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Abstract: This paper proposes an offset-free model predictive control ( MPC) algorithm for constrained nonlin-
ear systems, by utilizing an artificial disturbance to replace the modeling error. The algorithm is based on a new
expanded system structure and the dual part control law consisting of the linear stabilizing control and the dy-
namic predictive control. Compared with previous techniques, there is no need for calculating the steady-state
input, state targets and using an observer for augmented states. Other characteristics of this algorithm include
controllable expanded system model and handling model mismatch. By consideration of the state and input con-
straints, design of the MPC controller not only achieves the aim of offset-free control but also guarantees the con-
straint satisfaction in the presence of disturbance and model mismatch. The particular characteristics of the pro-
posed algorithm are illustrated via a simulation using a continuous nonlinear jacketed stirred tank reactor
(CSTR) model.
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0 Introduction

Model predictive control ( MPC) is one of the
important advanced control algorithms in both theory
and practice. With features of handling physical con-
straints and the multi-variable problems, MPC has
been widely applied in the industrial sector since
1978 | meanwhile, MPC was expanded to theoreti-
cal field to improve and advance its theoretical bases.
We recommend for details about various MPC algo-
rithms'>~*'.

An important task for achieving the good per-
formance of the system, or producing high quality
productions, is offset-free tracking of the desired out-
put[(’]. The offset-free control of constrained systems,
in the presence of asymptotically constant disturbance
and plant-model mismatch, is a very important sub-

[7-12]

ject therein Usually, to fulfill this goal, the

system state space model is augmented by dynamical-

314 and the target

ly estimating the disturbance
calculation is needed to compute the steady-state tar-
gets of the system input and state to track the piece-

778 The calculated target

wise constant setpoints
may vary by the estimated disturbance to remove its
influence on the controlled variables. At each sam-
pling time, by incorporating the calculated steady-
state target into the optimization problem, MPC algo-
rithm obtains the optimal control input sequence from
which the first element is implemented, which steers
the controlled variables to track the corresponding

%) Conditions for closed-loop stability and

setpoints
constraint satisfaction have been presented in Refs.
[2-5]. Also, a brief review of various types of
MPC control laws in robust MPC is presented in Ref.
[15] from which type 2 is applied to the algorithm
proposed in this paper. Using reference governor
strategy and predictive reference management, the
tracking of constant reference in the absence of dis-

turbance for constrained linear and nonlinear systems

are addressed in Refs. [ 16 — 17 ], respectively. The
algorithms presented in Refs. [6 —8,13,18 —21] for
nonlinear and linear systems, respectively, using the
linear models to guarantee the offset-free tracking of
piecewise constant reference input in the presence of
asymptotically constant disturbance. However, these
algorithms have a high cost of computation, because
the input and state targets need to be calculated ac-
cording to the desired reference input and estimated
disturbance at each sampling time. Additionally, de-
termination of the steady-state and input targets based
on the estimated disturbance, corresponding to model
uncertainty and disturbance entering the plant, may
violate the constraints or fail'™®. It has been empha-
sized that the offset-free control algorithms, which u-
tilize different disturbance models and observer gains
for the expanded system, leads to different closed

120=211 " This means that using dif-

loop performances
ferent disturbance models along the different observ-
ers may result in an undesirable closed loop perform-
ance. In Refs. [7,18], there are some free parame-
ters in the disturbance model that must be selected by
designer and different selections of these parameters
influence the performance and characteristics such as
observability.

