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Local existence and uniqueness of the incompressible
Navier-Stokes-Landau-Lifshitz equations with the
Dzyaloshinskii-Moriya interaction and V-flow term

HUANG Gui-huo, WANG Guang-wu, YE Ting-ting, QIU Zhen

(School of Mathematics and Information Science, Guangzhou University, Guangzhou 510006, China)

Abstract; In this paper, we prove that there exists a unique local solution for the Cauchy problem of
a system of the incompressible Navier-Stokes-Landau-Lifshitz equations with the Dzyaloshinskii-Moriya
interaction and V-flow term in R” and R’. Our methods rely upon approximating the system with a per-
turbed parabolic system and parallel transport.
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u, +u Vut Vp=pdu-AV + (VdOVd),

1 Introduction d+u-Vd+adx (Ad+V -+ Vd+V xd) +
Bdx(dx (Ad+V - Vd+V xd)) =dxf,
In this paper, we are concerned with the incompressi- vV u=0,
ble Navier-Stokes-Landau-Lifshitz equations ( NSLL) with (u,d) 1, = (ug,dy).
the Dzyaloshinskii-Moriya ( DM ) inter-action and V-flow Here, u:R" x [0,T] >R", m=2,3, represents the
term initial-value problem velocity field vector, d;R" x [0, T] SR represents
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the magnetization field vector, where S® denotes the unit
sphere in R’ , i.e., S ={xeR’: |x| =1}, thus we set
|d| =1. pis the pressure function, which is usually deter-
mined through the equations of state. w and A are positive
constants, which represent the shear viscosity and the com-
petition between kinetic energy and potential energy. The
constant 8 > 0 is called the Gilbert damping coefficient
which is a gyroscopic ratio. This torque is most commonly
termed non-adiabatic and « characterizes its strength. The
notation X is the cross product for vectors in R’. The term
Vd©® Vd denotes the matrix whose (i,j) — th entry is given
by 9,d -+ a,d. V=V(x) is a smooth vector field on £2 and
Ayd:=Ad+V - Vd:=Ad+V ,d
is the so-called V - Laplacian with respect to the metric on
{£). This system is a coupled parabolic system which consists
of incompressible Navier-Stokes equations and Landou-Lif-
shitz-Gilbert equations with DM interaction in a strongly
coupled way.

If d is a constant vector in S and f=0, the system be-
comes the incompressible Navier-Stokes equations. There is
considerable literature on the equations. The most repre-
sentative result is that in the 1930s, Leray''’ proved that the
global classical solution of the Navier-Stokes equation is u-
nique in R, and he also proved that the equation has weak
solutions in some sense. Later, Hopf ' extended these re-
sults. And more representative results can be found in Refs.
[3-6]. Recently, Tao'”" constructed a result of a smooth
solution for an averaged Navier-Stokes equation which blow-
up in finite time.

fu=0,V=0, f=0,2 =0 and neglecting the DM
term, the system becomes the Landau-Lifshitz equation

d, = —ad x Ad - Bd xd x Ad.
The Landau-Lifshitz equation was proposed by physicists
Landau and Lifshitz in 1935 when they studied the disper-
sion theory of ferromagnet permeability. In 1993, Guo, et
al. "*' proved a global existence of solutions for the Landau-
Lifshitz equation of the ferromagnetic spin chain from an
m - dimensional manifold M into the unit sphere §* of R’
and constructed the relations between harmonic maps and
the solutions of the Landau-Lifshitz equation. In 1998,
Ding, et al.”' proved that one-dimensional Schridinger
flow has a unique global smooth solution. In 2001, Ding, et

al. "'°" showed that there exists a unique local smooth solu-

tion for the Cauchy problem of the Schrodinger flow for maps
from a compact Riemannian manifold into a complete Kihler
manifold. The same year, Carbou, et al. (1] proved local
existence, global existence with small data and uniqueness
of regular solutions for the Landau-Lifshitz equations in R,
and in Ref. [ 127] he proved global existence of regular solu-
tions for the Landau-Lifschitz equation in the R*. In 2011,

%) established global existence of the weak

Carbou, et al.
solutions for the Landau-Lifschitz equation with magneto-
striction.

If V=0, f=0 and neglecting the DM term, the system
can be regarded as the incompressible Navier-Stokes-Lan-
dau-Lifshitz equations. In 2010, Fan, et al. '™ first pro-
posed the study of the Navier-Stokes-Landau-Lifshitz equa-
tion, and they proved the regularity criteria for a smooth so-
lution of the Navier-Stokes-Landau-Lifshitz system in Besov
spaces and the multiplier spaces. Zhai, et al. "'’ obtained
the global existence of a unique solution for this system with-
out any small conditions imposed on the third component of
the initial velocity field. Wang, et al. ""®’ proved the exist-
ence and uniqueness of the weak solution for the incom-
pressible Navier-Stokes-Landau-Lifshitz equations in R* with
finite energy. Wang, et al. """’ investigated the global exist-
ence of the weak solutions to the quantum Navier-Stokes-
Landau-Lifshitz equations with density dependent viscosity
in R*. Wei, et al.'"®" obtained the global solutions to the
Navier-Stokes-Landau-Lifshitz system, and they also ob-
tained the time decay rates of the higher-order spatial deriv-
atives of the solutions. The improvement of this result ob-
tained by Duan, et al. "', Qiu, et al. ' established a
blowup criterion for the R® incompressible Navier-Stokes-
Landau-Lifshitz system with finite positive initial density.
Recently, Wang, et al. ™'’ proved global existence of the
smooth solution for the incompressible Navier-Stokes-Lan-
dau-Lifshitz equation with small initial data in T* or R* and
R

