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Abstract; In this paper, the modified spin-wave theory is applied to the Heisenberg ferromagnetic chain with
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0 Introduction

The standard spin-wave theory'' ' is known as a pow-
erful method in the study of the low-temperature thermody-
namics of magnetic systems which can be described by the
Heisenberg model. It still gives a boost to further theoretical
and experimental explorations* ~*' of Heisenberg magnets.
However, when the space dimension is lower than three, the
traditional spin-wave theory can’t work well, and gives no
quantitative information on the thermodynamic physical
properties in the paramagnetic phase. This is because there
has no long-range order in the paramagnetic phase in low-di-

). The spin-wave

mensional isotropic magnetic systems
theory can’t cure the thermodynamic divergences which
come from the absence of long-range order in the paramag-
netic phase.

Fortunately, these thermodynamic divergences can be
suppressed by use of Takahashi’s idea' "’ | which is to modi-
fy the traditional ferromagnetic spin-wave theory by constrai-
ning the total magnetization be zero. As a consequence, Ta-
kahashi'"*" succeeded in deriving the correct low-tempera-
ture properties which are in excellent agreement with Bethe
ansatz (BA) results in one dimension. His idea had been
extended to many different kinds of low-dimensional mag-

nets, such as the antiferromagnets[“_m ,

nets[ls-lx] ’ [19-23]

[24-26]

ferrimag-

frustrated  magnets planar mag-

27-29]
nets ( .

, and spin-phonon coupling systems
Based on Takahashi’s idea, the modified spin-wave theory
gives the good description for inelastic-neutron-scattering
measurements of the high-temperature-superconductor-par-
ent antiferromagnet La,Cu0,"™', and the existence of
magnetically ordered phases of magnetic organic salts ™’ |
and the quantum spin-liquid behavior of ultracold bosons

[31]

on an inhomogeneous triangular lattice The nuclear

spin-lattice relaxation time for the molecular cluster

) and the ferrimagnetic chain compound

Mn,,0,, acetate
NiCu( C,H¢N,04) (H,0), - 2H,0% s explained well in
terms of the modified spin-wave theory. Modified spin-wave
analysis of the delta chain with competing ferro- and antifer-

*1is in agreement with the experi-

romagnetic interactions
mental results of the synthesized cyclic compound Fe,,Gd,,.

In this paper, along the same lines, we formulate a
theory for the one-dimensional ferromagnetic long-range in-

teracting Heisenberg model with the antiferromagnetic nea-

rest-neighbor interaction (ANNI). The ferromagnetic long-
range interaction (FLRI) considered in this paper decays as
Jo/r" with r being the distance between lattice sites. For the
case without the ANNI, the FLRI effect was investigated for
the low-temperature and critical properties of the one- and
two-dimensional quantum Heisenberg ferromagnets by using
modified spin-wave theory ' and Green’s function meth-
0d™*. Quantum criticality induced by the transverse mag-
netic field was obtained in the competition between the ani-
sotropic FLRI (in which its isotropic part decays as r ™)
and nearest-neighbor ferromagnetic exchange interactions in
the ferromagnetic chain within the traditional spin-wave the-
ory and renormalization group method ", Exploiting the
renormalization group theory and numerical density matrix
renormalization group analysis, continuous symmetry break-
ing in the Heisenberg chain was shown'**’ 1o take place in
the presence of the FLRI without the ANNI. For the ferro-
magnetic chain in coexistence of the FLRI and ANNI, how-
ever, little is known about the thermodynamic properties and
critical phenomena. Its corresponding one-dimensional anti-
ferromagnetic cases had been studied for the ground-state
properties affected by both the ANNI and antiferromagnetic
long-range interactions within Lanczos exact diagonaliza-

