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Abstract; In this paper, we study some properties of the quaternionic-valued wavelet transform in one dimen-

sion. The wavelet transform gives an isometric operator from the Hardy space ( conjugate Hardy space) to L’

dadb dadb

(U,H, g ). In addition, we obtain an orthogonal decomposition of L* (U, H, E ) by using the properties

for special functions.
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Grossman, et al.''' introduced the wavelet sition of function space in more than one dimen-
transform in the one-dimensional case, where the sion"® 7.
group G is the affine group of “ax +b”. It consists of The research for the theory of quaternions and
{(a,b):a>0,beR} with the group law (a,b) (a,, quaternionic-valued functions has received considera-

b,) = (aa,,ab, +b). We know that it is a locally ble attention. A lot of authors studied some properties

compact nonunimodular group with left Haar measure of quaternions and the theory of quaternionic-valued

dadb function space. He, et al. °~®' established the con-
du,(a,b) =——. Along with this, Jiang, et al. 2
a

tinuous wavelet transform theory of L* (R, H) under

studied admissible wavelets and the decomposition of the affine group. Cheng, et al.'”’ obtained the
function space associated with the SL(2,R). They Plancherel theorem of the quaternion Fourier trans-
also researched admissible wavelets and the decompo- form of square integrable space. Akila, et al. *' in-
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troduced a new convolution of quaternionic-valued
functions and presented a natural modification of the
definition of wavelet transform on the space of square
integrable quaternionic-valued functions on R. They
gol some nice properties of the wavelet transform.
This paper, uses this new definition of wavelet trans-
form to discuss some properties of quaternionic-val-
ued wavelet transform in one dimension, such as lin-
earity, scaling, translation and reconstruction formu-

la. At last, we describe an orthogonal decomposition

of L ( U,H,da?b) by using the properties for special
a

functions.

1 Preliminaries

In this section, we first recall fundamental facts
of quaternions which can be found in Refs. [9 —10].
Let

H={a+bi+c¢+dka,b,c,deR},

where ij= —ji=k, jk= —kj=i, ki= —ik =] and i’
= =k = —1. For any g € H, it can be written as ¢
=a+ib+jc+kd=(a+ib) +j(c—id) =u + v,
then its conjugation is
¢“=a-ib—je—kd=(a—-ib) —j(c—id) =u —jv.
Obviously, Igl1> =1lul® + Ivl* and (pq)¢ =¢“p" for
Yq,,9.€eH,

41,920 w =195 = (uy +jv,) (uy —jv,) =

(uyuy +v,0,) +j(v0y —uyv, ).

Clearly, <

«, = >y can be regarded as the inner

product on H”'. Quaternionic-valued function spaces
L’(R,H) are defined by
(RH) = | f(x) =f,(x) +if(x) |
fi(x) fo(x) e (R, O)
where f satisfies

Pz s= (] (1AG 17+

| £,(x) 12)dx)™ <+ .
Let f(x) =/ (x) +1f,(x),g(x) =g (x) +
jg,(x) e L’(R,H). The inner product < * , * ) 2z

is defined by {f,g>ppky := f<f,g>de =
R

[ G (e fdx = [ i) &1 () +£(0)e () +

J(fai(x) g (x) = fi(x)g,(x)) Jdw.

The quaternionic-valued function space L” (R,
H) and L™ (R, H) is the set of f(x) =f, (x) +
1, (x) , where f satisfies

IS 2= (jR | f(x) 1"dx)7 <+ oo,

1A e i = esssup, x| f(x) | <+ oo,

For any F(x) =f,(x) +jf,(x) e ’(R,H) , we
define the Fourier transform by

F(£):=f,(£) +i(§), éR,

where f, (&) := fRﬁi(x)e*Wfdx, k=12
The notions / and f are used to denote the functions
F=fi(x0) =if:(x), f(x) =f(x) +if(x), VxeR,
where f, (x) is the complex conjugate of f, (x),
fo(x) =f,( —x), k=1,2, and

