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Abstract; The g-extra diagnosability of G is a new fault diagnosis method for interconnection networks, which

limits every good component to at least (g +1) fault free nodes. As a desirable topology structure of intercon-

nection networks, the n-dimensional bubble-sort star graph BS, has some important properties. In this paper,

we prove that the 3-extra diagnosability of BS, is 82 —20 under the PMC model for n=5 and under the MM~

model for n=12.
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Interconnection networks ( networks for short)
can be regarded as network topologies. A network is
represented by a graph where vertices represent pro-
cessors and edges represent communication links be-
tween two processors. We can exchange graphs and
networks. For the system, it is of great significance
to study the topological properties of its network. Be-
cause the processors may fail and cause faults in the
system, node fault identification is very important for
such systems. To deal with faults, we first identify

the fault processors from the fault-free processors.

The process of identifying faults is called system diag-

nosis.

If all faulty processors can be identified without
replacement and the number of faulty processors does
not exceed ¢, then this system is ¢-diagnosable. The
diagnosability ¢ ( G) is the maximum number of ¢
where G is i-diagnosable'' **). Dahbura, et al.'*
proposed an algorithm with time complex O(n*’) a-
bout a t-diagnosable system. Some diagnosis models
for identifying fault processors are introduced. The
main method is the PMC diagnosis model . The di-

agnosis of the system is that two connected processors

test each other. Maeng, et al. "* (MM model) pro-
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pose another diagnosis model. In the MM model, a
node sends the same task to its 2 neighbors, and then
compares their responses. Sengupta, et al. ¥ put for-
ward a special example of the MM model, called the
MM ™ model, where each node must test any pair of
its neighbors. Numerous studies have been investiga-
ted under the PMC model, MM model or MM * model
(see [3-4,7-11]). In2005, Lai, et al. *' intro-
duced conditional diagnosability of systems, which is
also called restricted diagnosability. They assume
that all neighbors of any vertex in the system are not
included in the fault set. The restricted diagnosability
of the system has received much attention'? ™'/, In
2012, Peng, et al. '™ proposed a g-good neighbor
diagnosability (also known as g-good neighbor condi-
tional diagnosability ). This method of system fault
diagnosis requires each good node to have at least g
good neighbors. In the PMC model, Peng, et al. '’
studied the g-good-neighbor diagnosability of an n-di-
mensional hypercube. In the MM * model, Wang, et
al. """ studied the diagnosability of g-good neighbors
of the n-dimensional hypercube. The g-good-neighbor
diagnosability of the system has received much atten-
tion, too [11,16,18 —21]. In 2016, Zhang, et
al. ' proposed g-extra diagnosability. It is a new
method of system fault-diagnosis, which limits each
fault-free component to have at least (g + 1) fault-
free nodes. Zhang, et al. "' studied the g-extra di-
agnosability of the n-dimensional hypercube with the
PMC model and the MM * model. In 2016, Wang, et
al. '®' studied the 2-extra diagnosability of the bub-
ble-sort star graph BS, in PMC model and the MM~
model.

The bubble-sort star graph is studied after stud-
ying the star graph and the bubble-sort graph. The
star graph and the bubble-sort graph have been
proved to be an important viable candidate for inter-

241 A feature of

connecting a multiprocessor system
the star graph includes a low degree of node, small

diameter, symmetry, and high degree of fault-toler-

ance. For details, see [ 7,25 =37 ]. In Refs. [ 38 -
39], the diagnosability of a star graph under the
PMC model and the MM model is studied. Lin, et
al. ° showed that the conditional diagnosability of
the star graph S, under the comparison diagnosis
model is 3n —7. Guo, et al. "*! showed that the con-
ditional diagnosability of the bubble-sort star graph
BS, under the MM model is 6n — 15 for n=6 and un-
der the PMC model is 8n — 21 for n=5. Using the
PMC model and the MM * model, Wang, et al. '
studied the 2-extra diagnosability of BS,. Guo, et
al. "' studied the extra connectivity of BS, .

As a favorable topology structure of interconnec-
tion networks, the n-dimensional bubble-sort star
graph BS, has many good properties. In this paper,
we prove that the 3-extra diagnosability of BS, is 8n
—20 under the PMC model with n=5 and under the
MM* model with n=12.