This paper addresses the offset-free MPC algo-
rithm for constrained nonlinear systems, which is a-
chievable for the piecewise constant steady-state tar-
get and immeasurable but bounded constant disturb-
ance. The algorithm presents a new expanded system
structure and predictive model in which the reference
input is considered. Specifically, it is divided into
two parts. The first part involves designing the linear
time-invariant controller in order to stabilize the ex-
panded system. Offset-free tracking performance is a-
chieved by selecting a predictive model and designing
the dynamic predictive controller. Optimization prob-
lem in the second part is solved over a stable closed
loop system with consideration of state and input con-
straints. By using this algorithm in this paper, esti-

mating the disturbances and calculating the input and
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state targets are unnecessary. There is no need to use
an observer for augmented states because the new
augmented states in each step can be computed, di-
rectly, using the measured output. In addition, the
expanded system forms uniquely. Also, controllabili-
ty of the expanded system, which is a necessary con-
dition of the proposed algorithm, is guaranteed.

The remainder of this paper is organized as fol-
lows. By defining the problem in Section 2, Section 3
follows with introducing a strategy for offset-free
tracking control. Then it will be shown how a model
predictive control can be used to improve the linear
controller and to satisfy the constraints. In Section 4,
the main characteristics of the proposed predictive
controller are addressed. Section 5 illustrates the per-
formance of the proposed algorithm by an example of
a nonlinear continuous stirred-tank reactor model.

The used notations are shown in Table 1.

Table 1  Notations
Symbol Meaning
R" n-dimensional Euclidean space
R™*" m X n-dimensional real matrix set
~ Pontryagin difference, i.e., A~B={al a+
beA,VbeB]
@5 Minkowski sum, i.e., A@;B={a+blVYa
eA,beB!
Brod A DA, BB Ay
x(tlk)  the value of x at the future time k + ¢, predic-
ted at the ¢ th instant
x” the steady state value of variable x
Losy] [a"y"]"
v" (k)  optimal solution of optimization problem

1 Problem statement

Consider the discrete-time nonlinear system
{xp(k +1) =/, (k) u(k) ,w,(k)) ,

y, (k) =Cx,(k),
with the constraints Ex, (k) + Fu(k) <, where x,

()

e R" is the measured state vector, y, € R"is the con-
trolled variable vector, u € R™ is the control input,
and w, € R" is an immeasurable, asymptotically con-

stant disturbance. Ee R, FeR™", ¢y eR’, and

s is the number of linear constraints.
For the controller design, the following linear
model is employed ;
x(k+1) =Ax(k) +Bu(k) + Dw(k),
{y(k) =Cx(k),
where x € R", y e R”, u e R". At each sampling

(2)

time k, if x,(k) =x(k), it is apparent that Dw (k)
=f(x,(k) ,u(k) ,w,(k)) —Ax(k) = Bu(k) , where
A is the state matrix, B the input matrix, C the out-
put matrix, and D the immeasurable disturbance ma-
trix. In this paper, we assume that w (k) belongs to
a bounded set W containing the origin, i.e. ,
weW={weR’, |w] . <n{. (3)
The goal of this paper is the control of system
(1) so that the output tracks, offset-freely, setpoints
in the presence of disturbances while the state and in-
put satisfy the following constraints ;
z=Ex+FueZ:={zeR'lz<y. (4)
Assumption 1 That set Z is nonempty convex
and compact, and contains the state and input corre-
sponding to the steady-state setpoint in its interior.
Assumption 2
(A,B) is controllable, and
[l -A -B

That state x, is measurable,

rank =n+p. (5)

0
Remark 1 Equation (5) shows a necessary
condition for (2) that guarantees controlled variables
y to offset-freely track a setpoint. It is clear that, ac-
cording to (5), the number of controlled variables
cannot exceed the number of control inputs and the
number of state variables, which means p <min {m,
n}!%*  In addition, (5) also implies that C has
full row rank, namely, the controlled variables are
independent of each other.

