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Abstract: Let n =2m be an even number, for k =2" -1

ing k-th cyclotomic numbers a, ;

, we provide a method to calculate all the correspond-

over the finite field [F,., and study the value distribution of the k-th cyclotomic

matrix. These results can be used to construct a class of de Bruijn sequences by jointing all the cycles of the

graph state of the linear shift register with irreducible connective polynomials, and the number of cycles that are

joined is as many as possible.
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0 Introduction

The cyclotomic numbers have many applications in
coding theory and combinatorial designs. In coding theory,

1 [1]

for example, Delsarte et al. - used the cyclotomies to con-

struct two-weight irreducible eyclic codes, which was called
k12’ +1 and 2s!n.

Cyclotomies can be used to construct difference
[2

the “semi-primitive” case, i.e. ,
sets>~*) | which is an important structure in combinatory
designs. There are many results on the cyclotomic numbers
for the case of prime finite fields™* """,

A de Bruijn sequence of stage n is a binary sequence

with period 2" which contains all binary n-tuples. De Bruijn

sequences can be generated by the cycle join method from a
linear feedback shift register( LFSR) , especially from irre-
ducible codes'"" ~"*'.

In Ref. [19], the authors establish an isomorphism
from the finite field F,. to stage space F,. = { (a,, a,, **,
a,)la; eF,}|, which maps cyclotomic classes to the cycles
of the LFSR generated by the irreducible definition polyno-
mial f(x) of the finite field F,., and maps pairs (o, o+ 1)
to conjugate states, and hence the cyclotomic matrix can be
used to calculate the number of de Bruijn sequences genera-
ted from the LFSR by the cycle join method.

From what we said above, we consider the cyclotomic
numbers of the binary finite field [F,.. From the contribution

of Delsarte et al. , the semi-primitive case of cyclotomic
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numbers can be easily derived. In this paper, we consider

the case k=2" —1 for even field dimension n.

1 Preliminaries

We consider the binary finite field IF,., let 6 be the
primitive element of this field. Suppose k divides 2" -1, let
[=(2"-1)/k. Foreveryj=0,1,2, -, k-1, we call
the subsets of the finite field F,.

To=16"""1u=0,1,2,-,1-1}
the k-th cyclotomic classes. So there are k cyclotomic clas-

ses Ty, T,,
T, and T;, the cyclotomic number, denoted by (i,j), is de-

, T,_,. For each pair of cyclotomic classes

fined to be the number of elements of the set
[(a, a+1)laeTl,, a+leT} (1)

In the following, the number k is fixed, and we will write
afyj or a; ; instead of (i,j),. All the k x k cyclotomic num-
bers a; ; form a k-th square matrix A = (a, ;). We call A
=(a; ;) the k-th binary cyclotomic matrix of the finite
field IF,..

Firstly, the following lemma and corollary can be easily
derived form the basic arithmetics of the finite field F,. .

Lemma 1

The k-th binary cyclotomic numbers a, ;

processes the following relation

(D a;;=4a;;;
(2) Q;; =y 55
(3) @i =0 i =Q ;3

all the operations on the subscripts are mod k.
k-1
@) Ya, =1-1,
iz0
k-1

(5) 2 a;; = Lfor all i50.
720

Corollary 1 For every i =1, 2, -, k -

1, a, =
Aig=a_; _;-

In Ref. [ 1], the authors calculate the weight-distribu-
tions of binary semi-primitive cyclic codes of even length; n
is even and 2" -1 = kI, there exists an integer s such that k
12° +1 and sIn. For each cyclotomic class

T=16""1u=0,1,2,,1-1},
we define a define corresponding binary vector S(T;) of di-
mension n as follwing:
S(T,) = 1Tr(6), Tr(6") , Tr(6"7), -+,
(g | @)
where Tr(x) is the trace function of F,., defined by Tr(x)

=y 45 +2° + +x° forall xeFy.