1 Preliminaries

In this section, there are some definitions and
notations needed for our discussion; the n-dimension-
al bubble-sort star graph BS,, the PMC model and
the MM * model are introduced.

1.1 Notations

A graph G is k-regular if d,(v) = k for each v
in V(G). The connectivity k(G) =min{ IS|: G -S
is disconnected | . The g-good-neighbor set F = { FC
ViIN(v) N(V\F) | =g for every vertex v e V\F|.
For the g-good-neighbor set F, if G — F is discon-
nected, then F is a g-good-neighbor cut of G. The g-
good-neighbor connectivity of G is k'’ (G) =min{ |FI;
F is a g-good-neighbor cut of G|. For FCV, if every
component of G — F has at least (g + 1) vertices,
then F is called a g-extra set, in addition, if G — F is
disconnected, then F is a g-extra cut of G. If a con-
nected graph G has a g-extra cut, then G is g-extra

connected. The g-extra connectivity of G is k' (G)

(@ Sengupta A, Dahbura A T. On self-diagnosable multiprocessor systems: Diagnosis by the comparison approach[ J]. IEEE

Transactions on Computers, 1992, 41(11) . 1386-1396.
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=min{ | F|.F is a g-extra cut|. Some symbols are
define in Table 1. Other definitions and symbols are

given in Ref. [42].

Table I Some symbols in the graph'*’
Symbol Meaning
GLV'] the subgraph induced by V'
dg(v) the number of edges incident with v
8(G) the minimum degrees of vertices of G
N;(v) the set of vertices adjacent to v
N (S) U,.sNe(v)\S
k(G) connectivity
¥ (G) g-good-neighbor connectivity
¥ (G) g-extra connectivity

1.2 The PMC model and the MM * model

In the PMC model”’ | to diagnose a system G,
two adjacent nodes in G have the ability to test each
other. For uv e E(G), the test performed by u on v
is represented by the ordered pair (u, v). The result
of testing (u, v) is 1 (resp. 0) if u testing v is fault-
y (resp. fault-free). We usually assume that the test
results are reliable (resp. unreliable) if u is fault-
free (resp. faulty). The test allocation T of system G
is the test set of each adjacent vertex pair. It is ex-
pressed as directed test graph (V(G), L), where
(u, v) € L means that uw e E(G). Syndrome is the
set of test results for all tests 7. A fault set is made
up of all fault processors. Given a syndrome o, if o
satisfies u € V\F and o (u, v) = 1 for any (u, v)
elLiff veF, then F CV (G) is consistent with ¢.
This means that ' may be faulty processors. Because
the test results generated by the faulty processor are
not reliable. A set F of faulty vertices may produce
many different syndromes. However, different fault
sets may cause the same syndrome. Let o ( F') be the
set of all syndromes consistent with it. Let ¥, ,F, e V
(G), F/#F,. f o(F,) No(F,) =, then they
are distinguishable and we say (F,, F,) is a distin-
guishable pair, otherwise, they are indistinguishable
and (F,, F,) is an indistinguishable pair.

In the MM model'® | the same test task is sent
from one processor to a pair of processors and their

responses are compared to perform the diagnosis.

There are three assumptions: (a) all faults are invar-
iable; (b) the faulty processor produces incorrect
output; (c¢) the comparison performed by the fault
processor is not reliable. The comparison of the sys-
tem G = (V,E) is transformed into a multigraph,
which is represented by M(V(G) , L) where L is the
marked edge set. (u,v), € L denotes a comparison in
which w compares u and v, which means that uw, vw
€ E(G). The syndrome o~ represents the set of all
comparison results in M(V(G),L). If the results
.) =1. Oth-
In the MM " model, if

uw, vwe E(G), then (u, v), € L. Consistent and

(u, v), are different, then o ((u, v)

erwise, " ((u, v),) =0.

indistinguishable are similar to those in PMC.