To guarantee the offset-free tracking, define
x,(k+1) = =Cx(k) +x,(k) +y,(k)

3 (k) a0, (B) 4y, (k). (6)

The expanded system is introduced

{%(k+1)=215c(k) +Bu(k) +d(k), )
y(hk) =Ca(k).
[y Jofl oot o
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(x(k)
x, (k)

where x, € R” is the augmented state vector and p is

s =[] <[ o, (8)

the number of controlled variables and y, € R’ is

steady-state setpoint vector belonging to a bounded

set Y.
Remark 2

between system and model or unknown disturbance

In practice, the model mismatch

inevitably exists, which may lead to an undesired off-
set for the controlled output at steady state. There ex-
ist two standard approaches to eliminate the offset; (1
augmenting the process model to include a constant
step disturbance; (2) introducing integrate actions to

18,22]

design MPC controller' . One advantage of intro-
ducing integrate actions is to avoid designing an ob-
server for estimating disturbance states, which simpli-
fies the design for the proposed offset-free MPC meth-
od.
Lemma 1 ( Controllability of expanded system )
The expanded system (7) is controllable if and only
if the controllability of (A, B) and rank condition
(5) in Assumption 2 holds.
Proof According to the Hautus controllability
condition, the expanded system (7) is controllable if
rank A=Al 0 b =n+p:YA. (9)
-C I-A1 0
Using again the Hautus controllability condition, (A,
B) is controllable if the first set of rows in (9) is lin-
early independent. For VA #1, the second set of
rows is linearly independent from each other and from

first n rows. For A =1, (9) remains full row rank if

the rank condition (5) holds.

2 Offset free control strategy

In this section, as shown in Fig. 1, we mainly
aim to design the offset-free MPC control strategy for
constrained nonlinear system (1) in the presence of
model mismatch and disturbance. The robust MPC
controller design that explicitly considers the cost
function, augmented model and physical constraints

is presented in the following subsections.

Disturbance w(k)—> System state x(k)

Plant

>

Input  u(ky

Cost function  Model — Constraints
J(Ev)  (4,B,C) z(t|k).E(N k)

!

Robust MPC

[&———Setpoint y,(k)

Fig. 1  Offset-free MPC strategy

2.1 Design of a stabilizing linear time-invariant
controller
Suppose u (k) =Kz (k). Let y, =0 in (7).

Consider performance index

J=Y 7 [a(k) " Qx(k) +u(k) Ru(k) ], (10)
where () and R are symmetric nonnegative and sym-
metric positive-definite matrices, respectively.

By solving the unconstrained LQR problem for
the expanded system (7), K will be obtained by

K=(R+B"PB) 'B'PA, (11)

where P satisfies the Riccati equation;

P=Q+A"PA-A"PB(R +BTPB) "'B'PA.
(12)
The matrix K can be partitioned into two sub-matrices
K, and K, with n and p columns of the matrix K, re-
spectively,

K=[K, K)J. (13)

Remark 3 In this paper, feedback gain matrix
K is determined via the LQR problem. Besides, K
can also be determined using any robust control strat-
egy such as H_ in order to add more robustness to the
control system.

2.2 Design of the dynamic predictive controller

The control move is composed of the state feed-
back and the perturbation item, i.e. ,

u(k) =Kx(k) +v(k). (14)
By forming a predictive model and an optimization
problem, the optimal value of v(k) is calculated via
a finite horizon optimization problem using model pre-
dictive control strategy.
2.2.1

The prediction model must be able to predict the

The structure of the predictive model

future states of a system based on the input and cur-

rent state of the system over the finite prediction hori-
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zon. In this paper, the prediction model is based on
the expanded system (7), i.e.,
x(t+11k) =¢,a(tlk) +Bo(tlk) +d(k+1),
t=0,1,2,---,N-1,
X¥(tlk)
0 =[]

#(01k) =x(k), (15)
where x(t1k) denotes the disturbance-free predicted
expanded state vector along the prediction horizon,
¢, =A +BK. Accordingly, u(tlk) =Kz (tlk) +v(t
l%). The integer N is called the prediction horizon,
which represents the number of free control perturba-
tion moves v (¢ | k) considered in the optimization
problem.