1 x
J(x)=—/f(—), YxeR,a>0.
/. /Ef ” >

Now let us introduce natural convolution of quater-
nionic-valued functions. For any f,ge L’ (R ,H),
(f@g) (x):=(f; x &) (2) = (fr % &) (%) +
JCU % g) (x) +f,%.g) (%))
We know that it satisfies (f ®g) (&) =fgr from Ref.
[8]. By the above definition of quaternion convolu-
tion, we can naturally define the wavelet transform on
L’(R,H).
Given an admissible wavelet ¢, the admissible

wavelet transform is defined by

Wi 12 (R, H) L U,H,df% ,

S Wf1(a,b) =€ (f@p,) (b)
where U=1{(a,b) :a >0,b e R}

dadb
Lz(U’H’ Z2 ) = %f(a’b>: ||f|| LZ(U’H’%> =
Y
(f Mdadb) <+ oo .
U a

[W,f1(a,b) =C;*(f®p,) (b) =
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CTL (@] (B) +(fox [@a],) () =
I ARIORIFANIONE
(7, £ 1Ca,b) + [T, fi](a,b) +

S =[T, A1 Ca,b) +[T, f,](a,b) .

T, f is the continuous wavelet transform of a square

integrable complex valued function f on R, this defi-

nition comes from Ref. [8].

If fe ’(R,H) , we use the fact that? =;, then
f :]1 _jfz :]?1 _lfz :<J?>C-

2 Some properties of quaternionic-

valued wavelet transform

In Ref. [8],
dentity for quaternionic-valued wavelet transform. If
f.gel’(RH),

(W, W) v, = Colfo8) =

[ [For étae) |2<g<f>>cﬂ‘§ -
c da df

a,

da d§

Akila, et al. obtained Parseval’ i-

[ [ Fe1gta) 1* o)

[ ] 7@ éta) 1P

which implies that W, is an isometry from the Hardy

space (or conjugate Hardy space) to a subspace of

1*(U,H, d“;”’)

C¢_f()
(1)

If wavelet function ¢ satisfies Eq. (1), we say ¢ is

if and only if

2di A 24&
HOI 6o 1P < =

an admissible wavelet.
Let f,gel’(R,H), ¢, e
L*(R,H) are admissible wavelets. Then, we have

(1) (Linearity)

(W, (uwf +vg)](a,b) =pn
y[W,gl(a,b),

Wiyl Casb) =W, f1Ca,b)u” +[ W, f]
(a,b)y", Yu,yeH.

(2) (Translation)

Theorem 1

(W, f1(a,b) +

(W, fC =x0) J(a,b) =[W,f](a,b-x,),
[W(rxo‘pf](a,b) =[W¢f](a,b+ax0), where

o,0(x) =p(x—x).

(3) (Scaling)
(W, /e =) 1 (asb) =L LW, 1 (ac,bo),

[ Wy f1(a,b) =%[W fl(ac,b), where D°p

(x) :%(p(%),c >0.
(4) (Parity)
[W1(a,b) =[W, f](a

).
Proof We only give the proof of (3),

, —b), where f(x)

and oth-

er proofs are analogous.

[T, fi(c)](a,b) =
f:f,(cx)a_% g;(%)dx =

[ h )T et g (it

c_é*[T‘plfl](ac,bc) ,
[Wf(e )] (a.b) = 2 {[T, /] (ac,be) +
[Tzfz](ac,bc) —j{ﬁ](ac,bc) +

ST ] Caebe) | = LW f) Cae be)
I:TD“(p}ﬂ:I(a b) =
f filx)ea = l(xa_cb)dx =

J filx)e” 2(ac) & (xa_cb) =

¢CELT,f ) Caeb)
I:Wnrgﬂ(a,b) =|:an¢l J(a,b) + [anpzfz:l(a,b) +

[TDC(pJ‘lJ(a’b) + I:TD"(pl 2]((1,1))} =
1
[ W.fl(ac,b).
CZ
Lemma 1" Let {a;} be a sequence of posi-

Then

tive reals, 0<<g<1.

N N

6 1-6 /]
2a S NT( Y a)"
j=1 j=1

Theorem 2 Let fe L’(R,H) , ¢ is an admis-
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sible wavelet. Then W _f(x) e L"(U,H, da;lb) 2<

P< + .

Proof For P =2, we have || W f | 2y y dot

2)
1
=C¢2> /1] I2(R,H)"
For P =

’

(@) =1/ %[ 1)(b) + (o # [¢,],) (b) -
i Lol ) (8) = (= Lo ] (B) <
[A e lla+ A1 eIl +
[A e+ A1 e lls=
CHAT2+ 1ATDCle o+ e ll2) <
2070 2wy @ 1l 2crm (by Lemma 1).
So (| Wef I = v ety S2 WM 2y 11 11 2 -
By Riesz-Thorin interpolation theorem, we ob-
tain that W, is of type (2,P) ,2<P< + .