Theorem 1'''  Let s be any divisor of 2" +1, and let

k be an even multiple of r, say k =2mr. Then the irreduci-

ble code of length n = (2" 1) /s and dimension k over GF

(2) has only two distinct weights w, and w, which are the
unique solution of the following equations
wy + (s=1)w, =2""

wy + (s=Dw =(n+1)2"7 (3)

From this result, and by using the method of exponent

sum, we can easily get the following result:
Theorem 2 Let n, k be integers, such that there ex-

ists an integer s with 2sIn and £12° +1, write n =2ms, set

x= %, then the k-th cyclotomic matrix of the fi-
nite field [F,. has the following form:

a b b b b

b b ¢ c ¢

b ¢ b c ¢

b ¢ ¢ - b ¢

b ¢ ¢ - ¢ b

that is, there are only three values in the matrix: (D a, , de-
note a; (2) except a,,, all the other elements of the first
row, the first column and the diagram have the same value
b; (3 all the other elements of the matrix have the same val-
ue ¢. Furthermore, we have that
a=x(x+(-1)"(3-k)) -1,
m (4)
b=x(x+(-1)"),
2
c=x
We consider the quadratic equation over finite field
F,.. The general quadratic equation over finite field [F,. has
the following form;
X +ax+b=0 (5)
witha, beF,. If a =0, the Eq. (5) has only one root,
since the map x >x” is an automorphism of F,.. If a0, by

dividing a” on both sides of Eq. (5), we get the following

form:.

2 4z+c=0 (6)
with ¢ =b/a’ € F,.. The following Lemma 2 can be proven
easily.

Lemma 2 If ¢ is an element of F,., then the Eq. (6)

has 2 = 2T solutions over F,., where T = Tr(c). Further-
more, if z is one solution, then the other solution is z + 1.

Corollary 2 If a#0, then the quadratic Eq. (5) has
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two solutions if and only Tr(b/a”) =0.

2 The cyclotomic number of order
k=2" -1

In this section, we consider the case that n =2m is an
even integer, and k = 27 —1=2"- 1, thenl=(2"-1)/
k=2" +1. Firstly, we give some properties of such k-th cy-
clotomic classes.

In number theory, we have the following lemma .

Lemma 3 Suppose that G is a finite cyclic group,
and H is a subgroup of G of order [, then for every a € G, a
e H if and only if a' = 1, where 1 denotes the identity ele-
ment of the group G.

Since n =2m, the finite field F,. has a unique finite
subfield F,.. Let @ be a primitive element of F,.. For every
nonzero element a € Fy., o € F,- if and only if o* ™' =1,
that is o' = 1. Therefore F,.\{0} = {¢"1j=0, 1,2, - k
—1!. Thus we have the following lemma

Lemma4 Suppose n=2m, k=2" -1, and [ =2" +
1, then in the finite field F,., all the elements ¢ are dis-
tinct for all j=0, 1,2, -, k-1.

Furthermore,, we have the following lemma .

Lemma 5 Each k-th cyclotomic class T contains only
one element of the form ¢".

Proof From k=2" -1 and [=2" +1, we know that
k and [ are coprime, so the congruent equation uk +:1=0
(mod ) has only one solution u. That is, the k-th cy-
clotomic class T contains only one element " which has
the form of #. Since all the k-th cyclotomic classes are dis-
joint, each cyclotomic class T, contains only one nonzero el-
ement of the subfield F,.. L]

In the following, we use the symbol T, («) to denote
the trace function over the subfield [F,. of I,., that is, for
every a e F,. (1. e., for every element a € F,. of the form
0'), T\(a) =a+a’ +a” + +a’ .

Now, we will prove the following lemma, which gives
the bound of all the k-th cyclotomic number;

Lemma 6 Foreveryi, j=0,1,2, - k-1, the k-
th cyclotomic number a; ; <2.