2.2.2 Structure of constraints

The state and input constraints (4) should be
satisfied for the generally nonlinear system (1) in the
presence of disturbance w,. The constraint is guaran-
teed in an optimization problem, which is based on
the linear predictive model (15) corresponding to an
expanded linear system (7), in the dynamic predic-
tive control strategy. Therefore, satisfaction of the
constraint (4) with respect to nonlinear system (1)
is equivalent to guaranteeing the satisfaction of con-
straint (4) with respect to linear system (2) in the
presence of any disturbance and model uncertainty,
i.e., forall w( - ) eW.

Lemma 2  Suppose % (¢ 1k) is the predicted
state at the time step k using the prediction model
(15).

Let z,(t1k) =Ex(tlk) + Fu(tlk) e Z,:= |z (1
k) eR Iz, (t1k)<y'},t=1,2,--N -1, where E
=[E 0,,], ¢ eR". The constraint (4) will be
satisfied respect to system (1), if z,(¢1%) belongs to

SXp

the admissible set:

Z,=7~@(E+FK)$'DW,  (16)
where ¢, =A + BK,.
Proof See A.

2.2.3 Terminal constraint and terminal cost
To guarantee constraint satisfaction and stability
of the model predictive control, a suitable terminal

constraint and a terminal cost should be designed

based on the stabilizing linear controller'’. In addi-
tion to the constraints arising by the physical and op-
erational conditions, the following is also applied as a
terminal constraint
Xpi=1{x(tlk) e R Yx(tlk) <@,t=N}{,
(17)
where Y e R™", and ¢ e R define the set x .
According to Refs. [ 14,23 =25 ], the terminal
constraint ) ,is chosen such that
(1) X ;is a subset of state space for which the
constraint (4) is satisfied under the control u = K&,
i.e.,
x,CX:={xeR"I(x,Kx) e Z}. (18)
(2) x ;is a robust invariant set for the closed-
loop disturbed system x (k +1) = ¢,x (k) + Dw
(k), i.e.,
(k4 1) =bgi(k) + D) ex,.
Viey, YweW, (19)
where D, =[ D" OZX,)]T-
A method of computing an  , has been reported

by Ref. [25].
Assumption 3 ( Terminal cost) Consider the
feedback gain K and positive-definite matrix P, satis-
fying (11) and (12). Then according to Refs.
[25], V(%) :=x"Px can be chosen as terminal cost.
Following [26], V(&) is a Lyapunov function in X
for the undisturbed closed-loop system x (k£ + 1) =
bx(k), e,
V(ga) -V(x)< -z (Q+K'RK)%, Vie x,
(20)
2.2.4  Quadratic program and dynamic predictive
control
By incorporating the predictive dynamics, the
state and input constraints, and the terminal con-

straint, the corresponding MPC algorithm is formula-

ted as
N-1
min/(x,v) = > Cllx(el k) | +
(e t=0
[oCel k) [[2) + I &(NTE) |5, (21)
subject to
(15) ,u(tlk) =Kz(tlk) +v(tlk),
z,(tk) e Z,, (22)
x(Nlk) e x,,
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where t =0,1,---,N =1, P is the weighting matrix of v (N -11k)|. However, the common quadratic

terminal cost satisfying (12).

Remark 4 From another point of view refer-
ring to Lemma 1, the augmented state x, is controlla-
ble and can be controlled for adding some new per-
formance properties to the closed-loop control system.
For example, the integrating modes in control systems
may cause windup in the closed-loop systems '™
which can be damped by increasing the weighting pa-
rameters corresponding to the augmented state x, ( the
integrator state) in the weighting matrix Q of index
function (21) when the input is closed to its con-
straint boundary. Moreover, it is notable that filtering
the steady-state setpoint y, considered in vector d in
(15) is another way to decrease the influence of the
windup.

Let

v (k)2 {0 " (0lk),v" (11k), -, 0" (N-11k)|
(23)
be the optimal solutions of the optimization problem
composed of (21) and (22). The control law is
formed as below;
u(k) =Kz(k) +v" (01k) (24)
and is applied to the system (1).