Let F, and F, be a distinct pair of g-good-neigh-
bor subsets with | F, | <¢ and |F,| <¢in V. If F,
and F, are distinguishable for each distinct pair ( F,,
F,), then the system G = (V,E) is g-good-neighbor
t-diagnosable. The g-good-neighbor diagnosability
t,(G) = max {t:
able! .

Proposition 1"
(6)=<t,(6) if g <g'.

In a system G=(V,E), aset FCV is called a

conditional set if it does not contain all the neighbor

G is g-good-neighbor t-diagnos-

For any given system G, ¢,

vertices of any vertex in G. A system G is conditional
t-diagnosable if every two distinct conditional subsets
F,, F,eVwih |F | <t, |F,|<t, are distinguish-
able. The conditional diagnosability ¢,( G) = max{t;
G is conditional ¢-diagnosable}. By [8], 1, (G) =
t(G).

Theorem 1" For a system G = (V, E),
t(G) =t,(G) <t,(6G) <t,(G).

In Ref. [18], Wang, et al. proved ¢, (B,) =2n
-3 in the PMC model for n =4. In Ref. [43 ],
Zhou, et al. proved t,(B,) =4n — 11 for n=4 in the
PMC model. Therefore, ¢, (G) <¢,(G) when n=5
and ¢, (G) =t,(G) whenn=4. InG=(V,E), Fin
V is the g-extra set if every component of G — F has
more than g nodes. G is g-exira ¢-diagnosable iff for
each pair g-extra vertex subsets F,, F, CV(G) and
F, #F, such that | F,| <t, F, and F, are distinguish-
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able. The g-extra diagnosability of G, denoted by Zg
(G), is the maximum number of ¢ such that G is g-
extra t-diagnosable.
Proposition 2"
(G) $;fg,(G) if g<g’.
Theorem 2'*'  For a system G = (V,E), ¢
(G) =1,(G) s?:g((;) <t,(G).
Theorem 3'*'  For a system G = (V,E), 1,
(6) =4,(G).
1.3 The bubble-sort star graph
1 2 - n
Pi P> Py
1 2 - n
P P> 7 Pa
Every permutation can be denoted by a
1 2 3
3 1 2)

For any given system G, ¢,

In the permutation ( ), 1—p;.

For convenience, (

) denoted by p,

p2“' pn'

product of cycles'*’.

For example, (

2 .
2 e
product ¢ tof two permutations is the composition of
function tfollowed by ¢, that is, (12) (13) =
(132). There are no symbols defined here in [45].

Let [n] =1{1,2,---,n}, and let S, be the sym-

1
(132). Specially, (1 ): (1). The

3412

4132

BSs BS,

metric group on [n] containing all permutations p =
piparp,of [n]. {(1i): 2<i<n} is a generating
set for S,. Thus, {(1,i):2<in} U{(i,i+1);:
2<i<n -1} is a generating set for S,. The n-di-

S, %0 s the

mensional bubble-sort star graph B
eraph with vertex set V(BS,) =S, in which two verti-
cesweE(BS,) iff u=v(1,1),2<i<n, oru=v
(i,i+1),2<i<n-1. Clearly, BS,isa (2n-3)-
regular graph with n! vertices. The graphs BS, for n
=2,3,4 are depicted in Fig. 1.

Note that BS, is a special Cayley graph. BS, has
the following useful properties.

Proposition 3  For any integer n=1, BS, is
(2n -3)-regular, vertex transitive.

Proposition 4  For any integer n =2, BS, is
bipartite.

Theorem 4'*/

in the symmetric group is uniquely (up to the order

Every nonidentity permutation

of the factors) a product of disjoint cycles, each of
which has length at least 2.

Let BS, be the bubble-sort
star graph. If uw e E(BS, ), then IN(u) NN(v) | =
0. fuvgE(BS,), then IN(u) NN(v) | <3.

Proposition 5

4321 4231

1432 1423

Fig.1 The bubble-sort star graphs BS,, BS; and BS,

Lemma 1© Let A = {(1),(14), (15),
(34)}. If n=5, F, =N(A), F, =AUN(A), then
[F, 1 =8n-23, |F,| =8n —-19, F, is a 3 — extra
cut of BS

no

and BS, — F, has two components BS, —

F, and BS,[A].
Theorem 5% For n=5 , the 3-extra connectiv-

ity of the bubble-sort star graph BS, is 8n - 23, i.