[39]

tion’ and density matrix renormalization group'*”’. The

recent experimental studies of the perovskites suggested that
Pr, Sy s MnO; ™" and Pr, Sty 5 CoO,_ "' as well as
Y, CoMnO, "’ can be described by the Heisenberg models
with both the FLRI ( decays as r > e
and r 7 in three dimensions'” ') and the ANNI. Those

theoretical and experimental studies show that the FLRI can

. . .
in two dimensions

lead to the novel magnetic properties. Motivated by the ex-
perimental studies, we will consider the magnetic properties
which are induced by the competition between the FLRI and
ANNTI in the ferromagnetic chain. Unlike in the ground state
of the one-dimensional ferromagnetic long-range systems
without the ANNI'® ~**) " the ANNI tends to flip the spins
and destroys the stability of the ferromagnetic ground state
which is kept by the FLRI. In this paper, the scheme to re-
alize Takahashi’s idea is a self-consistent method, which can
cure the usual thermal divergences by introducing a La-
grangian multiplier in the Hamiltonian to keep zero magneti-
zation. In the frame of spin-wave theory within Takahashi’s
idea, how the FLRI and the ANNI affect the low-tempera-
ture hehaviors of the thermodynamic properties is the aim in

our paper.
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This paper is organized in the following manner. In
Section 1, we rewrite the Hamiltonian by using the modified
spin-wave theory within the self-consistent method. Then we
obtain the analytical expression of the thermodynamic prop-
erties (such as the critical temperature, internal energy,
specific heat, and susceptibility) as a function of the tem-
perature, the FLRI and the ANNIL. Numerical results and
some discussions are displayed in Section 2. A brief conclu-

sion is exhibited in Section 3.

1 Model

In this section, the modified spin-wave method will be
used to study the thermodynamic properties of the quantum
Heisenberg chain with the FLRI and ANNI. The Hamiltoni-
an of the system can be described by

H=-]3 1—,§i-§_,.+JZ§I.-§_,. (1)

T rf-]- Gop
Here s, = (S,S
(x, ¥, z) components at the ith site. The FLRI has a pow-

7,S;) stands for the spin S operator with the

er-law behavior, which decays as J,/r}; with r; being the
distance between lattice sites i and j. p is the interaction
range parameter for the FLRI. J denotes the ANNI. The
first sum is over all pairs of spins in the chain. (i, j> repre-
sents the second summation of the nearest neighbors. The
total numbers of the spins is N in the chain.

The FLRI and ANNI in the Hamiltonian (1), which
account for the magnetization, are purely electrostatic Cou-

! These two exchange interac-

lomb interactions in nature
tions are constructed with completely antisymmetrized wave
functions. In Eq. (1), the spin-spin interaction s, * §j act-
ing on the corresponding spin states, simulates the contribu-
tion of the exchange matrix elements of the Coulomb interac-
tion. The pole the FLRI plays in the ground state of the sys-
tem is different from that of the ANNI. The FLRI stabilizes
the ferromagnetic ground state. But the ANNI is inherently
frustrated, and it can destroy the ferromagnetic long-range
order in the ground state.

Two- and three-dimensional versions of the Hamiltonian
(1) with the coexistence of the FLRI and ANNI have been
experimentally shown to be realized in the perovskites
Pr, sSry sMnO,“"" | Pr, <Sr, sCo0,__ " and Y,CoMnO,*’.
As pointed out in Ref. [41] in the experimental study on
the perovskites, the change in shape and size of the ferro-

magnetic clusters with temperature around the critical tem-

perature can lead to quasi-one-dimensional perovskites,
which may realize the chain Hamiltonian in Eq. (1). The
perovskite is an example of the ABX; compounds, where A
is an alkaline metal ion, B is a magnetic ion, and X is a
halogen. These materials are particularly interesting because
the ANNI is of the same order of magnitude as the FLRL. In
these systems, due to the polarization of the itinerant elec-
trons by interaction with the localized spins at a distance
r**) | results in the FLRI between the localized spins of the
magnetic ions. The Hamiltonian in Eq. (1) can also be re-
alized in the experimental manipulation of quantum long-
range interacting spin chains, which are designed by opti-
cal-dipole-force-induced spin-spin interactions in a trapped-
ion ferromagnetic Heisenberg chain'® ~*’. When the Cou-
lomb interaction is considered as a perturbation to the trap-
ping potential , the FLRI is approximated as a power-law-de-
cay r — p within the frame of the quantum perturbation theo-
ry'® """ The exponent p of the FLRI corresponds physical-
ly to the Coulomb-like interaction for p =1, the monopole-
dipole interaction for p =2, the dipole-dipole interaction for
p =3, and van de Waals interactions for p =6.