In this paper, we will prove the local existence and u-
niqueness by parabolic approximation, which has been
shown to be successful in the study of the Schrodinger
flow' ")

Next, to facilitate the presentation of our main results,
we shall first introduce some main notations and definitions

of intrinsic Sobolev space and extrinsic Sobolev space. Let
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Z,=10,1,2 | and [ ¢q] be the integer part of a positive

number g. For ke Z,, pe [1,0 ]. Let H (R"),
W (R™) denotes the usual Sobolev spaces of functions on
R". V denotes the usual derivative for functions on R".
Then for Q € S*, we define the extrinsic Sobolev spaces
WZ’P = {fiR">R: |f(x) | =1 a.e and f-QeW"},
with the induced distance dZ"’ (f,g) = ||f—g||W:.,,.
plicity of notation, let [|f HW@"’ = dz’” (f,0Q) and further de-

notes HIE? 1= WI‘Q‘Z. Next we introduce the intrinsic Sobolev

For sim-

spaces as follows. For smooth maps d from (M,g) to S7,
the pullback bundle d* T'S” is the vector bundle over (M,
g) whose fiber at x € M is the tangent space T, S*. D de-
notes the induced covariant derivative in d “ T'S”. Then, the

intrinsic norm of vector bundle Vd is defined by

k
) 26 IM | D'V d |Pdvol,,

For p = , we also define

Rz

where pe [1,% ).
o~y = Max| |D'Vd|,-:0<i<k}.

For simplicity, we denote H" := W"?.

Next, we state the following main result.
Theorem 1 Let Q be R", m=2,3. Suppose Ve L’ ((0,
T,H"(0), fel’((0,T),H "' (0)). The Cauchy
problem with (u,,d,) € H () x Hk+l (), for any inte-

ger k= [ ) ] +1, admits a unique local solution (u,d) sat-

isfying
r
OS< E/(H H'(Q) + Hvd i{j{(())) +/J“f0 Hvuﬁﬂ(())ds
C(T, H Uy o lli(0) ).

The proof method of Theorem 1 mainly refers to Refs.
(10,22 -24].

with finite data by approximation of a perturbed parabolic

We will prove the local existence of system

system. By standard parabolic argument, it is easy to find
that the perturbed parabolic system admits a local solution
(u,,d,) on some time interval [0,T,) for every & > 0.

) and a

lower bound for the life span T, and obtain the solution of

Then, we derive the uniform estimates of (u,,d,
on M and ¢—0, where M is a flat closed m — dimensional
Riemannian manifold.

The organization of this paper is the following. In Sec-
tion 2, we recall some lemmas which should be used in the
following sections. In Section 3, we apply the approximating

scheme and obtain the uniform bound for energy and then

give the proof of local existence. In Section 4, we prove the

uniqueness of the solution by parallel transport.

2 Preliminaries

In this section, we introduce the interpolation inequali-

ty for sections on vector bundles, equivalent relation be-

tween || Vd”m;u and || Vd|

should be used in the following sections.

w-, and some lemmas which
Lemma 1''°"  Suppose s e C* (E) is a section where E is
a vector bundle over a closed m — dimensional Riemannian
manifold M. Then, we have

15l <Clislle sl
where | <p,q,r<«, and j/k<a<l(j/k<a<lifqg=m/
(k-j)#1) are numbers such that

Loi b (Lol

p m T qg r m
The constant C only depends on M and the number j,k,q,r,
a. Moreover, if M =T" =R"/(R + Z)™, then the constant
C does not depend on the diameter R=1.
Lemma 2 ( Gronwall inequality ( differential form) ).

(1) Let n(

ous function on [0, 7], which satisfies for a.e. ¢ the differ-

+ ) be a nonnegative, absolutely continu-

ential inequality
n' (1) <d(t)n(t) +¢(t),
where ¢(¢) and () are nonnegative, summable functions
n [0,T]. Then
(1) < exp j $(5)ds  n(0)

for all 0<:<T.
(ii) Inparticular, if
n'<é¢n, on [0,T], and 5(0) =0,

jw>&

then
n=0on [0,T].

Lemma 3'® Let f:R* >R be a nondecreasing continu-

ous function such that >0 on (0, ) andj fdx < o,

Let y be a continuous function which is nonnegative on R*
and let g be a nonnegative function in L,, (R*). We as-
sume that there exists a positive number y, >0 such that for

all £ >0, we have the inequality
y(0) <50 + [ g(s)ds + [ fr(5)) s
0 0

Then, there exists a positive number 7" depending only on
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y, and f, such that for all T<T"
Sup y(1) <C(T,y,)

for some constant C(T,y,).

, there holds true

Lemma 4" Assume that k > m/2, (M,g) is a closed

Riemannian manifold. Then, there exists a constant C =

C(S’,k) such that for all mapsd)eC (M,S),

IV dllyny < CZIIDdHH n

and

k
<Y |7l

Finally, we introduce the density property of Sobolev
spaces HZ (R",S%).
Lemma 5" Let k>m/2 and d e HZ(R"L ,S*). Then,
sequence of map d, - Q e H'(R",S*) N
Cy (R",R’) such that d,—d in H;, (R",S?).

