists of an incompressible Navier-Stokes, a regularized system

for the evolution of the deformation gradient and the Landau-Lifshitz-Gilbert system for the dynamics of the mag-

netization. Our approach depends on approximating the system with a sequence of perturbed systems.
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1 Introduction

In this paper, the following evolutionary model for
magnetoviscoelasticity with an initial value problem is con-
sidered """ ;
av+v - Vv+VP=pAv-V -

(2AVMOVM -W' (F)F") +u, VH. .M,
V .-v=0,
d,F +v -+ VF - VvF =AF, (1)
OM+v - VM= -yM x (2AAM +uyH,,) -
AM X[ M x (2AAM +u,H,,) ],
(v,F.M)(x,0) =(vy,Fy,M,),IM;l =1.
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The dimension here is d =2,3. The first equation of
system (1) describes the balance of momentum in Eulerian
coordinates with the velocity v: R* x [0, T]—R" and the
pressure P;R? x [0, T]—R. The second equation of system
(1) describes an incompressible condition. Analogously,
the third equation of system (1) describes the evolution of
the deformation gradient in Eulerian coordinates with de-
formation gradient F = (Fi/)lsi,an e R and the fourth
equation of system (1) is a variant of the Landau-Lifschit-
Gilbert(LLG) evolution equation for the magnetization M ;
R x [0,T]—S". In this system (1), H

ext

stands for the
external magnetic field, W( F) represents elastic energy,
and g >0 as the viscosity of the fluid. 1y is the electron gyro-

magnetic ratio, A >0 as a phenomenological damping pa-
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rameter. The notation X represents the cross product for
vectors in R, and the term VM® VM denotes the M x M
matrix whose (i,j)-th entry is given by o.M - oM (1<i,j
<3).

For the sake of simplicity in this article, we assume
W(F)=IFI*, H, =0 and a=2y4,B =24, AB%.

The constants «, B and w, k are positive constants. The

conslant B > 0 is called the Gilbert damping coefficient.

Subsequently, we will explore the following simplified sys-

tem:

9v+v - Vv+VP=pAv-V -
(2AVMOVM-W'(F)F"),

vV -v=0,

d,F +v -+ VF - VvF = AF,

OM+v - VM= -aM xAM -BM x (M x AM) ,

(v,F.M)(x,0) =(v,,F,,M,),IM,| =1.

Firstly, the phenomenon of elastic deformation of mag-

(2)

netoelastic materials is caused by a change in their magneti-
zation state. Due to their significant changes under external
stress, magnetoelastic materials are considered to be intelli-
gent materials. In the following section, we will present
some research on magnetoelastic models. The modeling of
magnetoelastic materials originated from Refs. [2 -3 ], and
there have been numerous studies on this topic since then.
DeSimone, et al. *™>', explored magnetoelasticity under
static circumstances by considering minimum energy, and
made significant progress in this area. By employing a non-
linear hyperbolic parabola system, Chipot, et al. *®’ charac-
terized the evolution of magnetoelastic materials in 2009.

1. ' applied the Galerkin method

Recently, Kalousek, et a
to explore the local time existence of strong solutions for this
two-dimensional model. However, in this paper, we obtain
the existence of local strong solutions for magnetoelastic
models in R” directly from the approximating system and en-
ergy estimates.

Secondly, system (2) evolves into an incompressible
Navier-Stokes-Landau-Lifshitz (NSLL) equation, while the
deformation gradient F remains constant;

av+v - Vv+VP=puAv-V - 2AVMOVM,
vV -v=0, (3)
OM+v - VM= -aM x AM - BM x M x AM.

There are numerous associated works on the study of
Navier-Stokes-Landau-Lifshitz ( NSLL ) equation, and we
only briefly introduce some of them in the following. The
regularity criterion of NSLL smooth solutions in Besov space
and multiplication subspace was discovered by Fan, et
al. ™ in 2010. In 2017, Wang, et al. "’ proved the exist-
ence of weak solutions to the NSLL equation with finite ener-
gy and an incompressibility condition in R”. In 2019,
through additional research, they further demonstrated the
global existence of weak solutions to the quantum NSLL e-
quation in Ref. [ 10]. Recently, A blowup criterion for the
incompressible NSLL equation with finite positive initial
density was discovered by Qiu, et al. '’

Finally, let us discuss the research work surrounding
the Landau-Lifshitz( LL) equation. As early as 1985, Visi-
ntin'"*’ obtained the existence of weak solutions to the LL e-
quation with magnetostrictive effect. In 1986, Sulem, et
al. "' drew a conclusion by applying the difference meth-
od: In the case that there is no dissipative term in R Ttis
particularly worth mentioning that this conclusion was subse-
quently improved by Ding, etal. ""*~"*’. Indeed, in 2001,
Ding, et al. "'’ proved that the Cauchy problem of Schrod-
inger flows mapping from compact Riemannian manifolds to
complete Kéhler manifolds has a locally smooth unique solu-
tion. This provided a new idea and theoretical basis for re-
search in related fields. In the same year, Carbou, et
al. ""*~""" demonstrated the global existence of regular solu-
tions for LL equations in R’ , which further promoted the re-
search in related directions. Recently, Fratta, et al. "'’ ex-
plored the weak-strong uniqueness problem of LLG equation
in micromagnetics and provided a proof.

Based on the approximation of a perturbed parabolic
system and inspired by the methods of Refs. [ 14 ] and
[19], this paper strictly proves the local existence unique-
ness of system (1) with finite data.

Next, we will look at some of the symbols mentioned in
this article. Let Z, =0,1,2,:++, [ ¢] as the integer part of
the positive real number q. For ke Z,, pe[1,® |, set
H' (R") ,W"" (R") represents the usual Sobolev spaces of
functions on R?. We can view S* = lxeR.lxl =1} asa
submanifold of R, then the mapping M can be expressed as
M=(M,,M,,M,) with M, being globally defined func-



54 3]

B 85 « DR B A TR 14 SR A7 A E— 1 7

tions on R’. Denote V, D are expressed as the general de-
rivative for functions on R’. Then for Q € S*, we define the
extrinsic Sobolev spaces

Wy" = {f:R'SR: f(x) | =1 a.e.and f- Qe W' |
with the induced distance df}"’ (f,e)=\1f-¢gl wir and Q is

an arbitrarily point in S>. For simplicity of notation, let

/] W =df)"] (f,0Q) and further denote Hf) = WZ'z. The
main results of this paper are as follows.