Proof Let G be the multiplicative group of all the
nonzero elements of the finite field F,., and 0 be the primi-

tive element, then G is a cyclic group of order 2" —1. The

cyclotomic class T is the unique subgroup of order [ genera-
ted by the element ¢, in the following, we use H instead of
T, for simplicity. The other cyclotomic classes T} are just the
left cosets @' H of H in G.

For any giveni, j=0, 1,2, -+, k-1, ifa,; =0, the
assertion is true. Now assume that a, ; >0. Then there exist
an element ¢ ="' e T, =0'H, such that | +a e T, = ¢H.
Therefore (1 +a)8 ™~ =(1+6“"")8~ € H, and by Lemma
3, we have that (1+6"*")'97" =1, it is the same thing as

(1+6%) =g (7)
We calculate the left side of Eq. (7) as following:
(1+6%) =(1+6%)7 " =

(L+6")* (1+9""") =

(146 7) (149" =

L g o gukei g gl
where g2 (") g +i Z g7 e D kv _ pituk i) _ il Gi o)
=2" -1, then 2" (uk +i) =2"uk + (2" -1)i+i=(2"u
+i)k +1i. Let u, be the remainder of [ that divides 2"u +1,
that is, there exist 5 an integer ¢ such that 2"u +1 = ¢l +

u,, with 0<u, <!, then we have that

02'”(uk+i) - 0(2'"u+i)k+i — 0qlk+u‘k+i — 011,k+i c T-.
Now, the Eq. (7) becomes
6uk+i+0u‘k+i:1+0il+6jl (8)

Set ¢=1+6" +6", thenboth =" " and o, =" *"in T,
are the roots of the following equation in the finite field F,.

x2+§x+0”=0 (9)
Let i, j be given as above, we define the set I', ;= {y e T,
1 +yeT{. Notice that the Eq. (9) is only related to i and
J, all the element of I'; ; are the solutions of the Eq. (9).
Since the quadratic equation over any field has at most two
roots, we have that a; ; = II"; ;| <2 for this i and j. There-
fore, the assertion of Lemma 6 is true. U]

Now, we can prove the following result;

Theorem 3  Suppose that n =2m, and k=2" -1, [
=2" +1. Let 6 be a primitive element of the finite field
,, then we have that

(1) a;; =1 if and only if 1 +60" +6¢" =0.

(2) Forall the i, =0, 1,2, -+, k-1, such that £
=1+6"+6"#0, then

2, ifT,(6'7&) =1
e {o, it T, (0"/¢) =0

Proof Notice that the coefficients £ =1 + 6" + 6" and

¢" of the Eq. (9) belong to the subfield F,.. We will con-
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sider the general quadratic Eq. (9) of all 7, j=0, 1, 2,
e k-1,
If¢=1+6"+6" =0, then the quadratic Eq. (9) be-
comes
xz - Gil
which has only one solution. Therefore, a;,; = 1. In this

case, the corresponding element « € T belongs to the sub-

field F,-. On the other hand, if a,; =1, then there exists

ij

only one element @ e T; such that 1 +a e T}, since o is the
solution of the Eq. (9), then & must be zero, otherwise,
this quadratic equation would have two solutions in T, con-
trary to the condition that @, ; =1.

IfE= 146" +6"'#0, set np=6"/&. By dividing both
sides of Eq. (9), we get the following quadratic equation

2 +z+m=0 (10)
If the trace function T, () of the subfield F,. is zero, then
the quadratic Eq. (10) has two solutions in F,., in this
case, the corresponding k-th cyclotomic number a; ; must be
zero. Otherwise, the k-th cyclotomic class T, would contain
two solutions of the quadratic Eq. (9), which belong to the
subfield IF,., contrary to the Lemma 5.