As mentioned above, the divergences of the occupation
number per site are encountered in the usual spin-wave the-
ory in the disorder phase in one dimension. In order to over-
come these divergences, we use Takahashi’s idea "’ which

constrains the total magnetization to be zero;
Z $$=0 (2)
To enhance the Constraint (2), we introduce a Lagrange

multiplier A in the Hamiltonian, then the effective Hamilto-

nian is given by

e/f_ ]OZ rp S

y

s +]Zs s -1 ZSZ

o
By using the spin raising and lowering operators, S;” =S} +

SV

’, and making the Holstein-Primakoff transformation'**’

St =328-a a,a;, S] =a; /2S5 -a; a;,
Si:S_a:'+ai (4)
the Hamiltonian is rewritten as

<ff z_}'NS_(]()(O) _]2Z>NSZ -
JOSZf(aa +a;q) JSZ(aa +ajaq) +

,j' Ly

(4 +28(J,(0) =J2)] Y, alq, (5)
Here J,(0) =
Z Jo/7". Z is the coordination number of the nearest

by keeping the bilinear terms only.

neighbors. a;" and a, denote the creation and annihilation
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operators of spin deviations, respectively.

After making the Fourier transformations
a, = N—T z eik~1bk ,(l; — N—T Z eik~lb;-
k k
the effective Hamiltonian is computed to be

H, =E, + ;wkb;bk

where
Ey= -ANS-(J,(0) -JZ)NS’ (8)
and
w, =8[J,(0) =Jo(k) | =S[Z]-J(k) ] +A (9)

Here J,(k)/J,(0) and J(k)/(JZ) are the structure fac-
tors for the long-range and nearest-neighbor interactions, re-

spectively. They are given by

Bk = 3 g0 = 3

In one-dimensional case, J(k) =2 cos k with Z =2; and

Jo (k) can be expanded in small £'° 7% e

(10)

Lé(p-2)k, (p>3)
Jo(0) = Jo (k) ={ = Jok’Ink, (p=3) (11)
LA(P)E ™, (1<p<3)
with
A(p) o (12)

“T(P)sin[w(p-1)/2]
in the thermodynamic limit N—oo. Here I'(p) and £(p)
denote the gamma function and Riemann’s zeta function, re-
spectively.

Taking account of the Bose-Einstein distribution function
ne= (b = (e 1) ! (13)
and inserting it into the thermal average of the Eq. (2), we

can get the consistent equation
1 1
Y 1 _g
N ZA’ e’m -1

Here T stands for the temperature. In the large N thermody-

(14)

namic limit, the summation in Eq. (14) is replaced by the
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Fig. 1
0.5, 0.9 when p =2. 2, respectively

integral in the first Brillouin zone. The Lagrange multiplier
A is self-consistently determined by Eq. (14). A given by
Eq. (14) is a kind of nonzero chemical potential. Thus, if
A is known, we can obtain the solutions for the thermody-

namic properties of the system.

2 Results and discussions

In this section, we will discuss how the FLRI and the
ANNI affect the thermodynamic properties (such as the crit-
ical temperature, internal energy, specific heat, and sus-
ceptibility ) of one-dimensional ferromagnetic Heisenberg
model. For convenience, the interaction J, and the spin S
are all set to be J, =1 and S =1/2, respectively. The coor-
dination number takes Z =2.

2.1 Lagrange multiplier

In order to obtain the thermodynamic properties, it is
important to know the temperature-dependent behavior of the
Lagrange multiplier 1. Note that 2 can be computed from
Eq. (14) which is obtained under the constraint condition of
zero magnetization. As pointed out in Ref. [10], the La-
grange multiplier 4 has the physical meaning of being trea-
ted as the nonzero chemical potential.