Theorem 1 If Cauchy problem (2) with (v,, F,,
M,) e H'(R") xH'(R") ><le,+1 (R") for any integer k=
[7] +1, admits a unique local solution (v,F,M) satisfy-
ing

2 2 2
[y e+ VE e+ I VM| +

uf 1V ds + k[ I VE | s +

B I VM yds <

CCk, 1w I Iy 1 | VM, 13)

forany t € [0, T], where T =T (|| vy || 1w
[ Eo [l ey s | VM |l Hy(R") ).

We can first establish the approximation system of (1)
with the initial value (v,,F,,M,) € C* to obtain the uni-
form boundedness of the approximation solution on T, and
then use the weak * column compactness of Sobolev space
to get the local existence of T*. Finally, the existence and
uniqueness of local solutions on the whole space R” are ob-
tained by using the continuation theorem. The proof method
of Theorem 1 depends on Refs. [14] and [19].

The remaining part of this paper will be developed
around the following structure. In Section 2, relevant back-
ground knowledge will be introduced, with a focus on
reviewing the fundamental properties of Sobolev spaces. In
Section 3, a uniform energy estimate will be derived via an
approximation system, accompanied by a proof of local ex-
istence of the problem on the entire space R’. In Section 4,
we will demonstrate the uniqueness by employing a Gronwall

inequality.
2 Preliminaries

In order to further prove Theorem 1, we will introduce

some necessary lemmas by providing background knowledge
in this section.

Lemma 1 ( Gagliardo-Nirenberg inequality ™)

Set 02 be R or a bounded Lipshitz domain in R’ with
90, and let u be any function in W™ (Q2) NW"'(Q). 1<
r,g< + . For any integer 0 <k <j<m, and for any num-

ber « in the interval 0 <a<<1, set

Then
10w ey SCC N gy ) C e ey )5
Lemma 2 ( Gagliardo-Nirenberg-Moser inequality
( Proposition 3.7"*'))
If =gl w<COISN - g+ 1SN w gl
Lemma 3 (Lemma IL.4.12"%") Set f:R*—R" be a

continuous function which is non-decreasing such that f>0
| .

on (0,0 ) andj 7dx < . Let y be a non-negative
1

continuous function on R* and let g be a function which is
non-negative in L, (R*). We assume that there exists a
positive number y, >0 such that for all t=0, we have the

inequality
v <0+ [ @) + [ J0))ds

Then, there exists a positive number T" depending only on

y, and f, such that for all T<T" | there holds true
supyy( 1) <C(T,y,)

Osi<
for some constant C( Ty, ).

Lemma 4 ( Gronwall inequality).

(i)Let n( + ) be a non-negative, absolutely continu-
ous function on [0, T], which satisfies for a. e. ¢ the differ-
ential inequality

n' (1) <¢p(1)n(t) +y(1),
where ¢(¢) and i (¢) are non-negative, summable func-

tions on [0,T]. Then
1) < exp{ [ o)} [n(0) + [ ws)s]

for all 0<¢<T.
(ii) In particular, if
n'<d¢n, on [0,T] and n(0) =0,
then
n=0on [0,T].
Lemma 5 (Lemma 3. 4"") Let k> d/2 and M
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HZ(RJ,SZ). Then, there exists a sequence of map M, -
QeH (R',S*)NC; (R',R’) such that M,—M in Hy, (R,
s*).

3 Local existence of solutions

3.1 Local existence of solutions in T*

In this section, we prove the local existence of smooth
solutions for system (2) with the initial value (v,,F,,M,)
C* (OxOxQ,R xR xS*). (Let 2 be a flat torus T*).
av+v - Vv+VP=pAv-V -

(2AVMOVM -W' (F)F"),
VvV -v=0,
d0,F+v -+ VF -VvF =kAF,
oM+v . VM= -aM xAM -BM x (M xAM) , (4)
(v,F M) (x,0) =(v,,Fy,M,) €
C*(DxOQxQR xR x§°),
M, =1.

We may employ an approximate procedure and solve first the

following perturbed problem
av+y - Vv+VP=pAv-V -
(2AVMOVM -W' (F)F"),

V -v=0,
o,F +v -+« VF - VvF =kAF,
oM+v - VM= -aM xAM - (5)

BM x (M xAM) +AM,
(v,F.M)(x,0) =(v,,F,,M,) €

C*(DxOxNR xR x§°),
M, =1,

where & € (0,1) is the perturbation constant.

Inspired by Ding, et al. "'*/ | this paper proves the ex-
istence of the smooth solutions of system (4) by construc-
ting the perturbation system (5). First, the perturbed sys-
tem (5) is uniformly parabolic at ¢ € (0,1) for which sys-
tem (5) has a unique smooth solution (v,,F,, M,) for
T,. In other words, as long as we can obtain uniform
boundedness estimates in T, and uniform bounds for vari-
ous norms of v,, F,, M, for ¢t in [0,T], so that a subse-
quence of (v ,F,_,M_) converges to the smooth solution of
(4) when £—0. Therefore, for the initial-value problem

(4), we have

Lemma 6 Let Q be a flat torus T". Set my =[d/2] +
1=2and let (v,,F,,M,) € C* (2xQxQ,R xR x§).
There exists a constant T=T( || vy | wcys || Fo | e
| VM, || 1p(o) ) >0, independent of £ € (0,1], such that
if (v,F,M)eC”(02x[0,T,]) is a solution of (4) with
ee (0, 1], then

T,2TC N v | wears 1 Fo o> | VMo [l e s

and

vl i{‘(n) +|F| if*(n) + | VM| if*(n) +
w1 VY 1 Eoarc 5 I VE | 2o +
BI VM 3o, e SCCR, %0 Wi »
I Fo | i]’(m VM, | iﬂ(m ),te[0,T]

for all £=2.

Proof For simplicity, denote (v,,F,,M,):= (v,
F,M) be a solution of (5), and denote H' = H' () for
any integer [=0.