Based on the above the discussions, the imple-

mentation of the proposed offset-free MPC method can

be summarized in the following algorithm .

Algorithm 1 Offset-free MPC algorithm

(1) Initially, choose x(0) and y,(0).

(2) Calculate the feedback gain matrix K by solving the
unconstrained LQR problem (10).

(3) Calculate the optimal free control perturbation se-
quence v° (k) by solving the constrained optimization
problem (21) ~(22).

(4) Compute the control law u(k) according to (24) and
implement it to the system (1).

(5) Let k =k +1 and measure the y, (k) , Then repeat the
steps (3) ~ (4) until the algorithm ends.

The objective function for optimization problem
(21) ~ (22) are quadratic functions with respect to
the optimization variables {v* (01k) ,0" (11k),---,

programming method cannot be applied since the con-
straints z,(t1k) e Z,,t =1,2,--- ,N =1 and x(NIk)
e x,in (22) involve computational geometry meth-
od. Hence, the multi-parametric toolbox ( MPT),
which is designed for parametric optimization, geom-
etry computation and MPC, is selected to solve the

Algorithm in Section 2.2.4.

3 Properties of the predictive control

In this section, the following two features for off-
set-free MPC are detailed :

(1) Recursive feasibility: the optimization prob-
lem is always feasible with constraint satisfactory; and

(2) Closed-loop stability: the steady-state out-
put of the system asymptotically converges to the set-
point in the presence of bound constant disturbance.

For an MPC optimization problem, feasibility is
a fundamental property. Optimization with rather
large control horizon over open loop input sequences
may be infeasible especially in the presence of the

'°! However, there is not the same defi-

disturbance
ciency when optimization problem is solved with re-
spect to the perturbation, which is added to the stabi-
lizing feedback control law. Thus, according to Refs.
[6,26], it is indicated that the finite horizon optimi-
zation problem (21) ~ (22) is feasible for all future
time steps, if it is feasible at the first sample time
k=0.

For the closed-loop system

i(k+1) =¢p,x(k) +d(k),

{y(k) =Cx(k),

the maximal constraint-admissible robust positively

(25)

invariant set O is defined as
O, :={x(0) e Xlz(k+1) e X,
YweW,Yk=0}, (26)
where X1%(k+1) =¢,x(k) +d(k) +Dw(k).
Assumption 4 The set O, is nonempty, and
can be determined by a definite number of affine ine-

quality constraints.
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For Xdefined in (18), O, (or an inner ap-
proximation to it) can be readily calculated for linear
time-invariant system x(k +1) =, 2 (k) +d (k) +
Dw(k)™>".

Suppose the set X ,te {1,-:+,N} as
X :={zeZl Jx, e R "such that V, () # |,

(27)
where V, (x) =V, () ,t =N is the admissible set of
perturbation satisfying the constraints in the presence
of assumed disturbance. The set X],t =N, contains
those states for which one can initialize the augmen-
ted state x, in such a manner that the set of admissi-
ble input perturbations V, (%) is nonempty. Thus the
finite optimization problem (22) would be feasible.

Theorem 1  ( Domain of predictive control
law) Suppose that Assumptions 2 ~4 hold. If X, is
defined as

Xo:={xeR"I 3x, eR"such that x € O, | (28)
and each X] is defined as (27), then each set in
{X,,X},--,X}| contains the state target in its inte-

rior and satisfies

X, CX,---CX,_, CXj. (29)
Proof See B.
Remark 5 Theorem 1 indicates that, under

the mentioned assumptions, not only is set X}, non-
empty, but also the size of the set of the initial states
for which the offset-free control is achievable does not
decrease with the increment of the horizon length.