(D Wang S. The tightly super 3-extra connectivity of bubble-sort star graphs [ J]. RAIRO-Theoretical Informatics and Appli-

cations (lo appear) .
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e., kV(BS,) =8n —23. The 3-exira connectivity
of BS, is 8, i.e., k¥ (BS,) =8.

A connected graph G is super g-extra connected
if for each minimum g-extra cut F', G — F has a com-
ponent with g + 1 vertices. Besides, G — F exactly
contains 2 components, where one component has g
+1 vertices, then G is called to be tightly | F| super
g-extra connected.

Theorem 6% For n=5 , the bubble-sort star
graph BS, is tightly (8n —23) super 3-extra connect-
ed.

2 The 3-extra diagnosability of the
bubble-sort star graph under the
PMC

Theorem 7' A system G = (V,E) is g-ex-
tra ¢-diagnosable in PMC model iff G has uwv e E(G)
where ue V(G -F, - F,) andve F|\F, orve F,\
F, for g-extrasets '\, F, eV, F\#F,, |F,| <t and
|F,| <t (See Fig. 2).

Fig.2 Illustration of a distinguishable pair (F,, F,) under
the PMC model

Theorem 8'*'  TLet G = (V,E) be a g-exira
connected graph, and let V#F, UF, for each distinct
pair of g-extra subsets F, and F, of G with | F, | <
K9(G) +gand | F,1 <k (G) +g. If there is
connected subgraph H of G with | V(H) | =g +1
such that N(V(H) ) is a minimum g-extra cut of G,
then the g-extra diagnosability of G is k'’ (G) +g
under the PMC model.

Corollary 1 Let n=5. Then the 3-extra diag-
nosability of the bubble-sort star graph BS, under the
PMC model is 8n —20.

Proof Let F| and F, be each distinct pair of 3-
extra subsets F, and F, of BS, with | F, | <8n -20
and | F, | <8n -20. Assume that V(BS,) = F, U

F,. By the definition of the symmetric group S,, n!

=IS I =1FUF,l =1F | +IF,| -lFNF,I<I
F/ Il +1F,1<2(8n-20) =16n —40. Since n=5,
n! > 16n - 40,
V(BS,) #F UF,.
Let A be defined in Lemma 1. Then Al =3 +1
=4 and N(A) is a 3-extra cut of BS,. By Theorem
4, N(A) is a minimum 3-extra cut of BS,. By Theo-
rem 8, the 3-extra diagnosability of BS, is k> (BS,)
+3 =8n -28 +3 =8n —20 under the PMC model.

O

a contradiction. Therefore,

3 The 3-extra diagnosability of the
bubble-sort star graph under the
MM~

Theorem 9>

A system G = (V,E) is g-ex-
tra (-diagnosable in the MM ™ model iff for g-exira
sets F\, FeV, F|#F,, |F/I|<tand |F,| <i,
they have one of 3 conditions; @ G has uw,vw e E
(G) where u,we V(G-F, -F,) andve F\F, orv
e F,\F,.® G has uw,vw e E(G) where u,ve F,\
F,andweV(G-F, —F,).3 G has uw,mw e E(G)
where u,ve F,\F, and w e V(G - F, - F,) (See

Fig.3).
Gll‘ln v '/\l v 1'1®
A B

1
(2) ( 1 3)
O
u u

Fig.3 Illustration of a distinguishable pair (F,, F,) under
the MM # model.

Lemma 2 Let n=5. Then the 3-extra diag-
nosability of the bubble-sort star graph BS, under the
MM * model, t,(BS,) <8n -20.