Multiplying the first equation of system (5) by v and
then integrate x over {2 with respect to x using V - v =0,
we have

Qv +<v Vv, v) +(VP,¥) =

wlAv,v) =<V - (ANMOVM) ,v) +
(V « (W(F)F") v,
where

1L d 2 1
Gpwr =0l TLAMEE

uAv vy = = Vv, V) = —u | Vv | 7,
(V -« (W(F)+F"),v»=-((IFI*) - F,Vy) =
—(2VVF ,F>.
Using V - v =0, we have
-((V + QAVMOYVM)) ,v) =
—249. (M, - . M,) v, =
—24C0.0M, - o.M, + M, - 9,0.M, v, =
—24€0,0,M, + o.M, ,v.> = -2ACAM v - VM),

v Vyw = —<vi,iv,.|vj|2> =0,

(VP,v)=-<P,V vy =0.
Multiplying the third equation of system (5) by 2F and then
integrate over 2 with respect to x.
Co,F 2F) = -<v - VF2F) +{VVF 2F) +
k{AF 2F) ,

where
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_d 2 = 4 2
OF 2P = jn| Fi*de = T FI5,

k(AF 2F) = -2k(VF,VF) = -2k | VF | 7.

Using V v =0, we have
v+ VF2F) = -(v,VIFI*) =0.

Multiplying the fourth equation of system (5) by
—2AAM and then integrate over {2 with respect to .
(oM, -2AAM) = =<y - VM, -2AAM) -

CaM x AM, =2AAM) — <M xM x AM, —=2AAM) +

(eAM, -2AAM> |

where

(o.M, — 2AAM) :Aij | UMy =
dt 0

d )
A VM,

- (aM x AM, -2AAM)> =0,
(eAM, -2AAM) = -24s | AM | -,
—{BM x (M x AM) , -2AAM) =

246M x (M x AM) + 2AAMdx =
0

- [ (248M x AM) - (2M x AM) dx =

-24°B||M x AM || 7..
Then, we can get
d 1
E(TIIVII?;+ IF [ +A | VM||}) +
pll Vvl +26 | VF| g+
2A°B || M xAM || 7. +2Ae | AM || ;. =O0. (6)

From (6), we obtain that the energy

1
E(v.F.M)i= ||y i+ [ Flp+A| VM| +

wf CLVYIE + 26 VI + 248 M

AM || +24¢ | AM || 7.) ds. (7)
Then, using Eq. (6) and a Gronwall inequality, we obtain
E(v,F,M) is uniformly bounded for t e [0,T,).

In order to obtain V>M of energy estimate in H", we
need to use the fact; If we take the inner product of the
fourth equation of system (5) with M and using V « v =0,
IM,! =1, we can get

IM| = lalmost everywhere in R? x [0,7].
Now, rewrite the fourth equation of system (5).
OM+v VM= —aMxAM +BIVMI°M +
(B+e)AM. (8)

Here we use the following facts
IMI =1,
BM x (M xAM) =B((M - AM)M - (M - M)AM)) =

B(%AIMIZ - IVMI*)M -BIMI*AM =

-BI VMI*M - BAM.

As M belongs to L™ ((0,T) ;H>(£2)) and IM| =1 in
R % [0,T], system (5) is equivalent to (8).

Next, we will discuss the higher order derivative term
about v, F and M. We shall firstly define the multiple in-
dex operator D° = H j:l o’ gl = z j=1§i , where ¢ is
a multi-index of length n, i.e., £=(&,,--+,&,) and n are
nonnegative integers. For simplicity, let D" denote any kind
of D¥, where £l =n, D' denote as D.

Then, differentiating the first equation of system (5)
with D", multiplying by D"v and then integrate over (2 with
respect to x.

(D"(9,y),D"v> = =<D"(v - Vv),D"v) -

(D*VP,D"'vy +ul{D"Av,D"v) -
(D*(V - (2ANMOVM)),D"v)> +
(D"V - (W(F)F"),D"v),

where

n n _ Li n 2
D"(99) D'V = jn| D'y 1 2dx,

D"V P,D"vy =(D"V.P,D"y,) =
—(D"P,D"V, +v,) =0,
w(D" Ay, D"vy = = D" Vv, D" V) =

-p,f | D"V | 2d.
n

Differentiating the third equation of system (5) with D",
multiplying by D"F and then integrate over (2 with respect
to x.
(D"(9,F),D'"F>=-<D"(v+-VF),D'F) +
(D"(VVF),D"F) +k{D"AF ,D"F) ,

where

n n _Li n 2
D'(9F) D) = dtfn| D'FIdy,

fKD"AF . D'Fdx = - Kf | D"VF | %dy.
0 0

Differentiating Eq. (8) with D"*", multiplying by D"*' M

and then integrate over {2 with respect to x.

D" (9, M) DMy = —<D" (v - VM) ,D"'M) -
(D" (M xAM) D" 'M) +8<D" " (IVMI’M)



82 JUINR AR CH AR AR

23 %

Dn+lM> + (B+8)<Dn+1AM,Dn+1M> ,
where

1d

n+l n+l
D" (oM),D""M) = 0

| D'"VM |’ dx,

(B +e)D"" AM, D" M) :_(B+g)f | D" VM d.
(0]

Then, we can get
2 dt(HD" IL+ IDF |5+ | D"VM || ) +

(I D"V | 4k || D"V} +

(B+e) | D"'VM|| ) = -<D"(v+ Vv),D'v) -
(D"V + (2AVMO VM) ,D"v) +

D'V - (W(F)F"),D'vy —<D"(v+ VF),V"F) +
(D" (VvF) ,D'Fy —<D"*" (v - VM) ,D""'M) -
alD" (M x AM) ,D"*' M) +

BD T (IVMIPM) D" ' M) =
L+L+L+1+L+1+1, +15. (9)

Then, we can define the energy function by

1 n n
B,(v,F.M)i= (| D'V |} + | D'F
1D IM 5 + G D"y [ k[ 0V +

(B+e) [ 107 VM. (10)
Next we will estimate every term at the right end of (9).
Indeed, from Lemma 1, we obtain

when d =2(2 - dimensional ) ,
vl -<CUv e vl <Clv e
| DM || - <C [ DM, | DM || ;<C | DM ||,
| Dy || o<C v Lscnvum,
| D’M || -<C | DM
When d =3(3 - dlmensmnal)

+
I8
T

S

(RAEES }Tﬂ S<CIY s

[ DM || ;- < " L<CIDM |,
P F<CIY s

| D°M S| DM || <C| DM | .

Now, using the above estimate, we can obtain every
term estimate at the right end of (9).
We can prove the bound of 1, ,
2
<{cnvny-
1 == 2
Clvil-

s if 1Sn$2,

(11)
Dy s

if nz3,

where the constant C depends on n.