If the trace function T, (n) of the subfield F,. is one,
we will prove that the corresponding £-th cyclotomic number
a;;=2. In this case, the quadratic equation of the form
Eq. (9) has no solution in the subfield F,., i.e. , it is irre-
ducible over F,., and it has two solutions in the large field
F,.. Let a be one of its solution, then, o must belong to
one of the k-th cyclotomic class, say T,. By the process of
the proof of Lemma 6, « is a solution of the following quad-
ratic equation;

(L0 +6)x+6" =0.
We know that, any two different irreducible polynomial over
any field can not contain a common solution, therefore §" =
¢", and r =i, that is, the quadratic Eq. (9) has two solu-
tions in the k-th cyclotomic class T;. Hence the correspond-
ing k-th cyclotomic number a; ; =2, which completes the
proof. ]

The following example illustrates the idea in the proof
of Theorem 3 :

Example 1 [t is easy to verify that f(x) =2° +x +1
is a primitive polynomial of degree n =6 over the finite field
[F,. Let 6 be a root of f(x), then each element of the finite
field Fy has a unique form ¢s6° + ¢, 6" +¢,6° +¢,6” +¢,0 +

¢, with each ¢, e F, = {0,1}, the binary 0 - 1 string

€5¢4¢50,¢, ¢, of length 6 can be used to represent the field
element of F,., yet we would like to use the corresponding
hexadecimal form for short. For example, the binary form of
the field element 6 +6° +6° +1 is 101101, and the corre-
sponding hexadecimal form is 2d.
Let k=7, =9, then the 7-th cyclotommic classes are
listed as follows
T, = |1 P - R R R N | =
0~ ’ ’ ’ ’ ’ ’ ’ ’ -
{01, 06, 14, 3b, 1c, 0b, 3a, la, 1f},
T, =10, 6, 0%, 67, 6%, 6°, 6", 6°, 67 =02, 0c,
28, 35, 38, 16, 37, 34, e},
T, =16, 0, 0%, 67, 6°, 67, 6, 6", 6% = |04,
18, 13, 29, 33, 2¢, 2d, 2b, 3f},
T =16, 0%, 07, 6. 6. 65, 6°. 67, 6°) = 08
3= ’ ’ ’ ’ ’ ’ ’ ’ - 3
30, 26, 11, 25, 1b, 19, 15, 34!,
T = %04 P R 060} =110
4 = ’ ’ ’ ’ ) ’ ’ ’ - ’
23, 0f, 22, 09, 36, 32, 2a, 391,
T. =16, 0%, 0°, ¢, 67, 6°, ¢, 6, 6" | =120
5= ’ ’ ’ ’ ’ ’ ’ ’ - )
05, le, 07, 12, 2f, 27, 17, 31},
T =165, 0%, 0. 6. 6. 0", 6%, 67, 6] = |03
6 ’ ’ ’ ’ ’ ’ ’ ’ - 3
Oa, 3¢, Oe, 24, 1d, 0d, 2e, 21}.
From this, we can calculate easily the 7-th cyclotomic ma-

trix of I, as follows

2002022
0220212
022122090
A,=(2 01 0 2 2 2
0222201
2122002
2202120

The subfield F,- = {0, 1, 6°, 6, 67, 6, 6°, 6"},
withl1eT,, 6 eT,, 6°eTl,, 6 T, 6°cT,, 6" e
T,, and 6™ € T;.
We calculate the trace function T, (x) of the subfield
IF,: for all x € F,: as following:
T (0) =0,
T, (1)=1+1+1=1,
T,(6)=0"+6" +6° =18 +0f+16 =1 =
T, (0™) =T, (6"),
T () =67 +6" +6° =0e+17+19=0=
T1<054) :T1(945)-
It is easy to check that 1 +¢* + 6" =1 +0f +0e =1,
so the cyclotomic number a, ; =1.

To compute the cyclotomic number a, 4, let £ =1+ 6"
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+6"=1+67 +6 =01 +0e+17 =18 =¢", then §"/& =
6" /6" =6, since T, (6"/&) =T,(6°) =1, we have as 6
=2 by Theorem 3.