Proof Let A be defined as above, and let F,
=N(A), F,=AUN(A). By Lemma 1, |F,| =8n
=23, |F,1 =8n -19, F, is a 3-extra cut of BS,,
and BS, — F, has two components BS, — F, and BS,
[A]. Therefore, | V(BS, — F,) | =4 and | V(BS,
[A]l =4. Thus, F, and F, are both 3-extra sets of
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BS, with | F||1 =8n -23 and | F,| =8n —19. Since
A=F AF, and Ny (A) =F, CF,, there is no edge
of BS, between V(BS,)\(F, UF,) and F,AF,.
Therefore , both F; and F, are not satisfied in any one
condition in Theorem 9, and BS, is not 3-extra (8n
— 19 ) -diagnosable in the MM* model. Therefore,
we deduce that t,( BS,) <8n —20. Ol
A component of a graph G is odd according as it
has an odd number of vertices. We denote by o( G)
the number of odd components of G.
([42 ] Tutte’'s Theorem) A graph G
=(V,E) has a perfect matching if and only if o( G
-S) <ISI for all SCV.

Lemma 4 Let n=12. Then the 3-extra diag-

Lemma 3

nosability of the bubble-sort star graph BS, under the
MM * model, t,(BS,) =8n -20.

Proof By the definition of #; (G), we only
need to establish that BS, is 3-extra (8n —20)-diag-
nosable. According to Theorem 9, proof by contra-
diction, assume that there exist two 3-extra sets F|,
F,eV(BS,)), F,#F,, |F,1<8n-20 and |F,| <
8n -20, but (F,,F,) does not satisfy any one of the
three conditions of Theorem 9. Assume that F,\F, #
. According to the similar discussion to V(BS, ) #
F,UF, in Corollary 1, V(BS,) #F, UF, can be ob-
tained.

Claim 1 BS, - F, — F, does not contain isola-
ted vertex.

Proof by contradiction, assume that there exists
at least 1 isolated vertex w, € BS, — F, — F,. Be-
cause F'| is one 3-extra set, there is a vertex u e F,\
F, such that uw, € E(BS,). Meanwhile, (F,,F,)
can not be applied in Theorem 9. So F,\F| has at
most a vertex u such that uw, € E(BS,). Thus, only
u in F,\F, satisfies uw, e E(BS,). If F|\F, =,
then F;, € F,. Since F, is a 3-exira set, every compo-
nent G, of BS, -F, —F, =BS, - F, has |V(G,) | =
4. Therefore, BS, — F, — F, does not contain isolated
vertex. Thus, F\\F,# . Similarly, we can deduce
that there exists just one vertex a € F; \F, such that

aw, e E(BS,). Let WCS \(F,UF,) be the set of

isolated vertices in BS, - F, = F,, and let H =BS, -
F,—F,-W. Then for any w e W, there are (2n —
5) neighbors in ¥, N F,. By Propositions 4, |W| <

n?!' Note that 14n — 35 <%!.
. Then n! =1V(BS,)| =1F,UF,| + Wl =1F,
[+ 1F, I = 1F,NF, + I WI<2(8n-20) - (2n -
5) +|1Wl =14n-35 + |W| and hence |W|l=n! -

Suppose that V(H) =

| |
(14n-35) > %, a contradiction to that | W1 $%.

So V(H) # . Since the vertex set pair (F,,F,)
does not satisfy the condition (1) of Theorem 9, and
any vertex of V( H) is not isolated in H, we induce
that there is no edge between V(H) and F,AF,.
Note F)\F,# . If F,NF, =, then this is a con-
tradiction to that BS, is connected. Therefore, F, N
F,#@. Thus, F,NF,is a cut of BS,. Since F, is a
3 —extra set of BS,, we have that every component
H; of H has |V(H,;) | =4 and every component B, of
BS,IWU(F,\F,)] has |V(B,) | =4. Since F, is a
3-extra set of BS,,
of BS,[ WU (F,\F,)] has |V(B’)|=4. Note that
BS, — (F,NF,) has two parts (for convenience) ; H
and BS, [ WU (F/\F,) U(F,\F,)]. Let B, be a
component of BS, [ WU (F,\F,) U (F,\F,)] and
let b, e V(B;). If b, e W, then there is a component
G, of BS,[(F,\F,)UW] (1V(G,)| =3) and a
component B, of BS, [ (F/\F,) UW] (I1V(B,) | =
4) such that b, e V(G,;) and b, e V(B,). It follows
that G, UB, is connected in BS,[ WU (F/\F,) U (F,
\F,)] and b, e V(G,UB,). Since connection is an