Using the consistent Eq. (14), A is plotted as a func-
tion of the temperature T in Fig. 1 for p =2.2, 2.5, 3.0,
3.5at J=0.11in Fig. I (a), and for J=0.1, 0.5, 0.9
when p=2.2 in Fig. I (b), respectively. If the ANNI J
and the interaction range p are given, it is easily found that
A increases as the temperature T' increases. When T and p
are given, A increases with the increasing J. For T fixed,
the bigger p or J, the larger 1. The calculation of Eq. (14)
at small J shows that A has the low-temperature behavior of

being proportion to T ™"/~ for 2 <p <3, and to T* for

p>3.
0.4+
A
(b) Vi
0.3 '
,,/
=—J=0.1 ya
02{ ~—* J=05 Ve £
—a—J=0.9 :
J S,
0.14 /,K’ .t"l.l"r
R
A& /“-,: =S
0.0h-s-oa oo ostdtt
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T

Temperature dependence of the Lagrange multiplier A (a) for p=2.2,2.5,3.0, 3.5 at J=0.1, and (b) for J=0.1,
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As seen in Fig. 1 (a), A obtained at the smaller p de-
creases more slowly than one obtained at the larger p. It is
found in Fig. 1 (b) that at a given p, no matter what the
value J takes, A has the similar decaying behavior when the
chain is in the low-temperature region of T'<0. 2.

2.2 Critical temperature

In the former section, we have discussed the low-tem-
perature behavior of the nonzero A . It is interesting that what
happens when A becomes zero at the finite temperature.

Seen from Eqs. (3) and (14), A =0 shows that the
systems can keep the zero-magnetization condition without
needing to introduce the Lagrange multiplier A in the Hamil-
tonian (1). This means that the system has a ferromagnetic-
paramagnetic phase transition at some finite temperature T,
which is the critical temperature of the system. Below T <
T., the occurrence of spontaneous magnetization is found.
The critical temperature T, is determined by Eq. (14) for A
=0,

1 1
—» ——— =38 15
N ; e/~ 1 (1)
104
(a)
8
—a— /=01
6 —e—J=0.6
e A /=09
4
\l’:.‘t_
i \'—l::_-
2 tl\
0 - T r T =
1.0 12 14 1.6 1.8 2.0

with
w, =S[Jo(0) = Jo(k) ] =S[Z]-J(k)] (16)
In the large N thermodynamic limit, Eq. (15) becomes the

integral ;
2w -1
where 1BZ denotes the first Brillouin zone in one dimen-

sion. The calculations of Eq. (17) display that the finite-

1 dk
— =8 17
lez e/ Te ( )

temperature phase transition exists at T =T, #0 when 1 <p
<2. But for p=2 no transitions exist at any finite tempera-
ture 7>0 with T, =0. This finding agrees with the extended

Mermin-Wagner theorem ™ which is developed from the u-

[9]

sual Mermin-Wagner theorem' . In the case without the

ANNI, our T, obtained in Eq. (17) recovers the one-dimen-
sional results'*’.

To obtain the influence of the interaction range p and
the ANNI J in the behavior of the critical temperature T,

Eq. (17) is used to plot the critical temperature T, as a
function of p and J in Fig. 2.

(b) By
5 —e—P=14
1 e g g Lo
R = P’7l11'_'—.4- ‘7‘7.—'
4<
3_
o0 09004
] * 000000 L S S
i W P PN :
] T
0.1 0.2 03 0.4 08

Fig.2 The critical temperature T, plotted as a function (a) of the interaction range p for / =0.1, 0.6, 0.8, and (b) of the AN-

NI Jforp=1.2, 1.4, 1.6, respectively

For 1 <p <2, it can be seen from Fig. 2 that the range
parameter p or the ANNI J play the similar poles in the be-
havior of T,. As p or J increases, the critical temperature T,
is the decreasing function. This can be explained by that the
larger p relaxes the suppression of the thermal fluctuation by
the FLRI, and J has a tendency to promote the fluctuations.
As a result, both p and J spoil the long-range ferromagnetic
ordering in the finite-temperature region, which gives rise to
T, decreasing.

It is interesting that what happens for the critical tem-
perature T, when the ANNI J is changed to the ferromagnetic

next-neighbor interaction - J. In this situation, in the re-

gion 1 < p <2 the ferromagnetic next-neighbor interaction
helps the increase of T, , which differs from the ANNI does.
While the range parameter p still impedes the growth of T',.
For p =3, the critical temperature is computed to be T, =0,

t[37]

which agrees with the resul obtained in Heisenberg fer-

romagnetic chains with long-range dipolar forces.