To compute the cyclotomic number a, 5, let £ = 1 + ¢
+6=1+6°+6°=01+16+19 =0e =¢" =", then
0'/& =0"/6" =0, since T, (6"/&) =T,(6") =0, we
have a, 5 =0 by Theorem 3.

In fact, the proof of Lemma 6 provides another method
to calculate the cyclotomic number a; ; as following :

Now, we can show that the cyclotomic class T, can be
partitioned into subsets of the form {4, §“**'} | where
u, is the remainder of [ divides 2"u + i as above. Since
27wy +i=2"u+2"i+i=(2" - Du+ 2" +1)i+u=lhu
+li+u=u (mod ), u is the remainder of [ divides 2"u,
+1i. Furthermore, if 0<v <[ is an integer such that v#u,
and v#u, , let v, be the remainder of [ divides 2"v +1, we
have that v, Zu and v, #u,. In fact, if v; =u, then v is the
remainder of [ divides 2"y, +1, and also the remainder of [
divides 2"u + i, and hence v = u, a contradiction. Similar-
ly, v, #u,. So, the sets {6, §"""} and 6",
6" "'} are disjointed. If u= - k™" (mod [), then u=
2"u+i (mod 1), in this case, 6" =6“"*", and the set
{9, """} contains only one element.

For each subset {6, ¢“"*'}, from the relation
(8), we can obtain a unique j, and then the corresponding
cyclotomic number a; ; equals the cardinal number of the
subset |, 9",

Example2 Letn=6, k=7, [=9, we consider the
finite field F,. as in Example 1. We take i =3 as an example
to illustrate the idea used in the above statement:

Letu=0, thenu, =2"u+i=2" - 0+3=3 (mod9),
we have the subset {6°, 6" =6"*]. By Eq. (8), we
shall compute the unique value j with 0<j <k =7 satisfying
0 +0" =1+6"+60". Since  +6* =19, and 1 +6" =1
+67 =0f, so @ =19 +0f =16 = ¢°. Therefore we have
that j=4, and @, , =2. Infact, 1 +6" = 09 T, and 1 +
g =10eT,.

Letu=1, thenu, =2"u+i=2" +1+3=2 (mod9),
we get the subset {6, " |. By the similarly calculation, we
have that j =5, and thus a, 5 =2.

Letu=4, thenu, =2"u+i=2" -4 +3=8 (mod9),
we get the subset {g", 6 |. By the similarly calculation,
we have that j =6, and thus a; ¢ =2.

Letu=5, thenu, =2"u+i=2" -+ 5+3=7 (mod9),
we get the subset {6, ¢ |. By the similarly calculation,
we have that j =0, and thus a; , =2.

Letu=6, thenu, =2"u+i=2" +6+3=6 (mod9),
we get the subset {§% |, which contains only one element.
Since ' =1 +6" =1 +67 =0f=6", we have that j =2,

and thus a; , =1.

3 The value distribution of the (2"
—1)-th cyclotomic matrix

The result of Theorem 3 just provides a method to com-

pute each @, ., and can not give any global information of

i,j9
the whole k-th cyclotomic matrix A = (a;;),,,. In this sec-
tion, we study the value distribution of this cyclotomic ma-
trix. Let IF,. be any finite field, for each o € F,. with a #0,

we define a map ¢, (x) parameterized by a:

— % . ifa#l +a
o (x) ={l+a +x (11)

0, fx=1+a

The following Lemma 7 shows that the map ¢, (x) is a
one-to-one map from the finite field FF,. into itself for every
nonzero element o € - :

Lemma 7  For every nonzero a € F,., the map
W, (x) defined by Map (11) is a one-to-one map.

Proof It is necessary to show that this map is onto,
since the set I, is finite. For every y e IF,., il y =0, then
¥, (1 +a) =y by definition of the Map (11). If y#0, we

a .
can solve x foom ———— =y, 1. e «x =

1+a” +4°
Vitd vy U
Lemma 8 For every nonzero o € IF,-, we have that

o
l+a

nite field IF,..