we have that every component B’

equivalence relation on the vertex set WU (F,\F,) U
(F,\F,), B, =(G,UB,) holds. Therefore, |V(B,) |
=5>4. If b, e (F,\F,), then there is a component
G, of BS,[ (F,\F,) UW] (1V(G,;)1=4) such that
b, e V(G,). It follows that G, is connected in BS,[ WU
(F\F,) U(F,\F,)] and b, € V(G,). Since con-
nection is an equivalence relation on the vertex set
WU (F,\F,) U(F,\F,), we have that G, is a sub-
graph of B;. Therefore, |V(B;) | =4. Similarly, if
b,e (F/\F,), then |V(B;) | =4. Therefore, F, N
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F, is a 3-extra cut of BS,. By Theorem 5, |F, NF,|
=8n —23.

Since | F,1<8n-20, IF,|1 <8n -20 and | F,
NF,1 =8n -23, we have | F)\F, | =1F,| - |F, N
F,1<8n-20-(8n-23) =3 and | F\\F,| <3.

Let B; be a component of BS,[ WU (F,\F,) U
(F,\F,)] and let b, e V(B,). If b, e W, from the a-
bove discussion, then |V(B,) | =5 > 4. Suppose
that b, e (F,\F,). Since F, is a 3-extra set, every
component G, of BS, [ (F,\F,) UW] has |V(G,) | =
4. Since | F,\F, | <3, there is a component G; of
BS,[ (F,\F,) UW] (1V(G;)1=4) such that b, ,w,
e V(G;) and w; e W. From the above discussion, 1V
(B)1=5> 4. Similarly, if b, e (F,\F,), then |V
(B;))1=5> 4. We consider the following cases.

Casel |F,\F,|=3.

In this case, |F,NF,1 = 8n —23. By Theorem
5, F,NF, is a minimum 3-extra cut of BS,. By The-
orem 6, BS, is tightly (8n —23) super 3-extra con-
nected, i.e., BS, — (F,NF,) has two components,
one of which is a connected subgraph of order 4.
Since every component G, of BS, [ (F,NF,) UW]
has 1V(G,) 1 =5, we have that |V(BS, - F, - F,) |
=4. By Lemma 3, IWI<o(G-(F,UF,)) <IF,
UF,I<IF | +1F,1<8r-20+8n-20=16n -
40. Thus, n! =1V(BS,)| =1V(BS, -F, - F,) |
+ [FA\F I +1F\F, I +1WIl+I|F,NF,1<4+3+
3 +16n —40 +8n —23 =24n — 53, a contradiction to
n=5.

Case2 |F,\F,| =2.

In this case, |F,NF,| =8n -23 = (BS,)
or |[F/NF,| =8n —22. Suppose |F,NF,| =8n -
23 = ¢ (BS,). Similarly to above, we have that
n! /2=1V(BS,)| =1V(BS, -F, -F,-W) | +
[FAF L+ I FAF, L+ IWI+ I F,NF < 44+2+3
+16n —40 +8n — 23 =24n — 54, a contradiction to
n=5. Suppose |F,NF,| =8n —22.

Let x,y e F,\F,. Suppose xy ¢ E(BS, ). Since
F, is a 3-extra set of BS,,,
nent B, of BS,{ WU (F,\F,)]) has |V(B,) | =4.
Suppose that x,y € V(B,). Then there is an xy —

we have that every compo-

path in B,. It’s only possible that there are edges be-
tween {x,y| and W in BS, [WU (F,\F,)]).
Therefore, the xy — path is the xwy, where w e W.
This contradicts the fact that there is just a vertex of
F,\ F, such that it is adjacent to a vertex of W.
Therefore, BS,[ WU (F,\F,)]) has two compo-
nents B, and B, such that x e V(B,) and y € V(B,).
Since 1V(B,) =4, |WI=3. Since every vertex of
W is adjacent to just a vertex of F,\F, and |V(B,) |
=4, we have that IWI=6. If |F,\F,| = 3, then
|[F,NF,| =8n —23, a contradiction. Therefore, 1
<I|F\F,I1<2. If |F/\F,| =1, then, by Proposi-
tion5, |WI =6. Let {z} = F, \F,. We have that
IN(la,yI)N(F,NFE) I+ IN(z)N(F,NF,) |
+ INCWHN(C(FN\F,)U(F\F,))1=2(2n-6) +
2n-9+6(2n-5) -24 =18n -75 > 8n —22 when
n=6, a contradiction to | F, N F, | =8n —22. Let
F\F, ={u,v}. Suppose that uv ¢ E(BS,).

