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The intersection multiplicity of curves under the fold point
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Abstract; In analytic geometry, one of the most important fundamental problems is to find the number of inter-
section points of two algebraic curves. Bézout’s theorem states that two algebraic curves of degrees m and n in-
tersect at mn points, counting multiplicities, and cannot meet at more than mn points unless they have a compo-
nent in common. In the local case, Liang introduced the intersection multiplicity of two algebraic curves at some
point in R” and P}, respectively. Since the intersection multiplicity is closely related to the fold point, and linear
transformation ( or projective transformation) preserves the intersection multiplicity of curves in R* (resp. P}),
it is of certain research significance to discuss the change rule of the multiplicity of the fold point after transfor-
mation. In this paper, we study the intersection multiplicity of curves at a point in R” and P}, respectively. We
give the equivalence of transformation relation of the intersection multiplicity of curves at a point by linear trans-
formation (resp. projective transformation) in R (resp. P3).
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Analytic geometry or Cartesian geometry is im-
portant in algebra. It establishes the correspondence
between the algebraic equations and the geometric
curves, for example, an algebraic curve is the graph
of a polynomial equation in two variables x and y in
the real plane R* (resp. the projective plane P; ). In
analytic geometry, one of the most important funda-
mental problems is to find the number of intersection
points of two algebraic curves. Bézout’s theorem
states that two algebraic curves of degrees m and n
intersect in mn points counting multiplicities and can-
not meet in more than mn points when they have no
component in common'''. Work on analyzing the lo-
cal properties of a curve at some point by calculus the
intersection multiplicity of curves. The first question
is how to find the intersection of the curves. Hilmar
used Euclid’s algorithm for polynomials to find the
intersection of  two plane

points  of algebraic

?). The question that follows is what is the

curves
property of multiplicities of curves at intersecting
points. Walker®' proved that if P is a point of multi-
plicity r and multiplicity s of curves F =0 and G =0,
respectively, then F and G intersect at P at least rs
times, and exactly rs times when the curves F and G
do not have common tangents at point P. Avagyan
proved the same result as the above by means of op-

el Liangm intro-

erators with partial derivatives
duced the similar result by means of the fold point in
P3. In this paper, we consider the intersection multi-
plicity of curves at some point in R* and P}, , respec-
tively, and we mainly give the equivalence of trans-
formation relation of intersection multiplicity of curves
at some point by linear transformation (resp. projec-
tive transformation) and the fold point in R* ( resp.
Py).

Let f(x,y) =0 and g(x,y) =0 be two algebraic
curves in R”, we denote the intersection multiplicity
of fand g at point p by I, (f,g), which is the num-
ber of times that the curves f(x,y) =0 and g(x,y)
=0 intersect at point p'”'. We have a similar defini-

tion of intersection multiplicity of curves at some

point in P;. There are also some other definitions of
the intersection multiplicity of algebraic curves at
some point in (cf. [3, 8 =12]). We can connect
the intersection multiplicity in R with the intersection
multiplicity in P by homogenizing polynomials'®~".
Using the factorization theorem of polynomials, we
notice that the intersection multiplicity of two curves
at a point is closely related to the fold point. Accord-
ing to the definition of the fold point and the property
of linear transformation which preserves the intersec-
tion multiplicity of curves in R*, we give the equiva-
lence of transformation relation of intersection multi-
plicity of curves at a point by linear transformation.
We can make similar conclusions by projective trans-
formation in P7.

This paper is organized as follows. In Section 1,
we introduce some properties of multiplicity of curves
at the intersection points and the fold point of curves
in R>. Then we give the equivalence of transforma-
tion relation of intersection multiplicity of curves at a
point by linear transformation in R*. In Section 2, as
a generalization, we use projective transformation and
the fold point to obtain similar conclusions as Section

2 in Pi.

1 Intersection multiplicity of curves

under the fold point in R’

In this section, we introduce some properties of
the intersection multiplicity of algebraic curves at a
point in R*. When we study the intersection multi-
plicity of curves, we will introduce the fold point of
curves and linear transformation which is a linear
change of coordinates while preserving the intersec-
tion multiplicity of curves.