Proof For every nonzero element o € F,., we consid-

Tr( ) =0, where Tr(«x) is the trace function of the fi-

er the following quadratic equation over the finite field F,.
X+ (l+a)v+a=0.
It is easy to check that @ and 1 are the solutions of this e-

a

) =0 by Corollary 2. Thus

quation, we have that Tr( 5
l+a

the assertion is hold. O
Theorem 4 Suppose n =2m is an even integer, let k
=2" -1, and [ =2" +1, then the k-th cyclotomic matrix A
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=(a; ;) 1 of finite field F,. processes the following proper-
ties:

(1) ay =0, if m is even, and a, , =2, if m is odd.

(2) In the first row, there are 2" ' elements taking
value 2, and the other 2" ' — 1 elements taking value 0.

(3) In each of the other rows, there are 2" " elements
taking value 2, only one element taking value 1, and all the
other 2"~ =2 elements taking value 0.

Proof (1) Ifi=0,;=0, then the corresponding ¢ =
1+6"+6" =1, and "/& =1, and hence T, (§"/&) =T,
(1) =m (mod 2). By the (2) of Theorem 11, we have
that a, , =2 if and only if m is odd.

For each i=0, 1,2, -, k-1, let a =6". By Lem-
ma 7, the map ¢, (x) is one-lo-one over the subfield F,..

For the special value x, = ¢ such that 1 + 6" + "' =0, the
corresponding value ¢, (x,) =0. Let 2 = F,.\ {0 =
(%), ,(0)|. By the part (2) of Theorem 3, the

whole elements of the i-th row of the matrix A that taking
values 0 or 2 are exactly the { T, (x) | x € Z ‘}. Since the

trace function T, (%) of the subfield F,. taking value O for
half elements of IF,. and value 1 for the other half elements
of Fyey and T, (0) =0, T, (¢,(0)) =0 by Lemma 8,
there are 2" ' elements of Z .' that taking 1 as the trace

function value of F,., thus there are 2" ' elements of the i-
th row of the matrix A that taking value 2.

If =0, then the element 1 belongs to the cyclotomic
class Ty, and 1 +1 =0 does not appear in any cyclotomic
classes, therefore in the first row of the matrix A, no ele-
ment can take value 1, therefore the part (2) of this theo-
rem is held.

If i#0, then there exists only value j such that 1 + 6"
+6" =0, and by part (1) of Theorem 3, the corresponding
a;; =1, and part (3) of this theorem is held. O

4 Application

In this section, we will use our results to construct a
class of de Bruijn sequences of stage n. Let p(x) be a prim-
itive polynomial of degree n =2m over IF,, with # being one
of its primitive roots. Let £ =2" -1 and [ =2" +1 as a-
bove. Now, we take a = 6", and f, (x) be the minimal pol-
ynomial of o over the finite field F,. Consider the set {a,

a-1

o,a, -, |, witha =a Then, we have that

fix) =(x-a) (x=a’) (x=a’ ) (x=a’ ),
and f, (x) is an irreducible polynomial of degree d over F,.
The following Lemma 9 shows that the degree d of f, (x) is
n;

Lemma9 lLetn=2m, k=2"-1,1=2"+1, and d
be as above, then d =n.

Proof We know that d is the minimal integer such
that & = a, l.e., 0" =¢". Since the multiplicative order
of @ in the finite field F,. is 2" — 1 =kl, we have that 2k=
k (mod kl), that is, 2=1 (mod ). Thus d is the multi-
plicative order of 2 mod /. By 2"=1 (mod /), we have that
dln.