By Proposition 5, IN(x) NN(u) NWI<3 and
IN(x) NN(v) NWI<3. Since every vertex of W is
adjacent to just a vertex of F\\F,, I(N(x) NN(u)
NW)U(N(x)NN)NW) 1 =1 (N(x) NN(u) N
W)l + I(N(x) NN(v) NW) |. Since F, is a 3-ex-
L, IN(w)NWI=3 and IN(v) NWI =
3. Therefore, | (N(x) NN(u) NW) U (N(x) N
Nw)NW) I =1 (N(x) AN(w) NW) | + [ (N(x) N
N(v)NW)1<6. Similarly, | (N(y) NN(u) NW)
UN()NN)NW) 1T =1(N(y) NN(u) NW) |
+ 1 (N(y)NN(v) NW) | <6. Since (N(x) NW)
NN(y)NW) =F, 6<I(N({x,y,u,v})NWI

<12.

tra set of BS

3m(m-1)

4.
2

Let f(m) =m (2n -3) -

2n-5.5

h
When m < 3

, f'(m) >0 for n=12. There-

fore, f(m) is an increasing function on [6,12] for n
=12, the minimum f(6) = 12n — 67. Note that N
(W)C(F,UF,) and N(W)\{x,y,u,v} C(F, N
F,). Let IWl =m. By Proposition 5, | (N(W) | =

m(2n -3) —Wm BS [WU(F,UF,)].
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Therefore, | (N(W)N(F,NF,) 1 =f(m) >8n -22
when n =12, a contradiction. Suppose that uv € £
(BS,). We consider the following subcases.

Case al N({ul)NW# and N({v})NW
=,

By Proposition 5, IN(x) NN(u) NWI <3 and
INCy) NN(u) NWI<3. Since every vertex in W is
adjacent to u in BS, [WU (F,\F,)], Wl =6.
From the above discussion, there is a contradiction.

Case 22 N(lu})NW=# and N({v})NW
# .

By Proposition 5, IN(x) NN(u) NWI <3 and
IN(x) AN(p) AWI<3. If IN(x) AN(u) AW
0, then, by Proposition 4, IN(x) NN(v) NWI =0.
Let IN(x) "N(u) NWI50. Then IN(x) NN(v)
NWI =0. Since every vertex of W is adjacent to just
a vertex of F\\F,, IN(x) NN(u) NWI =3.

Since N({v} )NW#, 1<IN(y) NN(v) N
W1<3. Note that IN(y) NN(u) NWI =0 and ev-
ery vertex of W is adjacent to just a vertex of F|\F,.
Therefore, IN(y) NN(v) NWI =3 and | W| =6.
From the above discussion, there is a contradiction.

Suppose xy € E(BS,). From the above discus-
sion, ] < | F/\F,| <2. We consider the following
subcases.

Case bl N({x{)NW= and N({y})NW
=g.

Let IF\\F,1 =1 and {u{ =F,\F,. Since F| is
a 3-extra set of BS,, IN(x) NWI|=2. By Proposi-
tion5, IN(x) NN(u) NWI<3. Since F, is a 3-ex-
tra set of BS,, IN(u) NWI=3. Therefore, |WI| =
3. We have that IN({x,y,u})N(F,NF,) | +IN
(W)N((F,\F,))U(F\F,))1=3(2n-5) +(2n -
4) +(2n-7) +(2n-6) -9 = 14n —41 > 8n - 22
when n=4, a contradiction to | F, NF,| =8n -22.
Let |F\F,| =2 and {u,v} =F\F,.

Suppose that uv ¢ E(BS,). By Case al, there
is a contradiction.