Let f(x,y) =0 and g(x,y) =0 be algebraic
curves ( abbreviate to curves) which intersect at a
point p in R”. The definition of intersection multiplic-
ity of f and g at p is the number of times that the

curves f =0 and g =0 intersect at the point p, deno-

ted by 1,(f,g).
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Proposition 17" Let f(x,y) =0, g(x,y) =0
and h(x,y) =0 be curves and p a point in R>. Then

(1) 1,(f,g) is a nonnegative integer or o ,
and I,(f,g) =1,(g.f)-

(i) 1,(f,g) =1 if and only if f(p) =0 and
g(p) =0.

(i) 1,(f,g) =1,(f,g +/h).

(V) 1,(fgh) =1,(f,2) +1,(f,h) , and I, (f,
gh) =1,(f,g) if h(p) #O0.

In linear geometry, linear transformations play a
central role. A linear transformation of R’ is a map
T.R> >R’ defined by

(x,7) " —A(x,y)",

where A € GL(2,R) is an invertible 2 x 2 matrix,
and T is a bijection which maps points to points. Fol-
lowing Ref. [6 ], we can know that linear transforma-
tions are linear changes of coordinates and preserve
the intersection multiplicity of curves, that is, for any
curve f(x,y) =0 and g(x,y) =0 in R*, which in-
tersect at point p and satisfy that

1,(f.g) =1,(".¢"), (1)
where T(f) =T(f"), T(g) =T(g") and T(p) =
T(p").

Let f(x,y) be a nonzero polynomial and f,(x,
y) be the sum of the terms of degree d in f(x,y).
Therefore, we can write

Ju(x,y) = (a2 +b,y)" (ax +byy) =

(ayx +b,y) Ir(x,) (2)
for distinct lines a;x + b,y =0 uniquely, where s, are
non-negative integers and r (x,y) is a polynomial

which has no linear factors. Thus, we can write
f=fotfoo + +foe (3)
We can start by talking about the intersection multi-
plicity of a curve f(x,y) =0 and a line [(x,y) =0 at
point p. From Proposition 1, ( i) and (i), we
have the following lemma and definition which talks
about the fold point.

Lemma 1" Let f(x,y) =0 be a curve that
contains the origin 0 = (0,0) € R*, and d is the
smallest degree of the terms in f. Assume that [ =0 is

a line through the origin 0. Then I, (1,f) >d if [ is a

factor of f, and I,(1,f) =d if [ is not a factor of f,.

Definition 1'7' Let f(x,y) =0 be a curve and p
a point in R*. We say that the point p is a d-fold
point of f =0 if there is a non-negative integer d,
such that there are at most d distinct lines intersect f
at p more than d times, and all other lines intersect f
at p exactly d times.

Lemma 2 Let f(x,y) =0 be a curve and p a
point in R*. Assume that p is a d-fold point of f=0.
Then T(p) is a d-fold point of T(f) for any linear
transformation 7.

Proof Assume that T:R*>—R’is a linear trans-
formation. We know that there exist infinite lines 7:
=1{l,=0,i=1,2,---} through the point p. Since the
point p is a d-fold point of f(x,y) =0 in R*, there
are at most d distinct lines 7':={[,'=0,ie {1, -

d| | CTsuch that

’

L(f,1}) >d
by Definition 1. Thus we have
L(f,l) =d
for any /; € T\ 7’. Since linear transformations pre-
serve intersection multiplicities by Eq. (1) , it follows
that
Ly (TC) T(L)) > d
and
Iy (T(),T(L)) =d,

where T(1!) e T(1")CT(T) and T(L,) e T(7)\
T(T'). It means that there are at most d distinct
lines intersect T'(f) at T(p) more than d times, and
all other lines intersect T (f) at T(p) exactly d
times. Hence, T(p) is a d-fold point of T'(f) for any
linear transformation.

Theorem 1 Let f(x,y) =0 and g(x,y) =0
be curves and p a point in R*. Assume that p is a d-
fold point of f=0 and an e-fold point of g =0. Then
T(p) is a (d +e)-fold point of T(fg) =0 for any
linear transformation 7.