It is shown in Ref. [38] that the continuous U (1)
symmetry in the ferromagnetic chain is spontaneously broken
for the FLRI in the region p <p, with a critical value p, <3.
However, the expression of p, is not solved in Ref. [38]. In
this paper, the critical value p, =2 obtained by the modified

spin wave theory, displays that the ferromagnetic long-range
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order survives in the region 1 <p <2 at finite temperatures T
<T..
2.3 Internal energy

Now, let us consider the behavior of the internal energy
U, which is defined by U= (H,;)/N. From Eq. (7), Uis

computed to be

-0.20
(a) e
e -
0.24 o -
A o ] -
-
) NN ..-" re
o -
. od ¢ .
~0.23-. o -
-
—— . P=22
- e pP=25
-
_0'32_"7.77.".- A-P=28

00 02 04 06 08 10
T

U =S[2Z]S - J,&(P)S -2 ] Z wn, (18)

in one dimension.

In Fig. 3, the temperature dependence of the internal
energy U is presented for the S =1/2 chain at J=0. 1 for p
=2.2,2.5,2.8,and p=3.2, 3.5, 3.8, respectively.

A
0.00+ (b) X P
~
0.054 A .
= p=32 ” .
0.10 *—pP=3.5 A, = -
. e a = 2
p 3.8 ‘/‘ . ‘_‘,.
A
-0.154 ‘,:7.‘/,' . .,r"".
rs - : ” - » " "
-0.20 . : pe o4 - -
3 e - -
02527 . . : ‘
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 3 Temperature dependence of internal energy U at J =0. 1 for (a) p=2.2,2.5,2.8, and (b) p=3.2, 3.5, 3.8, respec-

tively

From the figures, for p >2 in the disorder phase, we
can see that U is the increasing function of both T and p for
J given. The main reason for this phenomenon of U increas-
ing with the temperature is that as p increases, the FLRI be-
comes weak, but the thermal fluctuations get stronger. It is
noticed that the effect of the interaction range p on the tem-
perature dependence of U for 2 <p <3 is different from that
for p>3. Fig.3(a) shows that the increasing value in p in-
duces the slow growth of U in the region of 2 <p <3. While
for p >3, the larger p results in the rapid growth of U in the
region of low temperature, as seen in Fig.3(b).

Fig. 4 illustrates that the temperature-dependent behav-
ior of the internal energy U affected by the ANNI J.

—=—J=0.1
0.2{ —e J=05 .
—a—J=0.9 e e A
T
P *J—‘—"“‘_*
0.0 —
) e .,frJ”" e
oo oo oo
-0.24
e
_._'_.7._.7*‘_-—-1—'—-— -
e i
-0.4 T T T T 1
0.0 0.2 04 0.6 0.8 1.0
T
Fig.4 Temperature dependence of internal energy U for J =

0.1,0.5,0.9 when p=2.2

When both the temperature and the interaction range are

given, the internal energy U is on the increase as the ANNI J
goes up. This behavior induced by the ANNI causing harm to
the stability of the long-range ferromagnetic ordering at the fi-
nite temperatures.
2.4 Heat capacity

In this section, we will study how the FLRI and ANNI
affect the temperature-dependent behavior of the specific

heat C = 9U/9T. By mean of Eq. (18),
C=-5s Ly, 4
n

one has

%;wknk(nk+l)(L%—%) (19)

Here g’%, which can be obtained from the self-consistent
Eq. (14), is given by

Z (n, +1)

2 nk(n,, +1)

In the low-temperature region, we employ Egs. (19)

p _ 1
oT — T

(20)

and (20) to obtain the temperature dependence of the spe-
cific heat C, as shown in Fig. 5.

The specific heat C exhibits the peak phenomenon
which is characteristic of the interaction range p and the AN-
NI J in the low-temperature region. Fig. 5(a) shows that
the specific heat C starts from zero, and increases with the
temperature, arrives at its maximum in the low-temperature

region. As p decreases, the maximum height of the specific
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heat increases, and its maximum width is widening, and the

corresponding maximum position moves to the higher tem-

perature. If p is fixed, the large J helps the increase of the

specific heat and its maximum height.

0.16
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Fig.5 Temperature dependence of the specific heat capacity C for (a) p=2.2,2.5,2.8,3.5at J=0.1, and (b) J=0.1,
0.5, 0.9 at p=2.2, respectively.