Theorem 2  Suppose that Assumptions 2 ~ 4
hold, and the Algorithm 1 in Section 2. 2. 4 is ap-
plied. The closed-loop system x(k +1) =Ax (k) +
BK,(x(k)) + Dw(k) or the equivalent nonlinear
system x, (k +1) =f(x, (k) , Ky (2(k)) ,w0,(k)) is
input to state stable (ISS) in X} and the constraints
(4) are satisfied for all time and for all disturbance
sequences w( - ) e W.

Proof See C.
If MPC problem (21) ~(22) is

feasible and the closed-loop system to which the con-

Theorem 3

trol input (14) is applied is stable, then the steady

state output of the system (1) will converge to the

piecewise constant setpoint, y,, asymptotically.

Proof See D.

4 Simulation study

We consider a benchmark example, i. e., a
CSTR in which an irreversible exothermic reaction A
— B occurs, which is described by the following dy-
namic model based on a component balance for react-

ant A and an energy balance'” "' (see Fig. 2):

: E
C, :iv( CA/_CA) —koexp( _Rﬁw)cm
_ 4 ( —AH) _E
T= V(Tf T) + oC, koexp( RT)CA +
UA
VpCP<Tr_T)’ (30)

where C, is the concentration of A in the reactor, T is
the measurable reactor temperature, T, is the temper-
ature of the coolant stream. T is the temperature of
the feed stream for which the deviation of nominal
value is considered as process disturbance. The ob-

jective is to regulate C, and T by manipulating T'.

Ty, Cas
T []
<t
—l
-
Fig.2 CSTR

The nominal operating conditions correspond to
the equilibrium C¥ =0.5 mol/L, T =350 K, T =
300 K. Other parameters are listed in Table 2. Ap-
plying the sampling time 7, =0. 1 min, the discrete

time linear model to be applied in control algorithm is

formed as
Ci(k+1) 0.8 ~0.003 517 C, (k)
[T(k+1) _[20.9192 1.437 9 H T(k)
T.(k),
[0.2092] (k)
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GO (31)
Y [ T(k) |
Table 2 Parameters for nonlinear model (30)
Parameter Explanation Value Unit
T, feed temperature 350 K
q flow rate 100 L/sec
Cy feed concentration 1 mol/L
4 reactor volume 100 L
k, reaction rate constant 7.2 x 10"  min ™'
UA heat transfer coefficient 50 000 J/(sec K)
p liquid density 1 000 g/L
C, heat capacity 0.239  J/(gK)
(-AH) reaction heat 50 000 J/mol
E/R activation energy 8 750 K

The state matrix in the above unstable linear
model has one stable and one unstable eigenvalues.
The controlled variable of the nonlinear system is the
reactor temperature T, which should track the set-
point T, without offset in the presence of disturbance.
During the offset-free tracking control, the following
temperature constraint must be satisfied to maintain
the feasible operation; 280 K<T,<370 K, 280 K<
<370 K, 0=<C, <1 mol/L.

The proposed algorithm applies the same fixed
prediction and control horizon, N =8, the state pen-
alty matrices, Q =10 I for linear control design and
predictive control design, and control input penalty R
=1 have been applied.

At first, the proposed algorithm initiates the off-
set-free tracking feature using novel augmented states
and stabilizing state feedback controller. The offset-
free tracking task is completed by constructing a new
predictive control and designing a dynamic predictive
controller. In the controller design, the state and in-
put constraints are considered and handled in the
presence of disturbance and model mismatch, which
means that the resulting controller is of constraint sat-
isfactory.

The closed-loop simulation results of controlled
variable T(k%) and input T, (%) with MPC controller,
subject to piecewise constant setpoint, is presented in
Fig. 3. The first diagram of Fig. 3 depicts the offset-

free tracking of piecewise constant setpoint, the sec-

ond shows the control input satisfying constraint, and
the third illustrates the nominal value of feed temper-

ature without disturbance.