[2:_<Dz<v *

For 1<n<2, using Holder’s inequality and Lemma 1,

we have firstly, forn=1,

= =Dy Vv),Dv) = ={Dv+Nv+v-VDv,Dv)=
={Dv + Vv, Dv) ={D(V -v)v,Dv) +
Dy v, VOO SC Dy | [ D] ] <
Clv I Dy e
Secondly, for n=2,
I, = -<D*(v+ V), Dy =
—-(D’v - Vv+2Dv - DVv +vD’ Vv ,D’v) =
-(D*v - Vv+2Dv - DVv,D*v) <
3 D S<CI 3 VY e

For n=3, using Holder’s inequality and Lemma 2, we
have
I, =<D"(v+Vv),D'v) <
D" v V) L 1D || s
1y Vvl vl s
COv Il VY g+ vl VY ) v 1 s

COIv AL Vv L+ v e VY L) 9 1l s
Clvlla I VY e
We can prove the bound of 1,
CIDM Iy - Dy, it 1<n=2,
ZS{ i . (12)
CIDMIG - [ Dv ], it n=3,

where the constant C depends on n.
For 1<n<2, using Holder’s inequality and Lemma 1,
we have firstly, forn=1,
L= -<{D(V - (2AVMOVM)),Dv) =
=2A<D3;(;M - 9;M) ,Dv,)> =

2A4<{Do,M, - oM, +9M, - DM, ,0.Dv;> <
ANDM| | DM - | Dy <
CIDM |, | DM, | Dy | <
CIIDM | | Dy | .

Secondly, for n=2,

(2AVMOVM)) ,D*v) =
—24<D*9. (9. M, + 9 M,) ,D*v)> =

24<D*(8;M - ;M) ,0.D%v,) =

24D’ M, - M, +2Do.M, - DIM, +

aM, - D’9M, 0.0’y <

UQ2 (DM | DM || - +2 | DM [ 3) | D'y || o<
CCUDM |y | DM || i+ [ DM || 3) || D || <

For n=3, using Holder’s inequality and Lemma 2, we
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have

L= -<{D"(V - (2AVMOVM)),D"v) =
-2A<D"9,(9,;M, - 9;M,) ,D"v) =
20D (9, M), - aM,) ,0,D"v) <
24| D" (VM - VM) D'"Vv| <
4| VM - VM ||y || VY || s
CIVM| - | VM || VY s
CILVM| 5| VY| g

We can prove the bound I, ,

{CIIFIIZv- (R 7
L<

CIF G- [Dv] s if 033,
where the constant C depends on n.

For 1<n<2, using Holder’s inequality and Lemma 1,

12

if 1<n<2,

(13)

we have firstly, forn=1,
I;==<DV « (W (F)F"),Dv) =
-<(D(2F*) ,DVv) = - (4FDF ,D’v) <
4 F - | DF ;| Dv | <
CIENw I F N w IDv ] s
CLEN 1Dy .
Secondly, forn =2,
L= <D’V - (W(F)F") ,D’v) =
—(D’(2F*) ,D’Vv) = —=<D(4FVF) ,D’ Vv) =
-4(IVFI> +F - DVF,D’Vv) <
ACIDF |+ [ Fll - [ D°F ) [ Dy <
CCIF 5+ I F ) DY) <
CLF 3 1Dy ]
For n=3, using Holder’s inequality and Lemma 2, we
have
I, =XD"V - (W (F)F"),D"v) =
(D" - (W(F)F"),D"Vv)<
LD (W (EYF) | 1 D" | )<
2IFF, | Vv ,<
CCLF N WF [y + VF o 1 F ) E VY e
CIF |5 VY] 4
We can prove the bound I, ,
14<{C|v| wt IVE e [LF | ey
Clvily - IVEN w1 F I
where the constant C depends on n.

For 1<n<2, using Holder’s inequality and Lemma 1,

12

if 1<n<2.
if n=3,

(14)

we have firstly, for n =1

= -(D(v+VF),DFy =((v+ VF) ,D’F> <
Iv - | VEI g | D°F o<
Clvilw I FllwlDF| <
Clvilw I Fllwl VE
Secondly, forn =2,
I,= -<D*(v+VF) ,D’Fy={D(v - VF),D’F) =
(Dv+VF+v-+-DVF,D’F) <
CCIDY |y | VE |+ v [D°F o) [ DF o<
Clvllee WEL e+ v w1 Elw) | DF || <
CUvilw [ Flwl VE 4

For n=3, using Holder’s inequality and Lemma 2, we

1

have

I,=<D"(v+ VF),D'F)<
|0y TF) |, | DF | <
[y VF | [ F <
CCIv - IVE L+ v g I VE L) I s
CCIv Il I VE Ly + v [l w | VE ) TF | <
Clvliw IFwll VE]
We can prove the bound I ,

{CIVIIH“ IVE| e I F s
I<

Clvliw - WVE I F
where the constant C depends on n.

For 1<n<2, using Holder’s inequality and Lemma 1,

if

if n=3,

l<sn<2,

(15)

we have firstly, forn=1,
I, = —<D(VVF),DFy ={(Vv +F) ,D’F) <
|V | I F L | DF | <
ClvIu I F Iy | DF | <
ClvIw I F Ny | IF | .
Secondly, forn =2,

I, = —<D*(VvF) ,D’Fy =<{D(Vv + F) ,D’F) =
(DVv+-F+Vv-DF D’F)<
1DV 1 F e+ UDv e | VE ) [ DF | <
CClv w1 F N+ vl NF 1) IDF || <
Clviliw WE Nl VE .
For n=3, using Holder’s inequality and Lemma 2, we
have

I =<D"(VVF) D'"F>< | D"(VVF) | s | D'F || ;<
I VYE |y [ F | <CCIVY I [IF |+
IVl NF I ) WF | <CIF |5 | VY| g

We can prove the bound I,
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ClIvIy - I VM| | M, if 1<n<2,
< (16)

Clvlly - | VM | DM, if 033,
where the constant C depends on n.
For 1<n<2, using Holder’s inequality and Lemma 1,
we have firstly, forn=1,
I, = —<D*(v - VM) ,D’M) =<D(v - VM) ,D’M) =
((Dv+-NVM+v-DVM) ,D’M) <
Clvllwll VM| | D°M || .
Secondly, for n=2,
Iy==<D*(v+- VM), D’M) =<D*(v - VM) ,D'M) =
(D’v + VM +2Dv - DVM +vD*V M ,D*M) <
CClw Ly | DM| e +
V1w I DM || ) | D°M | <
Clvlwl DM, || D°M |