At low temperatures and the small ANNI, the spin- the coefficients of the specific heat at low temperatures for 2

wave calculations give the specific heat C to be in the form <p<3 and p>3, and their temperature dependences are
of TV for 2 < p <3 and T'* for p >3, respectively.

Then the quantities C/T""~" and C/T"* are considered as

shown in Fig. 6 and Fig. 7, respectively.
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Fig.6 Temperature dependence of C/TV"™" for (a) p=2.2,2.5,2.8 at J=0.1, and (b) J=0.1,0.5, 0.9 at p =2.2,

respectively.
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Fig.7 Temperature dependence of C/T" for (a) p=3.2,3.5,3.8 a1 J=0.1, and (b) J=0.1,0.5,0.9 at p =3.2, respec-
tively

When p is not far away from p =2 in the region of p > more widens with increasing J, and shifis to the higher tem-

2, the coefficient C/T"*~" displays the maximum behav- perature. However, if the large p is far from p =2, this kind

ior at low temperatures. Its maximum becomes larger and of the maximum behavior disappears, and C/T""~" de-
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creases as the temperature increases. Unlike the behavior of
C/TV" " for2 <p <3, C/T"* is only the decreasing func-
tions of the temperature T in the region of p >3 and 0<J<
1. For the given T, it is shown that both p and J give the
helping hands to the growth of C/T"*.

In the zero-temperature limit, the values of /T ~"

is the decreasing (or increasing) function of p (or J). For

Tl/(p—l)

example, the zero-temperature values of C/ are com-

puted to be 0. 168 313, 0. 169 393, 0. 170 503 for J =0.1,
0.5,0.9 at p=2.2, respectively. For J=0 and p=2.2,
lim, , C/T"~" =0.166 91 which agrees with the result
obtained in Ref. [35]. As shown in Fig. 7, the zero-tem-
perature values of C/T"* are the increasing function of both
p and J.

In the nearest-neighbor limit p— o , the FLRI is re-
duced to the ferromagnetic nearest-neighbor interaction, and
then the model discussed in this paper becomes the Heisen-
berg chain with the ferromagnetic and antiferromagnetic nea-
rest-neighbor interactions. In this case, for /=0 and S=1/2,
the analytical calculation within the modified spin wave the-
ory gives the zero-temperature value of the specific heat co-
efficient to be lim, ,C/T"? =0.781 64, which recovers the
result obtained by the Takahashi’s scheme'®' | and agrees
very well with the BA value 0.781 5",

The analysis and discussion above are for the low-tem-
perature behavior of the specific heat C in the region p >2,
where the system is in the paramagnetic phase for T >0 with
the critical temperature T, =0. However, in the region 1 <
p <2, there exists the spontaneous magnetization at temper-
atures T'< T, with T, >0. In this paper, we are interested in

the specific heat C at low temperatures T < T,, where C is
given by C = % Z kwi T7n,(n, +1) within the spin wave

theory for 1 <p <2. It is found that the low-temperature be-
havior of C in the region 1 <p <2 is similar to that in the re-
gion 2 <p <3.
2.5 Magnetic susceptibility

In the following, we turn to consider the behavior of the
magnetic susceptibility y , which is defined by

1 4 Z
X =5 Y58 (1)

Due to the absence of the applied magnetic field in Eq. (1),
the system has the spin-rotational symmetry, which results

in the spin-correlation functions

(555;) =(5:8) =(S;5,).

Then the susceptibility y is uniform, and it is rewritten as
1 X QX Y QY z QZ
X = 3p X (USS) +(S8) +(55) ()

With the help of Holstein-Primakoff and Fourier transforma-
tions, the susceptibility y is computed to be

% = g e + 1) (23)

In the regime of the very low temperature, the susceptibility
% can be solved from Eq. (23) at the small ANNI J. The
susceptibility y behaves as T~V for 2 < p <3 and
T~ for p >3 at low temperatures, respectively. Then like in
the low-temperature case of the specific heat C, the quanti-

T2 and 4 T are defined as the coefficients

ties y
of the susceptibility at low temperatures for 2 <p <3 and p
>3, respectively.