380 T T T T T

o S = S——
F Setpoint 4
< 340 Te poin
£ 220l — ]
SHt — — — -lower limit

300 — — — - upper limit |
28 0) kbt Uk s sl rabasslos o e s e e e e

Ca

380 T T T T T

360

x 340t — — — -lower limit |
= 320 — — — - upper limit |
300 s
B0 ———— bttt el ettt
0 10 20 30 40 50 60
351 T T T T T
X
= 350
349 . L L . .
0 10 20 30 40 50 60

Offset/K
o B
%
.

.
0 10 20 30 40 50 60
Time/min

Fig.3  Closed-loop offset-free proposed controller subject to

piecewise constant setpoint

In Fig. 4, we present the closed-loop offset-free
proposed controller rejecting the piecewise constant
disturbance. The first diagram shows the offset-free
control subject to constant setpoint rejecting the
piecewise constant disturbance, the second depicts
the control input satisfying constraint, and the var-
ying piecewise constant constraint value of feed tem-
perature considered as system disturbance is illustra-
ted in the third diagram.

Fig. 5 shows the closed-loop offset-free proposed
controller subject to piecewise constant setpoint in the
presence of the disturbance. As can be seen from the
Fig. 6, the offset-free tracking of piecewise constant
setpoint rejecting the piecewise constant disturbance
is in the first diagram, the second depicts the control
input satisfying constraint, and the third illustrates
the varying piecewise constant constraint value of feed

temperature considered as system disturbance.
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B——————————————— R
360 i
340+ — Setpoint 4

S s20f u 1
— — — - lower limit
e : . . . :

10 20 30 40 50 60
L — sy s s ey
360f T 1

« 3401 — — — - lower limit |

= 320 — — — - upper limit
300 P
80— —— o — ek sl it

0 10 20 30 40 50 60
355 . :
350 1

X

= aa5) i
. : . " : :

0 10 20 30 40 50 60
20 : .
< 1of 1
3
£ or
6
e : " " : :
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Fig. 4  Closed-loop offset-free proposed controller rejecting

the piecewise constant disturbance

We finally present in Fig. 6 a non-offset-free ro-
bust MPC controller. As an example, we choose the
approach in Ref. [29], which is similar to the one
proposed in this paper, in the sense that a pre-stabi-
lizing gain matrix is used and the plant state predic-

tion at the end of the horizon is restricted in the maxi-
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Fig.5 Closed-loop offset-free proposed controller subject to

piecewise constant setpoint in the presence of the dis-

turbance

mal disturbance invariant set (O_. Both controllers
are based on the same stabilizing gain matrix K,
which is the optimal LQR gain with the same @ and
R. As seen from Fig. 6, the controller proposed in
Ref. [29] does not guarantee offset-free control

which leaves an undesired steady-state offset.
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Fig. 6  Closed-loop of nonoffset-free controller
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Despite most of the former algorithms, by using
this algorithm there is no need for calculating the in-
put and state targets and using an observer for aug-
mented states because of the proposed novel structure
for expanded system. Other characteristics of this al-
gorithm include: the controllable expanded system
without any free parameter to be chosen, handling
model mismatch for nonlinear systems, no need for
disturbance estimating and target calculating, feasible
optimization, and less computation effort. Simulation
results depict a reliable and desirable performance of
the proposed algorithm for offset-free tracking of dif-
ferent constant set-points in the presence of piecewise

constant disturbances.