In the following content, we define

C&P:leé(f)lzg:

& ={pel’(R,H): :
(GRS

| &1
Theorem 3 For ¢ € @, let v, be the operator
from L* (U ,H dadb) to L’(R,H) defined by

@ P () = [ (Fla, ) e, (0)

Then 7, is bounded, and 7 W, is the identity on
L’(R,H).
Proof For Fel’ (U H, d“;“’) £cR, adi-
rect computation gives
| (‘L'wF)(x) |12 =
= d
[ (Fla, ) ge) () %) =
0 a
* 8 A da
[ @400 %) <
* 2d 2d
[lra @S oo | -
0 0
| D@ [

which implies
| (¢, F) (%) | 2romy =
I (2 o) (E) || pry <

(J: J: | (Fla, -) (&) 'z%g)% <

(1 Ry 129yt -

I F 1l 2o.m, dadby .

So we have
Iz, <I.

Now for L*(R,H) , we can get

(c W (&) = f:(F(a, ) ®0.) (8) % _
[[(Fta, ) (©r6.0) % =
[[Hoz. 6.0 % =
[T7e) () 6,00 %2 -

[[Fo 1.0 17% = o),

Thus 7 W, is the identity on L’(R,H).
Forped, A, = W¢L2(R,H) is a subspace of

dadb)

(U H , which is isometric to L’ (R, H).

Now we define the orthogonal projection P, from

Lz( U,H da(jb) onto A/, then we have the following
a

theorem.
Theorem 4  For ¢, A, P, defined as above,
dadb)

we have for FeLZ(U H

= - da
PF(ab) = [ (Fla, *) ®e,) @6,(h) "

a,
Proof Let
> - da
Q.F(ab) = [ (Flay,*) ®e,) @g.(h) ",
1

for =W, _fe A, we can prove that @, is equal to
P,.
@

(Q.F) (a.8) =
= da
[ ((Flar. o) ge,) @) (&)~ =

rmwwaxf)éu(f) 71 -

jF(al,mal(g)(%@)) =

a;
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EIN < N “ ,da,l
[ F(©), (66, (6) (6,(6))° 5 =

= . = . . da,
[ F&) (6, ()56, (6 (6,(6))° 5 =
F&) ($,(6)F = (F(a, +) (&)
Clearly, Q F=F=P_F.
On the other hand, for F 1 A’

’R)

2
a,

and any g e

L’(R,H). Applying Fubini’s theorem, then we have

QF,W,g> = f: f: f:ﬁ(al,g)g;al(g) .
<¢va<§>>“i‘?(é(f)(émg))“wdg? _
][ i oabétas) (aboca)”
?(é@(a%éwfncwdg? _

[ [ atotae) (Foca)”
W6 (ap) a0 g =
f: f: f:ﬁ(“hf)al%cﬁ(alf) | p(a&) 1” -

d N da
W) At = F W) i, = 0.
1

a

This shows
QF LA,
Noticing that Q,F(a,b) = (w ®@,) (b) , where

© da,
w(x) = jo (Fay, ) @p,,) (x) 5" =1,F(x),

we know that Q_F e A, therefore we have
0,F=0=P,F.
So Q, =P,, we complete the proof.
Theorem 5 For ¢, We @ and ($(&)) (&)

is real function, A, is orthogonal to A, if and only if

[RCCIKCI T I
Proof Forf,geL’(R,H), we have

WS Woe> = Sepeai) = [ [ (ap) -
(©) (g &) (6) 4% =

f: f:f(f)a%(@(dg))ca%dj(ag) .

(e(8)) e %% =
[ i) e [ (plag)) itae) S =
17 e e [ oenrine) F +

[ e @) i
[ entie) 1%
(W, f,W,g> =0 for any f,ge L’(R,H) , if and
only if
[ GOV HOy [ OYHD _o

3 Orthogonal decomposition of

dadb
LZ[U,H, . j

’

Now we need to find an orthonormal basis for
L’'(0,0). For Z* ={0,1,2--} ,v> -1,m,ne
A
f e"“x”Lf””)Lfl”) dy = I'(v + 1)(U * m)(‘)‘m,l,

0 m
here L'" (x) = i vem (;Ware the Laguerre
v " - z:o(m—l) Il &1

polynomials' ">,

Let AW denote the space consisting
of the admissible wavelets whose Fourier transforms
are supported in [0, + 0 ) and let AW™ = {p: @~ €
AW!.