On the contrary, if we suppose that d <n, then we will
get a contradiction. Let n =n,d, with n, >1. By 2’ =1
(mod 1), we can say that 2 =1 =1[s, with s=1. Then

kl=2"-1=2""-1=
(29 =1) (1 +27 42 4 427Dy =
Is(1+2% 427 4 4270y
Thus, we have that 2" =1 =k =s(1 +2% +2* + - +
207y =1 427527 1 >1=2" +1, a contradiction. []

Let f(x) =x"f, (1/x) be the reciprocal polynomial of
£ (x), then f(x) is the minimal polynomial of & ™". Since
both the multiplicative order of a ™' and « are equal, the
period of f(x), i.e. , the smallest integer / such that f(x)’
=1 (mod f(x)),isl=(2"-1)/k=2" +1.

If we take f(x) as the feedback polynomial of a linear
feedback shift register ( LFSR), then stage graph G(f) of
the resulting LFSR consists of k£ +1 cycles, one of which is
the 1-cycle generated by the zero state ( called zero cycle) ,
and the other £ cycles have the same length /.
wyw,) andy=(y,, 5y, o,

y,) € IF; are called conjugate states if y, =%, +1, and y, =

Two state x = (%, , *,,

x; fori=2,3, ---, n. If a pair of conjugate states lies on
two distinct cycles then these two cycles can be joined into
one cycle by adding a suitable monomial to the feedback
polynomial F(x,, x,, -+, x,). The cycle-joint method of
constructing de Bruijn sequences is to find enough pairs of
conjugate states such that one can joins all the cycles into a
full cycle.

IFf(x) =1 +ex+e,0° ++- +¢,_ 2"~ +x" is an ir-
reducible polynomial of degree n in [F,[ x| with period [ =

2" +1, then the matrix
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0 0 0 0 1 eycle Z; = {s,g;(T)>. Two state vectors x =s,g(T) and y
1 0 0 ¢, _, =s,h(T) are conjugate if and only if g(a) +h(a) =1.
T=10 1 0 0 ¢, The zero cycle <0) and the cycle <1) can be joined
oo : : into one cycle by the conjugate states 0 = (0, 0, ---, 0)
0O 0 0 - 1 ¢ and 1 =(1,0, -+, 0). From now on, we just consider the

is called the shift register matrix of f(x). In a LFSR with f
(x) as a feedback function, if s, = (a,, a,,,, ***, a;,,_,)

is a state, then the next state is s,,, =s,T. It is well known

i+1
that, for any non-zero state s € F , the cycle generated by s
is periodic, with period /, and the cycle Z generated by s
can be represented as follows
Z={sy=1ls,sT, sT", -, sT""}.
The characteristic polynomial of T is
det(xl = T) =x"f(1/x) =f" (x) =f, (x),

which is the reciprocal polynomial of f(x). By Cayley-Ham-
ilton Theorem, we have that f, (T) =0.

Then there is an field isomorphism ¢ form the finite
field F,. =F,[ o] to the set F,[ T] = {aol, +a,T+a,T" +

«++a, ,T" "la, eF,}, by sending a to T. All nonzero

n-1
matrices of F,[ T] form a multiplicative cyclic group of or-
der 2" -1, and the subgroup H, = {I, T, T*, -+, T"" '} is
of order [. There exist & — 1 matrices g,(T) e F,[ T] (i=
1,2, -+, k—1) such that all the other left cosets of H, are
of the following form .
H =g (T)H, = 1g(T), g,(T)T,
(DT e, g (DT,

Lets, = (1, 0, =+, 0) be a fixed vector. Then the
map ¢ from IF,[ T'] to the vector space I, by sending g( T)
of F, [ T] to s,g(T), is a one-to-one map. This map also
sends each coset H, into the corresponding state cycle Z, =
(spg;(T) . If two state vectors x = s,g(T) and y =s,h(T)
are conjugate, then, by x +y =s,, we have that g(T) +
h(T) =1,. Through the isomorphism ¢, we can get a one-
to-one map ¢ from the finite field F,. =F,[ a] to the vector
space 5, by sending g(a) to s,g(T). In the multiplica-
tive cyclic group F,[ @]\ {0}, there is a unique cyclic sub-

group Wy = {1, a, &, =+, ' "} of order . There exist k

-1 element g,(a) e F,[a]\ {0} (i=1,2, -, k-1)
such that all the other left cosets of W, are of the following
form
Wi=g(a)Wy=ig,(a), g.(a)a,
gi(a>a27 T gi(a>alil f.