For n=3, using Holder’s inequality and Lemma 2, we

w i

have
I,=-<D""" (v VM), D""'M) <
1D (v VM) || | D" VM| s
lve VM|, | D°M | <
COvl- T VM|, +
v | VM| ) [ D°M || <
CClvliw I VM +
vl | VM) | DM | <
Clvlwll VM| 4 | DM 4.
We can prove the bound I, ,
<{c | VM |5 | DM || e, if 1<n<2,
oM oMy, it e=3,
where the constant C depends on n.
For 1<n<2, using Holder’s inequality and Lemma 1,
we have firstly, forn=1,
L<|-alD*(MxAM) ,D’M) | =
| —a(D* (M x VM) ,VD’M) | =
| —a(D’M x VM +2DM x
DVM+MxD*VM,VD’M) | <
3a | DM || | VM| - [ DM | <
CIDM ||y | VM || | D°M | <
C|IDM |3 | D’M || .
Secondly, for n =2,
L<|-alD’(MxAM),D’M> | =
(D> (Mx VM) ,VD'M) | =
| a(D’M x VM +3D°M x DVM +

2
I

3ADMXD*VM +M xD’ VM, VD’M> | <

a4 | DM || || VM || - +3 | D°M | 3) | D'M | <
CCIDM || 3+ I DM || 3) | D°M || <

ClIDM | | DM |

For n=3, using Holder’s inequality and Lemma 2, we

H*

have

L= | -a(D"" (M x AM) ,D""'M) | =
la(D"™ (M x VM) ,D""' VM) | =
lal(D""'"M x VM + M x D""' VM+

> DM x DM DT | <
i=1

Ca2™ =1) [ DM - | VM|, | D' VM| <
CIDM | | VM| | D’M | <
CIDM |y || D’M | .
We can prove the bound I, ,
COVM |3+ VM | 5) | D'M || 1,
if 1<n<?2,
I, < ) 5 5 (18)
COVM ||y M|+ | VM| 3) [ DM,

if n=3,

where the constant C depends on n.
For 1<n<2, using Holder’s inequality and Lemma 1,
we have firstly, forn=1,
L<IBD*(IVMI’M) ,D’M)> | =
| -B(D(IVMI’M) ,D’M)> | =
| -BL2VMDVM - M+ |1VMI?DM,D’M> | <
B2 VM- [ DVM]| : +
IDM |, || VM [ 5-) [ DM || <
COI VM| e || DM 4y +
IDM | || VM || 5) - [ D°M | <
COLVM |G+ | VM |5) | DM || .
Secondly, forn =2,
I, =D (IVMI’M) ,D’M)> =
-B(D*(IVMI’M) ,D'M) =
-BRID’M1* - M+2IVMID’M -
M+51VMI* - DYM,D*'M) <
BIDM G IM| -+
2 VM| - [ M- [ DM +5 ] VM5 -
I D°M | ) | DM | <
C2| DM ||} +2 | VM |
S| VM| | DM || ) | D°M | <
COIDM |3+ || VM| 3) [ D°M | 4.

2
w Tt
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For n=3, using Holder’s inequality and Lemma 2, we
have
I, =B (IVMIPM) D" ' M) =
B(D"(IVMI’M) D" VM) <
BID (IVMIM) |+ | D" VM || o<
BIIVMIM |+ | DM || <
COI VM| [ M|y +
ITVMP |y [ M| ) | DM <
CON VM My +
IDM | | VM || -) [ D°M | <
COI VM| I M|y +
IDM | | VM | ) | DM || <
CONVM 5 [ M|+ || VM| 5) | DM || .
Next, we consider the bound the energy of v,F ,M. we

think about the first case 1<n<2, according to Egs. (6),
(9) and (11) ~(18), we can obtain

il
Wl Ty Ltk IF 5+
(B+e) | M| <(Bre) | PM |+
CIVY (I I3+ N1+ | TM 5 +
CIv il | TF | I F e+
Clv Il | T | DM+
CCLVM I+ | TM[5) | DM | <

wr IF 5+ | VM5 +

w I VM )" +

NI+ €A+ v+ [ F
CAV I IF 15+ 5 I VF G+
Clv 5 1 VM5 +E2E 0+

COLTM G+ | TM )" +E2E DM | <

K §+8
NV 5 I VE [ B2 DMy +

COLt v e+ NF 5+ | VM| 5)°"

From above calculating, we can obtain

d
dt
KI| VF |3+ (B+e) [ D°M | <
COL+ ||+ | F o+ Il VM 5" (19)
If we set
y(1) =1+ || v|
fy(e)) =(1+ | v|

Clv I+ D F 1+ 1 VM 5) +p ] Vvl +

vt [ F 5+ || VM|
wr IF 5+ || VM|

2
H >

s

then, we have
y(1)'<C(f(y(1))) =C(y(1))°,
y(O) =1+ [ wo 5+ [ Fo ll 2+ | VM | 7,
(20)
where C depends on ().
Using Lemma 3, we obtain that there exists T((2,
Vol ws | Fo s | VM || )20 such that
sup [0+ I F G+ | VM<K, tel0,0)
Hence, by this and Eqs. (20), there exist K, =0 such that
sup (vl + [ F I+ 1 VM) +

a9 s 4 k[ VE | s +

(B+e) [ | VM| s <K, (21)

We continue to bound the higher-order energy of v, F,
M. We think about the second case n=3.
According to Eqs. (9),(11) ~(18) and (19), we
can obtain
1d
2 dt
pl Vv +k | VF |5+ (B+e) | D°M |} <
COL+ [l o+ [ F Lo+ | VM| 5)" +
CIVvlaClola+ I F e+ 1 VM5 +
[V L I VE g L F e +C vy
| VM| | DM |y +
ClVM[ G M|+ | DM <

Clvllae + INF 5+ | VM| 5) +

NIV +CA+ 1y 1+ IF 15+ | VM)
CAV I I F G+ 5 I VF G+

Clv s | M5 +E32 oy +

CIVMIG M, +1) B2 0Pm <

+
Ly vy )y TR 5B DM+

COL+ v+ I F o+

VM) CIM | e+ 1) (22)
Here | M || yay = | DM | gy + 1021,
From Eq. (21), using mathematical induction, we may as-
sume that for any 3<</<<n -1, there exists K; =0 such that

vl + I F I+ VM| 5+

w1Vl + k[ VF s +
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B+e) [ I VM| Gds <K, e [0,7]. (23)
0