Proof Assume that T is a linear transforma-
tion. It is obvious that there exist infinite lines N: =

{T(l,) =0,i=1,2,--+} through the point p. Since p
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is a d-fold point of /=0, by Lemma 2, we have that
T(p) is a d-fold point of T(f) =0. Therefore, there
are at most d distinct lines N/ : = | T(l)) =0,ie {1,
+-,d | | CN such that

L, (T(f) ,T(L7)) >d. (4)
In addition, we have

Ly (TCH T(L) ) =d (s)
by Definition 1, where T'(1/") e §\N'. Similarly,
since p is an e-fold point of g =0, we have that T(p)
is an e-fold point of T(g) =0 by Lemma 2. Tt follows
that there are at most e distinct lines N/ := { T( ) =
0,ie{l,-+,ef | CN such that

L, (T(f) ,T(L7)) >e. (6)
Furthermore, we have

Ly (T(f) ,T(L)) ) =e (7)
for any T(17) € N\R). It is easy to know that there
are at most d + e elements in X[ U N, by Proposi-
tion 1, Egs. (4) and (6), we have

Ly (T(fg) ,T(8) ) =1y, (T(f) , T({)) +
Iy (T(g) () >d e,
where T(¢) € N, UK. That is, there are at most
d + e distinct lines which intersect T (fg) at point
T(p) more that d + e times. Since the number of ele-
ments in Nis infinite, and there are at most d + e ele-
ments in N1 UK, it follows N\ (K] U N} ) must not
be an empty set. Therefore, by Proposition 1, Egs.
(5) and (7), we obtain that
Loy (T(&) T(Y) =Ty (TCH T(E)) +
Iy (T(2) () =d +e
for any line T(/') e N\N| UK}, that is, except for
the lines in &X', U X', all intersect T (fg) at point
T(p) d + e times. Thus, when T(p) is a d-fold
point of T(f) =0 and an e-fold point of T'(g) =0,
then T(p) is a d + e-fold point of T'(fg) =0 for any
linear transformation.
Corollary 1  Let g,(x,y) =0,--,g,(x,y) =

0 be curves and p a point in R>. Assume that p is an

a;-fold point of g, =0 for | <i<<n. Then T(p) is a

Z ;:1 a; ~fold point of T( [ ::lgi).

2 Intersection multiplicity of curves

under the fold point in P?

We can extend the intersection multiplicity of
curves from R to P} by homogenizing polynomials.
We know that P is (R’ = {(0,0,0)})/ ~, where
~ is the equivalence relation defined by (x,y,z) ~
(x",y",z") if there exists a nonzero A € R, such that
(x,y,2) =(Ax", Ay", Az").
polynomial F (x,y,z) in P, suppose f(x,y) =

For any homogeneous

F(x,y,1), then a point (x,y) of R* which lies on
the curve f(x,y) =0 if and only if the point (x,y,1)
of P} lies on the curve F(x,y,z) =0. In this sec-
tion, we introduce some properties of the intersection
multiplicity of algebraic curves at a point in Pj.
When we study the intersection multiplicity of curves
at a point, we will introduce the fold point of curves
and projective transformation which is a linear change
of coordinates while preserving the intersection multi-
plicity of curves in P7.

Let F(x,y,z) =0 and G(x,y,z) =0 be curves
in P;. Similar as the definition of 1,(f,g) in R*, we
can give the intersection multiplicity of curves F(«,
y,z) =0 and G(x,y,z) =0 at a point P € P, that
is, the number of times that curves F(x,y,z) =0
and G(x,y,z) =0 intersect at the point P, denoted
by I.(F,G).

Lemma 37’ Let F(x,y,z) =0 and G(x,y,z)
=0 be curves in P}, and set f(x,y) = F(x,y,1),
g(x,y) =G(x,y,1). Then for any point (a,b,1) e
P2

r» We have

](a,b,l) <F<x’y’z) 7G<x’y9z)) =
](u,b) (f(x’y) ’g(x’y) )'

Similar as Proposition 1, we can give the follow-
ing properties of I,(F,G).
Let F(x,y,z) =0, G(x,y,
z) =0 and H(x,y,z) =0 be curves and P a point in
Pé. Then

(i) I,(F,G) is a nonnegative integer or o ,

and I,(F,G) =1,(G,F).

Proposition 2"
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(ii) I,(F,G) =1 if and only if F(P) =0 and
G(P) =0.