1D o

there exists a

3 Local existence

In this section, we will prove the local existence of
smooth solutions of the initial value problem to the incom-
pressible Navier-Stokes-Landau-Lifshitz equations with the
Dzyaloshinskii-Moriya interaction and V-flow term
Vu+Vp=pAu-AV - (VdOVd),
Vd+adx (Ad+V - Vd+V xd) +

Bdx (dxA(d+V-Vd+V xd)) =dxf, (1)
Vu=0,
(u,d)|,_y=(uy,dy) eC* (MxM,R" xS*),

where M is a flat closed m-dimensional Riemannian mani-

u, +u-

d +u-

fold. Then, we will use the smooth solutions (u;,d;) o
T:" =R*/(2R, + Z)*" to obtain the smooth solution of
system and complete the proof of Theorem 1.

Since (S*,J,h) is a compact Kihler manifold with
complex structure J and Kéhler metric h. Then, the opera-
tion d X F acts as a complex number in the tangent plane,
rotating F by ninety degrees for any F e T, S*. Therefore,
J(d)F=dxF. Then, the term d x Ad can be rewritten as

J(d)D,d,d,
and since |d|=1 and d is the normal to the tangent plane
T,S*, we have
D,(0,d) =Ad-<{Ad,d>d=Ad + | Vd|*d =
-dxdxAd,

where we implicitly sum over repeated indices. Then, we

can rewrite the equations and solve the following perturbed

problem

u,+u Vu+Vp=pAu-AV - (VdOVd),

V +u=0,

d,=-uVd-aJ(d)D,,d- )
al(d)(V-Vd+V xd) +(e+B)D,d,d +
BV Vd+V xd) +J(d)f,

(u,d),_y = (uy,d,) e C* (MxM,R" xS)*,

where £ >0 small. Hence, we have

Lemma 6 Let m, = [%] +1=2, and let u, e C* (M

R"), dy e C* (M,S*), Vel’((0,T),H"""), fe
L’((0,T),H"™"). There exists a constant T = T(S*,
[, B 0 | Vd, ||HZ(M)) >0, independent of ¢ € (0,1],
such that if (u,d) e C* (M x[0,T,]) is a solution of Eq.
(2) with e (0,1], then

T2 T(lug ey, 1V dy

H (M) )

and

Ju(t) ||H(M) +IL|| Vull;
C<k, ”uo ”H"(M) , H vdo ”H‘(M) ) L e [O»T}

for all k=m,,.

on S

Proof For simplicity, we denote (u,d) :=(u,,d,) to be
a solution of Eq. (2), H(M), H:=
H'(M) for any integer [=0. Then it is easy to obtain that

and denote H': =

the energy

BCud) o= ulp + 5 | Val o [ alfds +

(f‘ * 8)f0 1D, 9,d|P-ds

is uniformly bounded for t € [0,T,). In fact, multi-plying
u — equation by u, and integrating by parts, we get

> =l

V() =

1
fswv u?‘u‘zdx =0,

(u+Vu,u) = fMu

(VP,uy=-<P,V -u =0,
(uAu,uy =
AV - (Vd@Vd) uy =

-AjMu;a didd,d, ) udy =

4l 3 040,400,

Mij k=1
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Applying D to d - equation and multiplying the resul-
ting identities by A Vd, and we use the fact D,0,d =D,d,d,

one gets

ANVd,Dod> =1(Vd,D,Vd)y = d IIWH
-2<{D(u -

3
_/IJ‘M z (akuiaidjakdj + uiDiakdjakdj)dx =

Mijk=1

Vd) ,Vd) =

3
—;tf Y, 0,u;0,d;0,d;dx,
M

Mijk=1

-AalVd D(](d)D a,d)> =

—laf Zad D.(

M =1

(J(d)D,9,d)dx =
/laj D,a,d + J(d)D,d,ddx = 0,
M
“2alVd,D(J(d)(V-Vd+V xd))) =
Aaf D,o,d-J(d)(V-Vd+V xd)dx <
M
Aal Do, dll NI -1V Vd + V xd) |, <

A Ao’
Bt IDadlh, +*5-VE: + D9l

3
2BV d,D(D,,d)> =,wf S a.d - Di(D,a,d)dx =
M =1
_Bl ||DA6kd||§’

3
Ae<Vd,D(D,a,d)> :zgf Y 9.d - D,(D,0,d)dx
M =1

-&l HDAakd”i ’
AB(NV A, D(V - NVd+ V xd)) =

—/lﬁf Dyad (V- Vd+V xd)de <
M
ABID,a,dll: | (V- Vd+ v xd) |, <

A
B2 p,a,dl} +4BCI VI + D) | VdlE.,

AV, D(J(d)f)> = —/leDkakd CJ(d)fdx <
AD,a,dl M) (-l <
EH Dl + 4 It
Combining the above equations and inequations yields

d
L4y Ly vl vl vul +

(5 +ep 1Dl <

ML (V. 1) 1Vl + 2.