Temperature dependence of the susceptibility and its
coefficients are plotted in Figs. 8 ~ Figs. 10 for some select-
ed values of p and J, respectively. Fig. 8 shows that the
susceptibility y is a decreasing function of the temperature.
However, the susceptibility coefficient y T ~""" " is the
increasing function of the temperature for both 2 <p <3 and
p>3, as seen in Fig. 9. It is found in Fig. 10 that at low
temperatures, the susceptibility coefficient y T° shows the
intriguing behavior in the region of p >3. At very low tem-
perature T<0.2, y T° displays a minimum. As the temper-
ature increases, y T° firstly decreases, and then increases
after passing through the minimum.

The interaction range p affects the temperature-depend-
ent behaviors of the susceptibility and its coefficients in a
similar way to the ANNI J. 1If the temperature T is fixed,
the large J and the large p both impede the increase of the
while  the

- -2 . ]
2T7 """ and ¥ T* both increase as p or J increases.

susceptibility, susceptibility  coefficients
Fig.8(a) shows that the interaction range causes the stron-
ger suppression of the susceptibility for p >3 than for 2 <p
<3. In Fig.8(b), the influences of the ANNI in the sus-
ceptibility y is weak in the region of small p and J, and so
does the susceptibility coefficient % T'”~"/*~* in Fig, 9
(b). Itis shown in Fig. 9(a) that the smaller p induces the
susceptibility coefficient to rise slowly. The height of the
minimum of % T° increases with the increase of both p and

J, as shown in Fig. 10(a) and Fig. 10(b).
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Fig. 10 Temperature dependence of y T° for p=3.2, 3.5, 3

Note that in the zero-temperature limit, the values
of the susceptibility coefficients lim, , y T~/
and lim, , ¥ T° all increase with the increase in p or J,
At p = 2.2,
lim, o TV =0.000 153, 0.002 977 for J =0,
0.1, respectively. This value 0. 000 153 is just the result in
the case without the ANNI'®'. For J=0and p—w, our

as shown in Fig. 9 and Fig 10.

lim, o,y T° =1/24, which is obtained by the self-consistent
method, reproduces the result obtained by Takahashi’s
scheme''*". It is also in good agreement with the BA value

0.041 675" and with 0.041 667 obtained by Green’s

L) (®) A
- J=0.1 A e
—e—J=0.5 P
0.154 —a—J=0.9 ‘/‘"/t’ "
k"l,./r - -
e
T\ Ay f.l.l’
= 0.101 s
#::Cl/'
=
J/
0.054. ‘éj
00 02 04 06 08 10
T

.8at J=0.1, and (b) J=0.1,0.5, 0.9 at p =3.2, respectively

function method *>~>*' and the quantum Monte Carlo' ™.

3 Conclusion

In this paper, with the help of Takahashi’s idea con-
straining the total magnetization to be zero, the modified
spin-wave theory has been applied to the ferromagnetic
Heinsenberg chain with the FLRI and the ANNI. 1t is found
that the FLRI range p and the ANNI J have great influence
on the low-temperature properties of the system. For J =0,

our results agree well with the exact BA results and the
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quantum Monte Carlo data.

The internal energy U as well as the chemical potential
A is the increasing functions of both p and J. But the mag-
netic susceptibility y and the temperature T, decreases with
the increase in p or J. At the very low temperatures and the
small J, the specific heat C and susceptibility y display the

V%=1 and X -~

power laws in temperature T: C ~
T2 for2<p<3, and C~T" and y ~T 77 for p
>3, respectively.

At low temperatures, it is found that the specific heat C

exhibits the temperature-dependent peak behavior, along

ceptibility coefficient % T° shows a minimum. As p increa-
ses, the maximum of C shortens and narrows, and its posi-
tion shifts to the lower temperature. Note that J promotes the
growth of C. When p is close to p =2, the coefficient C/
7 ~" has the maximum which grows up and widens with
increasing J, and shifts to the higher temperature. Howev-
er, for the large p the maximum behavior of /T ™" can’t
survive. For p >3, as the temperature increases, the sus-
ceptibility coefficient y T° firstly decreases, and then in-
creases after passing through the minimum whose height in-

creases with the increase of both p and J.

with the specific heat coefficient C/T

1/(p-1 .
=1, while the sus-
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