Let ¢,, be functions on R, whose Fourier trans-
forms are given by

¢, (§) =

2 (v + 1)‘%(” * m) Rt (28), €20

m

0, ¢ <0.

Then {ff% @, ()}, .,+ are orthonormal bases of
L’'(0,0). And ¢ (&) =¢, ( —¢&). At the same

time, we have

1) = [(U86..) @, () %,

hx) = [ (hoer) @) (0 %5,
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1 x
where ¢, (%) :ﬁm(;).
We define
H*(R,H) = {feLl’(R,H):supp/C [0, |,
H (R,H) = |fel*(R,H): suppfC[ - ,0)}.
Obviously,
L’(R,H) =H'(R,H® H (R,H).
We have
AW =spanig, | =,
AW™ =spani{g@, |,
We define the
dadb)

subspaces A,

and A;m of

(UH by

= |f@¢g,.(x):feH (R,H) !,

= @, (0)ifeH (RH)|.
Any real wavelet function f satisfies Eq. (1), we

have
f(f) = Zrlném(f)'
Next, let us take the wavelet function ¢, as defined

above and perform the orthogonal decomposition of

dadb)

(UH

Theorem 6 let ¢, and A, =W, H" (R,H)
(A, =W, H (R,H)) defined as above. Then we

have the orthogonal decomposition of 2 (U p,dadb )
as
LZ(U i d“db) =@, (A, DA ).
Proof For each F(a,b) e LZ(U H dadb),
we have
f f 0y 17 dadh _

. f

We need only consider the following functions: For
feH (R,H),
F(a,§) =f(&)g(a,f) (2)

where g(a,&) is real-valued, satisfying

[1etae 1% <va (3)

Fla,e) 1?99

f(&) is quaternionic-valued , satisfying

[T 1) 12 + .

Note that
(1@ 1% = [ 1iae17 5 -
[ WOV e (4)
0 3
Where the first equation is obtained by
((a,6) =ELE) (5)
the second is by
i,(a€) =1(a,f) (6)

Thus by Eq. (4), we know that ¢, (x) is an admissi-

ble wavelet, so

21(6) =

where r, e R. Hence

t(a,§) = Y r,¢,(aé).
By Egs. (5) and (2), we get
g(a.§) = Y a*r,g,(a),

Y fearrg,(af).

z "lr"léln (5) b

Fa,§) =
So
F(a,é) = ZmrmWw"f(a,b) (7)

We have a similar proof when fe H™. In this case,

we will write the result directly,

Fo(a8) = 3 W flab)  (8)
From Formulas (7) ~ (8) and Theorem 5, we get

dadb w -
) - @m:() <A4pm ®A¢m ) .

Now we give another way to prove that this orthogonal

LZ(U H,
decomposition is completely decomposed.
2 I Pw,F | izwn dadhy =

o ’ 2. da

sz | (P, F) (a,) 17d¢=5 =
m 0 —% m a

o - . .

; J‘0 J—oo ‘f() F<al’§)a1 ¢n1(a|§) X
LA da
a’(p(af) )C 71

2
a2 =
a

2d§ _

F(ala )al QDm(alf)alzdal
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2
dé +

S| e o b Cnar
f: )Y <f: | Flay,&)a;" | da, -

)

zdg _

[ Fa)a¢,(ag)ada,

f)_w f: F (a,,&)a;’ ‘2da]d§ =
L)
I ],

ﬁ(a,f) ‘ 2a_2dad§ +

A 2
F(a,8) | a7 dadg = || F | 2,0

T2 )"

I.
I
I 1,

- -5 |2 Thus we have given a full decomposition of
gonl(alg)a’l da’l)dg + & p
2 dadb .
2| Al 2 L ( U,H,—; ) by continuous wavelet transform

> [F (ag)a [ da, - a
. dadb

1 2 e _
Q;;L(alf)al_7 zdal)df = L (U’H’ a? ) _®fﬂ=0P¢mF(R’H) -

@On-o(A, DA, ).

FA'(al E)a;! ‘ 2daldf +
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