Then, using the Gronwall inequality leads to

T,
sup [lulf +2,s0p [ Valf +2u [ | Tulfds +

0<(<T,
(£ w2l [} Iniaali <

oL (. + D)

ol +211 74, B +22 f I 12-ds
From the above equation we can obtain

Eu,d) < sup [lulf: + sup [|Vdl: +

2w [ I vulids + (£ 426y <
(1 +;)exp{%@ [V + Dashe

{luole. +211 74, +22 f IlR-ds

therefore, we obtain that E( u,d ) is bounded.
Next, we fix an N=m,, and set n to be any integer
with 1<n<N and expressed as derivative order. Suppose

a=(a,,,a,).

»m

that a is a multi-index of length n, i.e. ,

Then, for t<T,, we have the energy functional;

Rl

E,(u,d) *HV ulf +*\|D"Vd||2

u jo 17 Tulids + (B vo) [ 10rDisalfs
Then by Eq. (2), one gets

d “ o
d[En_jM—vu V(u+ Vu +49,(Dd - a.d) ) dx +

VD Vit (v ) [ Dial =

i+ (B v o) Ipn,adl (3)

First, we estimate I. The following inequality ( see

Ref. [25] Proposition 3.7) should be used:
If - gl <ClAL- gl + Al Ngl,-

Then, when n<2, integration by parts, we have
(i)n=1
I<Cllully Tull- IvVal,: + I val, IVl vl +
IVdlg [ Vall-) <ClValy lul +

CllVully I Vdl,
(ii)n=2
I<Cllully CClall- T 7wl + el [ Vull-) +

Clvully VAl [Vl + 1Vl Vdl,-) <
ClVully lul + v ally |Vl
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When n=3, integration by parts, we have
1<Cllully (lul,- 17wl + Tl [ Vull,-) +

Clvul, IVl IVl + 1Vl Vdl,-) <

Clvully Nl + Il Vally I vVl

Thus, we have the bounds
g{CHVﬂMHﬂﬁ+C|Vﬂy|Vdﬂ»n$L

ClVully lulf + IVl IVl , n=3.

Next, we estimate the term /I. Exchanging the order of

(4)

covariant differentiation, we obtain
D,D*d,d = D°D,a,d + [D,,D*D,]d = D*D,9,d +
Y D'R(d)(D°d,D",d)D9,d,  (5)
where R is the curvature tensor, and over the sum is over all

multi-indices b, ¢ ,d and e with possible zero lengths, except

¢ | >0 always holds, such that
(b,cde)=0(a)

is a permutation of @. Replacing 9,d in the second term by

that

the righthand side of d - equation in Eq. (2), the second

term can be rewritten as
> D'R(d)(D°d,D"9,d)D9,d =
Y D'R(d)(D°d,D*((& +B)Dsd,d -
aJ(d)D,d,d))Dd.d -
> D'R(d)(D°d,D"(u+ Vd))Dd,d +
N D'R(d)(D°d,D"(B(V - Vd +V xd) -
aJ(d)(V-Vd+V xd)))Dd,d +
> D'R(d) (D°d,D*(J(d)f))D9,d =:
O+ 0, +05 +0,, (6)

and we have

\01\5(, >

Jisrad) €y

D] |Dd], (7)
where
Jie=tji, g eN iz =2,
n+lzjzlj ++j, =n+3,s=3]. (8)
Similarly, we also have

1= > ldullprdl-lpdl, (9)

0] €0y

where
Li=tjo, i eNgy = =2,

jO 4o +]'\‘ :n+2,8>3,n_12j0>0’

nzj =1, fors=iz=1}. (10)
0 l= 2 LVl pdls
Jos 7)) €J5
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Syl pdl, (11)
Go T el

where
-]3 = {].0»"',].5 EN:jl 2.122'“2].5»
Jot o +j=n+2,s=3 ,n-1=j,=0,
n=j =1, fors=i=1}, (12)

Jg ‘= {Jl ’”"js EN:jl B.].22'"2]..m

nzjzl,j, + +j, =n+2,5=3]. (13)
l= X Tdgllpale vl (14)

where
Joi= o, Ny =zp =2,
Jotrtj=n+l,s22, n-1=25,=0,
nzjz1, forsz=iz1}. (15)
For the first term in the righthand side of Eq. (5), we
can use Eq. (2) to obtain
D°D,a,d = D°D,((& +B)D,o,d - a(d)D,,d
u+Vd-oJ(d)(V-Vd+V xd) +
B(V-Vd+V xd) +]J(d)y) =
(e +B)D,D,D9,d - aJ(d)D,D,D*d.d +
w+DD"9.d + VPou - D°Vd +

(b,e) =o(a)

V'u+DD,NVd + Qs +Q, -

(b,e) =c(a), | b=1|

a Y, Jd)V'oV-D'Vd-

(be) =o(a)
« Y JN)V'V-DD,Vd-
(b,c)=ca(a), | b=1 |
aJ(d)V - DD,Nd - aJ(d)D'D,(V xd) +
BD*D,(V xd) +BV-DD,Vd +
B Y, V'V-DVd+
(b.e)=o(a)
V'V eD'D,Vd +J(d)DD,f, (16)
(b,e) =a(a), | b=1|
where Qs , Q satisfy Eqs. (7) and (9), respectively.
Thus, we can obtain from Eqs. (5), (6) and (16):
D,D,d = (e +B)D,D,D*d,d - aJ(d)D,D,D*d,d +
we+DD"9,d + Vou+D'Vd +
(be)=o(a)
V'u - DD,Vd -
(b,e) =a(a), | b=1 |
a Y, Jd)V'aV-D'Vd-
(b,c) =o(a)

a Y Jd)V'V-DDVd-

(b,e) =a(a), | b=1 |
aJ(d)V-DD,Vd -aJ(d)D'D,(V xd) +
BD*D,(V xd) +BV-D*D,Vd +
B Y V'aV-D'Vd+