The map ¢ sends each coset W, into the corresponding state

set all the k cycles of length [, which is denoted by G(f).
The adjacent matrix B = (b, ;) of the LFSR genera-
ted by f(x) is defined as following:
b; ; = the pairs of conjugate states that lie in Z; and Z,
respectively.
The adjacent matrix can be used to calculate the number of
de Bruijn sequences that the cycle-join method can gener-
ate. Next, we will show that by suitable chosen g;(a) , the
cosets W, of F,[ a] equals the cyclotomic T respectively.
Since F,[ 0] =F,[a], where a =¢", we have that

Wy =1{1,a,a®,,a "}

1,65, 0%, -, 074 =1,
foreachi=1,2, -, k-1, setg,(a) =6, then, we have
that
W.=16,0a,6d, -
2,0, -1} =T,

i

, 0o = {0"k+i|u=0,l,

Thus, by suitable labeling the state cycles, the adjacent ma-
trix is exactly the k-th cyclotomic matrix. From the adjacent
matrix A, = (a, ;) ., we let M =(m;;),,, as following:
-a,;, ifi#j
m"’f'z{zai,[, ifi=j (12)
t#i
The BEST theorem shows that the number of de Bruijn se-
quences generated by cycle-join method is equal to the mi-
nor of any element of M. The following theorem shows that
the cycle-join method does work for our case, that is, for n
=2m, k=2" -1.

Theorem 5  Suppose that n, k, [, and f(x) as a-
bove, then we can find enough pairs of conjugate states that
can join all the cycles of the G(f) into a full cycle.

Proof Since the zero cycle (0) can be joined with Z,
= (s, as above. We just consider how to join all the £ cy-
cles Zy, Z,, =+, Z,_,.

Firstly, consider the cycle Z,. Let 2 = ARTE

=2,0 <1 <k}, we have that | le =2""or2" ! -

1 according to m being even or being odd. Thus, there are

either 2" " cycles or 2" ' =1 cycles, which share two pairs

of conjugate states. Let z , = {Tlay;, =0,1<i<kif,
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then cycles in z , can not be joined with Ty, i.e. , there
are at most 2" "' =1 cycles, that can not be joined with T,.

For each Z; e z ) that is, Z; can not be joined with
Z, directly. We shall show that there exists at least one Z,
€ 2 1 such that a; ; =2. For otherwise, there are at least
2" " cycles such a;; =0 in the j-th row of the k-th cycotom-
ic matrix. However, there are exactly 2" ™' =2 cycles such
that a; ; =0 by (3) of Theorem 4, a contridication. That is,
the cycle Z; can be joined with the cycle Z;, and Z; can be
joined with the cycle Z,,, thus all the cycles can be joined
with the cycle Z,. ]

Example 3 lLetn=6, k=7, [ =9 as before. It is
easy to check that the polynomial f(x) =x° +2° +1 is irre-
ducible with period [ =9. By suitable labeling, the adjacent
matrix of the state graph is equal the 7-th cyclotomic matrix

A=(a,;);,; as in Example 1.

In this case, z = | Zy, Zs, Z} , that is, the cy-
cles Z,, Z and Z can be joined with Z;, and 2 , =

{Z,, Z,, Z,} , none of which can not be joined with Z,.
For the state cycle Z, , consider the 1-th column of the

matrix A, since there are only two elements a; , taking value

0,i.e., ay, =0and a; ; =0. Thus there must exist state

cycle Z; such that @; ; =2, in fact a5 ; =2, and Z, can be
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