Suppose that uv € E(BS,). Recall that | N(x)
NWI=2. TN({ul) "W and N( {v}) NW#

&, then there is a 5-cycle, a contradiction to Propo-

siiond. UN({u})NW=#=Z and N({v})NW=
&, then 2< | WI<3. Similarly to above, there is a
contradiction.

Case b2 N({x})NW=# and N({y})NW
# (.

Let |F\F,| =1 and {u} = F,\F,. Since every
vertex of W is adjacent to just a vertex of F,\F,, (N
(Hxh)NW)N(N({y})NW) =. For w, e N
({xf)NWand w, e N({y})NW, wu, wyuek
(BS,) and hence xw,uw,yx is a 5-cycle, a contra-
diction to Proposition 4. Let |F/\F,| =2 and {u,v|
=F/\F,.

Suppose that uv ¢ E(BS,). By Case a2, there
is a contradiction. Suppose that uv e E(BS,).

By Proposition 5, |N(x) NN(u) NWI <3 and
IN(x) NN(v) NWI<3. EN(x)NN(u) NW#J
and N(x) NN(v) NW#(J, then there is a 5-cycle,
a contradiction. Let N(x) NN(u) "W+ J. Then |
N(x) NN(u) NWI<3. Similarly, IN(y) NN(3)
N W1 <3. Therefore, 2<|WI| <6. Similarly to a-
bove, there is a a contradiction.

Case3 |F,\F,|=1.

In this case, |F,NF,| =8n =23 = (BS,)
or |[F,NF,1 =8n-22 or |F,NF,| =8n-21. We
consider the following subcases.

Case3.1 |F, NF,| =8n-23.

Similarly to above, there is a contradiction.

Case 3.2 |F,NF,| =8n -22.

Since | F,1<8n-20, 1<I|F \F,| <2. When
[F\F,| = 2, we discuss in Case 2. Let |F/\F,| =
1. Let x e F,\F,. Since F, is a 3-extra set of BS,,
we have that every component B; of BS,[ WU ( F,\
F,)]) has |V(B,) | =4. Since x e F,\F,, BS,[ W
U(F,\F,)]) has a component B,. Let x e V(B,).
Since |1V(B,) =4, |W|I =3 and there are a,b,ce
W such that xa,xb,xc € E(BS,). Let y € F|\F,.
Since F, is a 3-extra set of BS, , ya,yb,yc e E(BS,)
and | W1 =3. Therefore, |F,NF, 1 =3(2n-5) +
2(2n-6) -3=10n-30>8n-22=1F NF,1, a
contradiction to n=7.

Case 3.3 |F, NF,| =8n-21.
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In this case, |F\\F,| = 1F,\F,| =1. We dis-
cuss it in Case 3.2. Claim 1 is complete.

Let ue V(BS, - F, = F,). Then u is adjacent
to BS, - F, - F, from Claim 1. Since (F,,F,) can
not be applied in Theorem 9, according to the condi-
tion (1) in Theorem 9, adjacent vertices u, w e
V(BS, - F, = F,) does not satisfy uw € E(BS, ) and
vw e E(BS,) where ve F|\AF,. We deduce that u is
not adjacent to any vertex of (F,\F,) U (F,\F,).
According to the generality of u, V(BS, - F, - F,)
is not connected to F;AF,.

If F,NF, =, then this is a contradiction that
BS, is connected. Therefore, F\NF,#  and F; N
F, is a cut of BS,. Since F,\F, # J and F, is a 3-
extra set,we have that every component H, of BS, —
F, —F,has |V(H;) | =4 and every component G, of
BS, ([ F,\F,]) has 1V(G,) | =4. Suppose that F \
F,=. Then F\NF, =F,. Since F, is a 3-extra set
of BS,, we have that F\ NF, =F, is a 3-exira set of
BS,. Since there is no edge between V(BS,)\(F, U
F,) and F,\F,, we have that F,NF, = F, is a 3-ex-
tra cut of BS,. Suppose that F|\F, # (J. Similarly,
every component B; of LTQ, ([ F|\F,]) has |V(B,)
| =4. Therefore, F, NF, is a 3-extra cut of BS,. By
Theorem 5, we have | F) NF,| =8n —23. Therefore,
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