From Egs. (22) and (23), we can obtain

d

5l wt WF o+ [ VM) +p ] V|G +

k| VF |5+ (B+e) | VM| <
COLt vl 3+ [ F I+ | VM) (K, + 1)
(24)
If we set
Y@ =L+ v+ [ Fllh+ | VM|,
S =+ v [ G+ 1 F e+ | VM||5)°,
then, using Egs. (22) and (23), we have
y(D)<SCK 412, =CK L, + 1P (1)
y(0) =1+ [ vl i+ [ Fo I+ 1| VM | 7,
where C depend on (2

Using Lemma 3, we obtain that there exists K, such

(25

that
sup v+ IF 5+ | VM| 5<K,,
te[0,T].
Hence, by this and Eq. (22), we obtain that there exists
K, =0 such
s (vl + NG+ [ VM5 +

wf 1V s+ [ Vs s

(B+e) [ 1VMIGds <K, 10,1 (26)

System (5) must have a solution that exists on [0,
T]. If not, we may always expand the temporal period of
existence to cover [0, T], i.e., which means that we al-
ways have T, =T.

Finally, from Eq. (26), we obtain (v_,F,,M_) sub-
converge to a smooth solution of (4) as £—0. That con-
cludes the proof of Lemma 6.

3.2 Local existence of solutions in R*
Proof of Theorem 1

The proof of Theorem 1 below depends on [19].

From (vy,F,,M,) e H' xH" xHy'" for k=2, by the
density theorem of Sobolev spaces and Lemma 5, searching
a sequence

(vo.Fy) €Cy (R,
M, -QeH (R',S")NCy (R, R)
such that,

(vio Fig ,Myy)—(vy ,Fy ,My) e H'(R') x
H'(R") xHy' ' (R"), as i—.
As a result, there exists a smooth solution (v, ,F,,M,), de-
fined on the time interval [0, T, ], system (2) with (v,
F,,M,) substituted by (v, ,F,,,M, - Q). Furthermore,
Lemma 6 states that if 7 is high enough, then there exists a
uniform positive lower bound of T,. In other words, using

Lemma 6, we can obtain

2
sup (|| v, || wery +OLF; |

0s<t<T

L L
2 2
w1V ey ds + b [ VE [ G ds +

2 2
wery VM ey +

L
2 2
B N VM, |5 ds < CCT, 1wy [ e

|y Win o | IMy )+ ¢ < 10,77,

Next, using extension ( see Theorem 4. 931y | let R,
be the support of (v,,F, M.), and satisfy T/ C C[ -R,,
R,]*". 1f we regard each (v,,F,,M,) as a function from
[ -R,R1“x[ =R, ,R1*x[ =R, ,R.]" into R xR* xS,
then there exists a (v,F,M) e L™ ([0,T];H" (R") x
H'(R') x H'(l)+1 (R")) and a subsequence which is still de-
noted by (v,, F,,M,) such that for any compact domain
E,,E, ,E,CR'

(v,,F, M,)—(v,F M) weakly” in

L™ ([0,T];H"(E,)) xL™ ([0,T];H"(E,)) x

L™ ([0,T];Hy ' (Ey)).

And then, we easily obtain that (v,F,M) is a strong solu-
tion of system (2).
3.3 Invariance of modules

Multiply Eq. (8) by M and using A IM > =2(M -
AM) +21 VM| | we get

Ld e L. 21 2 _

) dthI 5 VIMI 2(B+3)A|M|
BIVMI*(IMI?> -1) + &l VMI? =0. (27)
Denote b= IM 1> =1 and then taking the scalar product of

Eq. (27) with b
1d 1 1
b+ (v Vb =< (Bre)Abb) -

(BIVMI*b,b) + el VMI* by =0,
b(0) = IM,| -1 =0.
(28)
Since Me L™ ([0,T],H (2)), H CL* (Q), we obtain
that | VMI* eL'(0,T;L%).
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Therefore, we can obtain that the energy estimate of (28)

1d 1
ekl . +5(Bre) | VO el VMI? by <
BI VM- bl (29)

Using Gronwall’s inequality from Eq. (29 ), we obtain
| b7 =0. So we have proved that IM| =1in [0,T] x
£, as soon as |M,| =1 in £). Thus, we obtain that Eq.
(8) is equivalent to the fourth equation of the symstem

(5).
4 Uniqueness of local solution

In this section, we will research the uniqueness of the
local solution.
Suppose that (v, ,F, ,M,), (v, ,F,,M,) e H xH x
Hz, are two solutions to system (2) with the same initial
(vy,Fy,My) e B x ' x H;, on an interval [0,T]. For
simplicity, denote v, =v,:=3 F, - F, ;= F.M, -M, .-
M.
Using (v, ,F,,M,) and (v, ,F, ,M,) as two solution
to the first equation of system (2), we have
0y +v Vv, =v, Vv, =uAv -V - (2AVM,OVM, -
2AVM,OVM,) +V - (W (F,)F, -W'(F,)F,).
(30)
Multiplying Eq. (30) by # and then integrate over R with
respect to x.
o, 9,7 +<v, Vv, =v, Vv, 9> =ulAp,v) -
(V - (2AVM,OVM, -2AVM,OVM,) ,») +
(V « (W (F,)F -W(F,)F;),v.
We can obtain
14
2 dt
(V - (2AVM,OVM, -2ANM,OVM,) ,v> +
(V « (W (F,)F, -W(F,)F,) v =
1, +11, +11,. (31)

Next, we will estimate each term on the right-hand side of

o ij o [ V() | iz: R AVA R AVA P OB

the above equation. By Holder’s inequality and Lemma 1,
we obtain
I, = =<y, Vv, =v, Vv, ) =

v, Vv, =v, Vv, +v, Vv, =v, Vv, ,¥) =

=PV, 4+, Vi, 9> =XV -y, 0) +

vy, VP +<v2,%vw|2>s

Clvillw- VY e lvles
Clvilw 1Vl v,
I, = <V + (2AVM, OVM, -2AVM,OVM,) ,»> =
-<9;(2A(M, - oM, -OM, - o.M, +
oM, - IM, -9M, - o,M,)) ,v) =
20<oM, 0. M + ;Mo M, ,0.v> <
A VM, || - + | VM, || -) -
IVM| | VY <CO| VM, |+
VML) = VM | VP,
I, =<V « (W(F,)F =W (F,)F}) ,» =
—2(V + (F; -F;),») =2(F(F, +F,), V> <
2UF 4 V) IF L V5, <
CCLF, [yt 1 Fo ) LE | 971
Using above estimates and Eq. (31), we can obtain
1d
2 de
CClva L NVl 19 [+ C VM e +
| VM, || ) = I VM | VP e+
CIF e+ I F ) [ F e | VP ) <
ClVyeClvl e+ | VM| [ Fl )<

~ 2 ~ 2
IV Al VYL <

%II Vil CCIP G+ I VM + I F 7). (32)

Using (v,,F,,M,) and (v,,F, ,M,) as two solutions to
the third equation of system (2), we have
0,F+(v,VF, -v,VF,) =xkAF + (Vv,F, - Vv,VF,).
(33)

Multiplying Eq. (33) by F and then integrates over R with
respect to x.