5 Conclusions

For the nonlinear system subject to state and in-
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Appendix
A Proof for Lemma 2
According to the equivalent linear model (2) and considering the control law (14) with the partitioned
form (13), the prediction of x is
x(t+11k) =¢x(tlk) +Bv(tlk) + BK,x, (¢1k) + Dw(k +¢) ,6=1,2,--- N-1, (A1)
where ¢, =A + BK,. (Al) is iterated over prediction horizon as
x(01 k) =x(k),t =0,
w(tl k) = (k) + X 7 (Bo(t—il k) +
BK,x,(t =il k) + Dw(k+¢t-1)),t=1,2,---,N-1. (A2)
On the another hand, %(¢1k) as a predicted state based on the prediction model (15), with respect to
time step k, has the following form .
#(t+11k) =¢, #(tlk) +Bv(elk) + BKyx, (¢lk) ,t=1,2,--- N-1, (A3)
which is iterated over prediction horizon as

#(01k) =x(k),t=0, (A1)
. A4
x(tlk) =dia(k) +_§l¢i"(Bu(t—ilk) +BK,x,(t—ilk)),t=1,2,--- ,N-1.
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Subtracting (A2) from ( A4) yields
w(tl k) =x(el k) + > b7 Dw(k +1 - 1), (AS)
For u(tlk) , substituting (A5) into u(tlk) =K, x(tlk) + Kyx,(t1k) +v(tlk) obtains
w(el k) = Ka(ol k) +o(cl k) +K Y &7 Dw(h +1-i) =
a(tl k) + K Y o Dwlk +10-i). (A6)
Followed from (AS) and (A6), z(¢l k) =2,(tl k) + (E + FK,) z zzlcbi_lDw(k +1t —1) holds, which
can be rewritten as
Z,:Z~i6:91(E+FK1)¢j"DW. (A7)
Therefore , the satisfaction of constraint (4) will be guaranteed if z(¢|k) e Z, associated with predictive
model (15). Note that Z, is non-empty set due to Assumption 1. The conclusion holds.
B Proof for Theorem 1
Suppose that Assumption 4 holds. Thus for ¢ =0, the state target corresponding to the setpoint is included
in the interior of X,,.
By induction, consider the state x where x e X|, te {1,---,N—1}. Then the additional state x, exists for
which V,(%) is nonempty and there is an admissible perturbation sequence v, = {v,,**-,vt=1) | € V,(%) that

implies x € O, for all w € W defined by (3). According to (26), Ois disturbance invariant and constraint-ad-

missible for the closed-loop system

¥(k+1) =¢, x(k) +d(k). (B3)

Hence, O, is disturbance invariant and constraint-admissible for system
i(k+1) =¢,x(k) +d(k) +Bv(k) (B9)
under the infinite perturbation sequence {v(k) ,k=0,1,2,---}. In other words, if () € O,, for all w e W,

then x(t +1) € O, for all we W. This implies that if v, e V,(%) , then [v,;0] € V,,,(x). Hence, if V,(%) is
nonempty, then V,,, (%) is nonempty. Thereby, according to the definition of X in (27), if x € X|, then x e
X,,, hence X]CX, .
Repeating the above argument, the proof is completed by noticing that X, € X|. The proof of this theorem is
based on the theorem presented in Ref. [6].
C Proof for Theorem 2
For a system in the form of the expanded system (7), i.e., #(k+1) =Ax (k) + BK, (x(k)) +

D 0 k
[0 7 ] [ w(( k))] and a feedback policy by the form of (14), all the results of this theorem have been reported
p yS

and proved ™. Since the state and control input of the system (2) is exactly the same as first n state and con-
trol input of the expanded system (according to the structure of the expanded system i.e. (7)), this theorem
holds for the closed-loop system x(k +1) =Ax(k) + BKy(x(k)) + Dw(k),Vwe W, and consequently, the
results of this theorem holds for nonlinear closed loop system (1), i.e., x,(k+1) =f(x, (k) ,Ky(x(k)),
w0, (k).
D Proof for Theorem 3

The state of the stable closed-loop system corresponding to piecewise constant setpoint remains constant, i.
e., x"(k+1)=x"(k) =x" ,k—oo. Therefore, at the steady-state, (6) can be rewritten as

2= —Cx" +x) +y, = =¥+ +y, (D10)

and it implies that
Y=y, koo (D11)

In other words, the offset-free tracking of the piecewise constant setpoint, y,, is guaranteed.