(b,c) =0(a)
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V'V DD, Vd +

(b,c)=cg(a), | b=1]
JC)D*Df + Q) + 0y + Q5 + Q4 + Q5 + Qe
Substituting this into II in and by integrating parts, we
get

D*d,d + u+ DD*9.ddx +

(e +B)|DD*6,d|* +DD0,d - aJ(d)D,D*0,d +

fD"al.d-( S V'ou-DVd+
M (b,c) =a(a)

Vu - D”Din)dx -

(b,e) =c(a), | b=1|

fD“a,.d- (a Y Hd)V'aV-DVd -
M (b,¢) =o(a)

a Y J(d)V"V-D”DL.Vd)dx -

(b,e) =a(a), | b=1 |

f Da.d- (aJ(d)V-D*D,Vd)dx -

D*9,d - aJ(d)D*D,(V xd)dx +
M

JMD"aid- (,8 Y

(b,c) =o(a)

V.V D'Vd +

VbV-DcDin)dx +

(b,c)=ca(a), | b=1 |

f D*9.d - (BV - DD, Vd)dx +
M

D*9.d - BD*D,(V x d)dx +
M

D9+ (0, +Qs)de+ [ D9+ (0, + Q) +
M M

D9d - Qydv +f D.d - Q,dv +

M M

f D%a.d - J(d) DD, fdx.
M

For the first integrand, the second term vanishes since

complex structure J and the last term vanishes since V - u

=0. Then by Eqs. (7), (9), (11) and (14), we get

Hs[ (& +B) | D,D",

[ 1ol vl vl +

ny+n, n+l n=1

(a+p) Y f\D"“dHV"vHD"W\dm

ny+n, =n+l,n,=1

(a+B) [ [0al V]| D2 9dlde +

(a+B> Jw"Dn-#ld“Dlx-#Zvd‘dx_l_

X ol lal vl +

) el

P> [ 1ol gl [0d)- | i lds +

(os g el

Xl vlpale s

“J)els

2 (D dl | Dd] | D d |de +
G M

2 [ 1ptal gl Dal- | pidlds =

Gowfisead) €Ja

I, +0, + 1L, +1I, + 11, +1I; + 1, +11, +1I; + 11,
We shall estimate each term of the righthand of the a-
bove inequality.
Step 1; We estimate the term I1,.
By Holder’s inequality, Sobolev embedding and Lemma
1, when n<2, we have
(i)n=1
<l pdll: (1 V2ull: | Vdl,- + 1 Vall,- 1DVdl,) <
CllVlly (I Vally |Vl + 1 Vull, | V) <
|| vdl || Vu

(ii)n=2

05

-+ V2ull [ DVd],: +
” vu”/’ ||D2 vc”ll) $C|| Vd”i, H vu”lf;
when n=3, we have

| 3

1<n <2

=

I, < |

v ul,- [ vl +

+1
2

2 vl

n+l
2 <n <n+l

Cll vl IVl

From the above discussion, we prove the bound

D vl

ClvdlGllVul,:, ifn<2,
IS{ R . (17)
Clvale I vully, ifn=3.
Step 2. We estimate the term I1,.
Similar to 11, , we have
clvale v, ifns2,
2 S (18)
Clvala Vi, ifn=3,

where the constant C depends on n.
Step 3. We estimate the term 11,.
By Hoder’s inequality, when n<2, we have

(i)n=1

3=

- ID*dl),:
cl VdIIH HVIIL Ivd
CIVAllg VI 11V dlly s

<
<
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(ii)n=2
i<clpdl vl <
Clvdlly VI~ 11Vl 5
when n=3, we have
i<cllp™'dl; [V, 1p"**d
CIValy VIVl
From the above discussion, we prove the bound
_[CIvdle V- Ivdly, ifns<2,
- {CII Vil [ VI 1Vl

Step 4. We estimate the term I/,.

S

(19)

if n=3.

It is easy to obtain its bound by Holder’s inequality ;
{C| vd“[f ” vd”ll‘ ,

Clvaly vl
Step 5: We estimate the term I1;.

if n<2,
<

4 <

(20)

if n=3.

We note that the integral is the same as Eq. (3.10) in
Ref. [ 10]. Hence, its bound is obtained immediately by
the following lemma which was proved in Ref. [ 10].

Lemma 7''"°) If 1 <n<2, then there exists a con-

stant C = C(M,n) such that

i, <cl|\ vl | vl v 'dl,,
whereA:[n+3+(%—l)s—%] and B=s-A.