(3,F,F> +{(v,VF, -v,VF,) F) =

k{AF ,F) + {((Vv,F, -Vv,F,) F>.

We can obtain
14
2 de

(Vv,F, -Vv,F, F)=II, +II,. (34)

Next, we will estimate each term on the right-hand side of

IF

L 4+k| VF| 7 =~ VF, -v,VF,,F) +

the above. By Hélder’s inequality and Lemma 1, we obtain

I,=-<VF, -v,VF, F>= - (»VF, +v,VF F) =
(V +9F,,F) +<(v - F, ,VF) +v2%V|F|2>s

IE - 19 e I VE <
CIF v VE| .

12
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Next, we will estimate each term on the right-hand side of
the above
Il ={(Vv,F, - Vv,F,) F) =
(VF, + Vv,F F) =
(VF, ,Fy -2¢v,VF F)<
CIF - VY] +
20 vy |- I VE ) IF <

C( “Fl | 78 ” vv”lﬁ"’
Iva L | VE | ) [ F |
Using above estimates and Eq. (34), we can obtain
L d 5,02 2
-2 <
L E ) e V) <
CONF N 9 0+ ool [ F ) | VE 2+

CIE Ny IV IF <
COIv il + WE ) N VE +
CIVo | I Flle<COIP I+ [ F )2+

r
SN VE vy (35)

Similarly, we can use the same conditions to show that the
fourth equation of system (2) is equivalent to the case of &
—0 in system (8). Next, we use (v,,F,,M,) and (v,,
F, ,M,) as two solutions of system (8), we have
aM=-(v,VM, -v,VM,) —a(M, x AM, -

AM, xM,) +B(AM, - AM,). (36)
Multiplying Eq. (36) by M and then integrate over R” with
respect to x.

Co,M M) +<v,VM, -v,VM, M) =
Ca(M, xAM, -M, x AM,) M) +
B(AM, - AM, M) +
B VM, I’M, - |V M,1’M, ,M>.
We can obtain
1d
2 de
-, VM, -v,V M, , M) -
Ca(M, xAM, -M, x AM,) M) +
BUVM, I°M, - | VM, ’M, M) =
g +11, +11,. (37)

Next, we will estimate each term on the right-hand side of

| VM |7+l AM || =

the above equation. By Hélder’s inequality and Lemma 1,
we obtain
ly= -, VM, -v,YM, M) =
— v, VM AWM, M <(||v, |- | VM| +

191 | VM, | =) M e <
COlville VML +
IV VM, ) M| -

Next, we will estimate each term on the right-hand side of

12

the above equation
I, = - <{a(M, x AM, -M, x AM,) ,M) =
— oM, x AM, -M, x AM, + M, x
AM, -M, x AM, M) =
— (M, x AM + M x AM, ,M) =
al VM, x VM ,M) +alM, x VM,V M) <
CHVM || | VM| [ M,
g =BV M, I’M, - IV M, I°M, , M) =
-BL(IVM, I’M, - IVM, I’M, +
VM, I’M, - 1 VM, ’M,) M) =
BUVM, I’M+ (1VM, 1> = IVM, 1> )M, , M) =
BUVM, PM+ (VM| - IVM,|)(1VM,] +
IVM, )M, My<B| VM, | ;- | M| 7 +
Bl VM, -VM, | (|| VM, || - + [| VM, || ;) -
I My || - | M| <C | VM, |5 | M|+
CIUVM | (| M, |+ | VM | ) [ M| -
Differentiating Eq. (36) with V, multiplying by VM and

then integrate over R’ with respect to x.
(VoM,NMy = -V (v,VM, -v,VM,) VM) -
(aV (M, xM, -M, xM,) ,V M) +
B(VAM M)y +B(V (IVM,I’M, -
VM, I°’M,) ,V M),
We can obtain
1d
2 dt
~(V(v,VM, -v,YM,) , VM) -
(aV (M, xM, -M, xM,) ,V M) +
B(V(IVM,I’M, - |V M, I’M,) ,VM) =
11, +111, +11I,. (38)

Next, we will estimate each term on the right-hand side of

2 —_—
;=

| VM |7 +B I AM

the above equation. By Holder’s inequality and Lemma 1,
we obtain
1, = -<V(v,VM, -v,VM,) , VM) =
—«(V(v,2WM+vVM,) VM) =
—(Vv, * VM +v, - VVM +
ViVM, +vVVM,) , VM) <
IVl VM e+ [ Vo] g | VM, |- +
ol Il VM, ) -
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| VM | +<vl,%V|vM|2><

I Vv e VMHL"'{' [V | VM, | e +
1ol |l VoM, | )« || VM|

Next, we will estimate each term on the right-hand side of

the above equation
I, = -<aV (M, xAM, -M, x AM,,) ,N M) =
—al{V (M, xAM, -M, x AM, + M, x AM, -
M, x AM,) ,.VM) =
—a{V (M, x AM + M x AM,) ,V M) =
al (M, x AM,AM> +
al VM xAM, + M x VAM, , VM) <
a| M| VM| | DM, || <
CIM| || VM| || DMy | 4,
Ul =<V (IVM,I’M, - |V M, 1’M,) ,V M) =
B(V(IVM,I°M +
(IVM, 1’ = IVM,1*))M, , VM) =
BRVM D’MM +|1VM, 1>’V M, VM) +
(IVM, | -1VM,I) -
(IVM,| +IVM,)M,) ,AM)> <
B VM, |- | DM, |- | M| || VM +
Bl VM, ||+ | VM|
BIVM | (|| VM, |-+
| VM, | -) | M, || - || AM
C( H VMI ||H1 ||DZM1 HHz HMHL || VM”E +
| VM, - | VM| 5+
| VM| CILVM, Ly + 1 VM | ) [ AM ).
Using above estimates and Eqgs. (37) and (38), we can