(i) I,(F,G) =1,(F,G+FH) if G + FH is
homogeneous.

(iv) I.(F,GH) =I1,(F,G) +1,(F,H), and
1,(F,GH) =1,(F,G) if H(P) #0.

A projective transformation is a linear map T'; P},
— P} defined by

(x,y.5)"—A(x,y,5)",
where A € GL(3,R) is an invertible 3 X 3 matrix. By
Ref. [ 7], we know that projective transformations
preserve intersection multiplicities given in the fol-
lowing.

Lemma 4" Let F(x,y,z) =0 and G(x,y,z)
=0 be curves and P a point in P}, T is a projective
transformation that maps P(x,y,z) (resp. F =0, G
=0) to P' (x',5",2") (resp. F' =0, G'=0).
Then

I (F(x,y,2) ,6(x,y,2)) =
Ip (F' (2" ,y",2") G (5", y",2") ).

By Lemma 1 and Lemma 3, we have the follow-
ing definition.

Definition 2%

and P a point in P;. We say that the point P is a d-

Let F(x,y,z) =0 be a curve

fold point of F =0 if there is a non-negative integer
d

intersect F' at P more than d times, and all other

, such that there are at most d distinct lines which
lines intersect F at P exactly d times.

Lemma 5 Let F(x,y,z) =0 be a curve and P
a point in P. If P is a d-fold point of F =0, then
T(P) is a d-fold point of T'( F') for any projective
transformation T.

Proof Tlet TJ:={L,=0,i=1,2,---| be the set
of lines through the point P and T is any projective
transformation. Suppose that the point P is a d-fold
point of F(x,y,z) =0 in P, by Definition 2, there
are at most d distinct lines 1':= {L/=0,ie {1,
df | €T such that
L(F,L) >d

and

I,(F,L) =d

for any L, € T\ 7', Since projective transformations
preserve intersection multiplicities by Lemma 4, we
have

Ly (T(F) ,T(L))) >d
and

Ly (TCF) T(L) ) =d,
where T(L!) e T(V")CT(T) and T(L,) e T(T)\
T(7'). It means that there are at most d distinct
lines which intersect T( F) at T(P) more than d
times, and all other lines intersect T( F) at T(P)
exactly d times. Hence, we obtain that T(P) is a d-
fold point of T(F) for any projective transformation T.

Theorem 2 lLet F(x,y,z) =0 and G(x,y,z)
=0 be curves and P a point in P5. If P is a d-fold
point of F =0 and an e-fold point of G =0, respec-
tively, then T(P) is a (d +e)-fold point of T(FG)
=0 for any projective transformation 7.

Proof 1Let T be any projective transformation
and 8:= {T(L;) =0,i=1,2,--+| the set of lines
through the point T(P), where L, is the line through
the point P € P;. Suppose that P is a d-fold point of
F =0 and an e-fold point of G =0, then T(P) is a d-
fold point of T(F) =0 and an e-fold point of T(G) =
0 following Lemma 5. From Definition 2, we know
that there are at most d distinct lines N := { T( L)
=0,ie {1,--,d} | CN such that

Lo (TCF) T(L)) > d (8)
and

[T(P)(T<F),T(L_;))=d (9)
for T( L7) e N\N/\. Similarly, there are at most e

distinct lines

No:={T(L,) =0,me {1, ,ef | CN
such that
Ly (T(F) ,T(L},)) >e (10)
and
Ly (T(F) ,T(L,)) =e (11)

for T(L}) e NN,

It’s easy to know that there are at most d + e ele-
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ments in N UWN}, by Proposition 2, we have
Liwy (TCFG) [ T(£)) = Iy (TCF) . T(L)) +
L (T(G) . T(0)) >d +e,
where T(¢) e X1 UK. That is, there are at most d
+ e distinct lines which intersect T ( FG) at point
T(P) more that d + e times. Since the number of el-
ements in N is infinite, and there are at most d + e
elements in 8! U N5, it follows that 8\ (X} UN})
must not be an empty set. Therefore, by Proposition

2, we obtain that
IT(I’)(T(FG>’T(§,)) :IT(I’)(T(F)5T<§,)) +
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