If n=3, then there exists a constant C = C(M,n) such
that
()Ifj, =n+1,
ns<cllvetdly: | vd
(i)l j, <n,
Is<C+ || vdlg) (1+ [ vall),
where A =A(m,n).
Then, we have the bound

n+3

€Y |vd
s=3
Il 042 (21)

S
A+ VIR (T [ Vdlly-)",

ifn=3.

o |l

s+1 :
, ifn <2,

Step 6: We estimate the term /1.
When n<2, by Eq. (10), we note that
jl $2’j2 7”".].3 gl

Then, by Hélder’s inequality, we have
o< 3, 0dleul. D"l 0 dll,- <

Gosdis =2,

Cll vl | Vally-

When n=3, we have the following three situations.

s+1
I:

(i)Ifj, =n, by Eq. (10) , we know that s =3, j, =0,
and j, =j; =1, then, using Holder’s inequality, we estimate

I by

< 3 |

Gosdrs®*s.) €21 =n

Clvdly Nl I vdl. .-
(ii) 1j,<n-1, j,<[n/2], from Eq. (10) , we ob-

D llull- [0l || D <

tain
jzgn_lJS 9""j.v<n_29

then, using Holder’s inequality, I can be bounded by
1< > u

Gosdismad) €ysjisn-1,jy<[n/2
|0 dl, |0l |- <

Cl Fally Il Pl | Wl | 7
Cl TRl Il

(iii) Hj,<n-1,j,>[n/2], by Eq. (10), we have

JusajisSn=2,

: ”Dnﬂ(i“L1 | |L‘ X

s—2
2<

then, one get

Iy < >

Gosdis®r i) € o <n=1,j,> [%]
1Dl Dl < €IVl lully | 7

Then, combined with the above estimates, we prove

1D dll, 1w,

s
o

the following bound

n+2
Ve, ifn<2,

€Y |vd
s=3
) e (22)

<
¢S CIVAR (1 + ully + 1),
if n = 3.
Step 7. We estimate the term I7,.

We note that the integral is similar to I, then we have

n+2

Cgllw

1, < e 23
TS vdl (s (Ve + Va0, P

ifn=3.

IVl <2,

Step 8: We estimate the term I/.

By the similar discussion to II5, we have the following
lemma.

Lemma 8 If 1 <n<2, then there exists a constant

C=C(M,n) such that
iy vl Il vdl:ve-'dl.,

whereA:[n+2+(%—l)s—%] and B=s5-A.

If n=3, then there exists a constant C = C(M,n) such

that
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<1+ | Vdlz) (1+11vd|
where A =A(m,n).
Proof The proof of the lemma is similar to the proof
of Lemmas 3.2 and 3.3 (ii) in Ref. [10].
Then, we have the bound

n+2

21”") ’

CY vl ifns2,
s=3
I, < n+ 24
CSNCU Va1 vl 2
if n=3.

Step 9: We estimate the term I/,.
We refer to the estimates of II;. When n<2, and by
J,, we have
<2, <l

Then by Hélder and Lemma 1, we may estimate II, by

< 3 | if

Gosdiseeai) €y

1Dl dll- < Cl vl il | Vel
When n=3. Fist, if j, =n,J, implies s =2,j, =0 and

Dl |

- X

)’

J» =1, then we may use Hélder’s inequality and Lemma 1 to

bound 11, by
<

y ]l |
Gosdis) €Jusfi=n

Cllv dllg /Ml |7 Iy

Second, if j,<n -1, j,<[n/2], from J,, we obtain

D'd

|Ll ||Dd||l S

j2 7"'5jssn’_2’
then by Hélder’s inequality and Lemma 1, Il can be bound-
ed by

I, < Y 1D d],. | Al >
Godiore+ai) €dodi<n=1.j<[ 5]
| dll, [Drdl,- | 0d],- <
CI9dly Ay |Vl | i <

CIValy 1l IVl
Finally, we consider the remainder case j, > [ n/2].
By J,, we get
Jirrags<n-2.
Then, it follows from Holder’s inequality and Lemma 1
that

I, < > |

Gosiioreail) €uji<n=1,jy> [ 5]

1D dll--[DFdll- < ClIVdllg [/l 1 Vd

From the above discussion, we get

Dn+1d

r J Sl %

s
o

n+l

CY, Ivaly Il ifn<2,
1, < 25
o SCCIvdl (1 Wl + [vdl, 0, )
ifn=23.

Thus, from the above discussion and using Young’s in-

equality, we obtain the bound of the term /I when 1 <n<2,
Ts - (e +p) |Vl + Cl vVl Val, +
Clvdl VI + Clvdly VIV dll, +

n+3
ClIvdly [ Vdly + CZ [Vl +
n+2 ‘ n+2
¢ Nval I vully + € X 1 vdl IVVI, +
n+2 n+l
X Ivdl' +CZ 1dli Il <

- (e + B)Ivdliy + 41 Vulh, + Clvaly, +

ClIVIE: + CCL+ [[VIE) |Vl +
n+3 n+2

CY vl +C 3 (Ivdl) +
n+2 n+l

CY IVl + €Y (| vdl:)? +Cf, <
s=3 s=2

- (e + B)Ivdlly + £ vl +

CCL+ V(T + [ vdl5) +
ClviE +Clsk,, (26)
and when n=3
i< - (e +B) |Vl +Cl VG Vull, +
Clvali IVl +ClVally VI, Vdl +
Cllvadly [ Vdl,. +
COL+ [ Vdlf) (1+ ][ Vd]p)" +
Clvdll (1 +lull + I Vdlg)"* +
CHValf L+ VI + I Vdl) 2 +
C(L+|Vdlz) (1+[vdlg)"" +
Clvdlf L+ 1Al + V)" <

(& + )1l + Al + VI +

C(L+ | Vi) IVl +
COL+IValg)? (L + VI +
Al + Nl + TV d )2, (27)