2
et

PE

obtain
1d
2 dt
BUIVM |G + [AM ;)<
CIM|pCIP e+ M+ | VM )+

CIMYL+ | VML) +

References :

CON VM| p+ | Vo] +
11l + 1AM | ) || VM| o<
COI VM| T+ [ M| G+ 7)) +

By sy v Lyani. (9)
Using Egs. (32), (35) and (39), we can obtain
d. N _ N
1t Iv o+ I F o+ 1ML+ VML) +

pl Vol +x| VF |7 +
BUIVM L+ |AM ;)<
COIv e+ N F e+ M|+ | VML),
Using (#,F,M)|,_, =0 and the Gronwall’s lemma, we can
obtain
5=0.F=0M=0
on an interval [0, T].

Therefore, we have completed the proof of uniqueness.

S Conclusion and prospect

In the third section, we begin by presenting the pertur-
bation system of the evolutionary model for magnetovis-
coelasticity. This system is used to approximate the solution
and establish a uniform estimate of the model on T* and T°.
We then employ the extension theorem to obtain a uniform
estimate of the model on R*and R’ , and obtain the local exist-
ence of the solution. In the fourth section, the uniqueness of
the solution is demonstrated by using Gronwall’s inequality.

We prove that the necessary condition for the existence
and uniqueness of the solution is | M, | = 1. Without this
condition, we cannot obtain a uniform energy estimate of
V?M in H". The conclusions of this paper are helpful in
establishing both the low-order and high-order L” decay esti-

mates of the model.

[1] BeneSova B, Forster J, Liu C, et al. Existence of weak solutions to an evolutionary model for magnetoelasticity[ J]. SIAM

Journal on Mathematical Analysis, 2018, 50( 1) :1200-1236.

[2] Tiersten H F. Coupled magnetomechanical equations for magnetically saturated insulators[ J]. Journal of Mathematical Phys-

ics, 1964, 5(9) :1298-1318.

[3] Tiersten H F. Variational principle for saturated magnetoelastic insulators[ J]. Journal of Mathematical Physics, 1965, 6

(5) . 779-787.

[4] DeSimone A, Dolzmann G. Existence of minimizers for a variational problem in two-dimensional nonlinear magnetoelasticity

[J]. Archive for Rational Mechanics and Analysis, 1998, 144(2) ; 107-120.



90

JUINR AR CH AR AR 23 %

(5]

(6]

(7]

(8]

(9]

[10]

(11]

(12]

[13]

[14]

[15]

[16]

[17]

(18]

(19]

(20]

[21]

[22]

[23]

DeSimone A, James R D. A constrained theory of magnetoelasticity [ J]. Journal of the Mechanics and Physics of Solids,
2002, 50(2) ; 283-320.
Chipot M, Shafrir I, Valente V, et al. On a hyperbolic-parabolic system arising in magnetoelasticity[ J ]. Journal of Mathe-
matical Analysis and Applications, 2009, 352(1) . 120-131.
Kalousek M, Kortum J, Schlsmerkemper A. Mathematical analysis of weak and strong solutions to an evolutionary model for
magnetoviscoelasticity[ J . Discrete & Continous Dynamical Systems —S, 2021, 14(1) . 17-39.
Fan J S, Gao H J, Guo B L. Regularity criteria for the Navier-Stokes-Landau-Lifshitz system[ J]. Journal of Mathematical
Analysis and Applications, 2010, 363(1) : 29-37.
Wang G W, Guo B L. Existence and uniqueness of the weak solution to the incompressible Navier-Stokes-Landau-Lifshitz
model in 2-dimension[ J]. Acta Mathematica Scientia, 2017, 37(5) : 1361-1372.
Wang G W, Guo B L. Global weak solution to the quantum Navier-Stokes-Landau-Lifshitz equations with density-dependent
viscosity[ J ]. Discrete & Continuous Dynamical Systems — B, 2019, 24(11) :6141-6166.
Qiu Z, Wang G W. A blowup criterion for nonhomogeneous incompressible Navier-Stokes-Landau-Lifshitz system in 2-D
[J]. Mathematical Methods in the Applied Sciences, 2023, 46(2) ; 2500-2516.
Visintin A. On Landau-Lifshitz’ equations for ferromagnetism[ J]. Japan Journal of Applied Mathematics, 1985, 2(1): 69-
84.
Sulem P L, Sulem C, Bardos C. On the continuous limit for a system of classical spins[ J]. Communications in Mathemati-
cal Physics, 1986, 107(3) . 431-454.
Ding W Y, Wang Y D. Local Schrodinger flow into Kidhler manifolds[ J]. Science in China Series A; Mathematics, 2001,
44(11) .1446-1464.
Ding W Y, Wang Y D. Schridinger flow of maps into symplectic manifolds[ J]. Science in China Series A; Mathematics,
1998, 41(7) . 746-755.
Carbou G, Fabrie P. Regular solutions for Landau-Lifschitz equation in R*[ J]. Communications in Applied Analysis,
2001, 5(1) . 17-30.
Carbou G, Fabrie P. Regular solutions for Landau-Lifschitz equation in a bounded domain[ J]. Differential and Integral
Equations, 2001, 14(2) :213-229.
Fratta G D, Innerberger M, Praetorius D. Weak-strong uniqueness for the Landau-Lifshitz-Gilbert equation in micromagnet-
ics[ J]. Nonlinear Analysis; Real World Applications, 2020, 55:103122.
Huang J X. Local existence and uniqueness of Navier-Stokes-Schrédinger system[ J]. Communications in Mathematics and
Statistics, 2021, 9(1) :101-118.
Nirenberg L. On elliptic partial differential equations[ J]. Annali della Scuola Normale Superiore di Pisa-Classe di Scienze,
1959, 13(2) :115-162.
Taylor M E. Partial differential equations IIl : Nonlinear equations[ J]. Encyclopaedia of Mathematical Sciences, 1996, 1
(1):176-193.
Boyer I, Fabrie P. Mathematical tools for the study of the incompressible Navier-Stokes equations and related models[ M ].
New York: Springer, 2013.
WRAT. BUUIREB Dr RSB M ] JEaT Bl i hidt, 2005.

[RERE: W]