Now, we return to bound the energy of u and d. We
first consider the case 1 <n<2. Then, Eq. (3), together
with Eqs. (4) and (26), we gets
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LAl 1 vk +
2 dt

ulvully +( 5 +e)Ival, <

4
ClVully Clully + 1Vl + £ 0V ulf +

CAL+IVIE) 1+ val)” + ClvI +

Clvl<5-lve

ilz'l'
CCL+ VI (1 + llully + IV dlz) +
ClIVIE +Cl VAR

Then we have

d
S ulie + 1 val) +ull Vuly +(£-+25) 1 vl <

2

CCL+ VI (1 + llully + IV dlz)™ +

CCIVIE + TVAR)- (28)
Using the comparison lemma, we obtain that there ex-

H(M) s H vdo H (M) ) , and Kz ( T,

won ) >0 such that for any T<T7 | we

ists a time T (S?, [|u,

H Uy H;f(m ’ H Ado

have

T
sup (Jully + [ Val) +n [ [Vulfpds +

O0s<i<T

(§+28)f:||vd||ifds$[<2. (29)

For the higher-order energy of u and d. Then, Eqg.
(3), together with Eqs. (4) and (27), we get

1d
Ll + 1)+l ul, +

(% +e)l vl <
Clvaly Cluly + 1 vd )5 +

B Fulfy + IV + €O+ [VIE) | Vdlf +
O+ 192 (Ut IVt WAl + Nl +
[Vl < Fulh + V- +

O+ IV (Ut Nl + Va2 (14 V] +
-+l + )2

From Eq. (29), we may assume that for any 2<I/<n

-1, there exists K, >0 such that

vt llvd

|lu o ds +

a9l

(£ +22)[ 17l s < Koot < [0.77

Then we have

d
o el + IVl +ul uli, +(J’2i +2e) IVl <

CCL+ [l + IV dlG)? + CIVIE-. (30)
Using the comparison lemma, we obtain that there ex-

ists a time 7" (S?, ||u0 H,,:(M) N Vol ), and K, (T,
g oy » | Vg llgary ) >0 such that for any T< T, we

have
sup (lulfy + 19l +a | I Vulfds +
B TR
( o 2g)j0 IVdE,.ds <K, (31)

It is easy to find that the solution to Eq. (2) with & €
(0,1) must exist on the time interval [0, T]. Thus, we al-
ways extend the time interval of existence to cover [0, 7],
Le., for T =T always holds. Thus, we complete the proof
of Lemma 6.

Next, we use Lemma 6 to prove the local existence of 1.

Proof of Theorem 1 Since u, e H'(R",R"), d, e
H'*'(R",S) for k=2, by the density theorem of Sobolev
spaces and Lemma 5, there exists a sequence | (u,d))} e
H'(R",R") x H," (R",S”), satisfying u, € C; (R",
R") and dy - Q e C7 (R",R’) such that

(ug,dy)—(uy,dy) e H'(R"R") xH," (R",§7),
as —o . (32)

For a section F of d* T'S”, we have the relation be-
tween V _F and D_F as follow:

V F=D,F+A(d)(Dd,F),
where A is the second fundamental form of > in R’. Then,
we have multi-linear vector valued functions B; on R’ such

that
Dd=V,d+ zBﬂ,l)(d)(V d,-,V,d), (33)

a,

,a. such that

s

where the sum is over all multi-indices a, , -+
‘aj-‘Bl forj=1,-,s and
0'(“) = (al ,”.sas)
is a permutation of @ and | @ |=2. Thus, by Egs. (32) and
(33), we may obtain
D, |y | Ddy | g a5 ir30.

Next, let {2, be the support of (u,d;, - Q) and there

exists R, sufficiently large such that , C C )=

i

2m

[ _RiyRiJ X x [ _Ri’Rij' Then, (u,,d,) may be
regarded as a function defined on a flat torus T} x T} =

R"/(2R, « Z)" xR"/(2R, - Z)", and thus, we shall
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consider the following Cauchy problem
Vu+Vp=pdu-AV - (VdOVd),
on T x (0,T],

u, +u-

d+u-*Vd+adx(Ad+V - Vd+V xd) +
Bdx(dx(Ad+V-Vd+V xd)) =0, (34)
on T x (0,T],

V - u=0,

(u,d),_y=(uy,dy), onT/xTI—->R"xS".

By Lemma 1 and Lemma 6, we can obtain that there
exists T >0, which does not depend on i, such that Eq.
(34) admits a smooth solution (u,,d,) on T¢ x T¢ x [0,
T]. Furthermore, the following bound holds uniformly with

respect to i

sup (

Ost<T

o AV ) +

2
() ds +

(£ +2a)j||w|\,, oy <

CCT g ey > |V g Ny -

Combining this and by Lemma 4, we can further obtain

JSup ||u ”H(qr;') +Z'Hvd ”H(T)

<t<T

Al e ds +

0
(Jg— +28) :
ECT, Ny o1 T )

We regard each (u,,d, ;
R]"x[ -R,,R]"x[0,T] into R" xS,
ists a (u,d) e L” ([0,T];H"(R") xHy"™ (R")) and a
subsequence { (u;,d,) | such that for any compact domain
0,,0,CR"

(u;,d;)—(u,d) [ weakly " ]
in L* ([0,T];H"(0,))NL*([0,T];
H''(0,)) xL* ([0,T];
1y (0,) NE([0,7)3Hy(0,)),

and thus, it is easy to obtain that (u,d) is a strong solution

’ ,,,)ds <

d.) as a function from [ - R,,

then there ex-

to the Cauchy problem. This completes the proof of local ex-

istence.

4 Uniqueness

In this section, we research the uniqueness of the solu-

tion by using the ideas of McGahagan'>’ and Song, et

al. 24,

Assume that (u,,d,) e H' ><HZ+l ,i=1,2 are two so-
lutions for the system (1) with the same initial map (u,,
dy) e H" x Hy'.

Since S CR’ and by Eq. (1), we have for 2 =1,2,

I, Ce.0) ~dy() e < | [ o (x|

Ctllu, + Vd, +ad, x (Ad, +V+Vd, +V xd, ) +
Bd, x (d, x (Ad, +V+Vd +V xd)) |
This implies
ld, ~dy - <Clld, -, [}
c'
From this, for any & >0 sufficiently small, there exists
T' >0 such that |d, —d, | <& for any (x,1) e R" x [0,

T']. And this implies there exists a unique minimizing geo-

<

=<

A(d, -dy) Il <

desic y ., (s):[0,0(x,0) ]—S” between the points d, (x,
t) and d,(x,t), where y., , (0) =d, (x,t), y.., (1) =
d,(x,t), and [ is the length of the geodesic y. Let (x,t)
vary, the family of geodesics gives rise to a map U;[0,1] x
(0,7 ] xR"—S’ connecting d, and d,, where U(s,t,x) =
Y (8).
morphism X(s,0):d," TS’ =y(0) " TSZ—Vy(s) TS for
any s e [ 0,I(x,t) ] by the parallel transportation along each

Therefore, we can define a global bundle

geodesic.
Using the similar argument to Ref. [23], we have the
following lemma.
Lemma 9 We have the following inequalities for de-
rivatives of the geodesics y and their lengths [
lo,ll<|Vd, -XVd, |,
Loyl [Vd [+]Vd, ],
\a,y E ‘Dkakdl [+ ‘Dkakdz |+
lu, » Vd, | + |u, - Vd, | +
(L+ [VD ([ Vd [+ [V, ),
Do,y |<[Dayd, | +|Dad, |+
( ‘ajdl |+ ‘ade ) ( ‘akdl |+ ‘akd2 ).

Next, in order to get uniqueness, we need to prove
d
di( Huz | ”i + ”dz -d, Hi + H Vd, -XVd, Hi) S

Clluy —u, [+ Wld, =d, [ + [V, -XVd, ),
(35)
where the constant C depends on |[u, [, (k=2,3) and
| Vd, ||, for A =1,2.
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First, we refer to Ref. [23 ] and the d - equation of
Eq. (1), subtracting the equation for the parallel transport
of d, from the equation for d,, we have the identity
d,dy +u, + Vd, +aJ(dy)D,0,d, +

aJ(d,) (V- Vd, +V xd,) -

BD, o, d, -B(V -+ Vd, +V xd,) -J(d,) xf-

X(1,0)[0d, +u, + Vd, +aJ(d,)D;d,d, +

al(d) (V- Vd +V xd,) -pD,9,d, -

B(V-Vd, +V xd,) -J(d,) xf] =0.

Next, we use the fact (cf. Ref. [23]) that for every
Fe T,I‘Sz, we have

X(5,0)J((0) ) F = J(y() )X(s,0)F.

Then, one gets
a,d, -X(1,0)0,d, +u, - Vd, —u, - X(1,0)Vd, +

al(d,) (D,d,d, -X(1,0)D,9,d,) +

al(d,) V- (Vd, -X(1,0)Vd,) +

af(d,) (V xd, -X(1,0)V xd,) -

B(D,a,d, -X(1,0)D,0,d,) -

BV (Vd,-X(1,0)Vd,) =0,

Taking the inner product of the above identity with
D,d,d, -X(1,0)D,d,d, and integrating in space, one gets

1 d
75“ vdz _Xle ”i’g

clvd, -xvd, 1 Vuy = Vu, [ +

lu, = u Nl 1 Dad, Nl + | Vd, =XV d, |- +

ID,9,dy = XD, a,d, |l> + 1D, , X]9,d, |, +

1D, XTa,d, |l + IDLD, , XT0,d, Il +

ItD. XV d, It -l (D, X]d,d, [l -

BlID,o,d, - XD, a,d, IIi: <

Cllvd, -xvd, |1 Vu, - Vu |, +

luy = uy | Dody [l + | Vdy =XV d, [, +

|D,o,d, - XD,d,d, || + ||lEsE10p” Loyl vd, [, +

It sup Loy 1o, 1 + 19200 V4,119 +

I sup [DR(3y,0,y)X(s) Ve, [l +

I sup 1oyl 19, L+ 12 sup Loyl 194,111 -

BHDkade _XDl:akd] H? (36>

For m =3, we may estimate each term with a factor of /

by taking [ in L™ and the rest of the term in L". Then, by
Sobolev embedding and Lemma 9, Eq. (36) becomes

1 d
?auvdz -Xvd, <

C” Vd, -XVd, ||L1{ H Vu, - Vu, ”E +

Huz —U Hi;7|| Vu, - Vu, H; + ” vdz _Xle ”Ll +
ID,o,dy -XD,a,d, ||, + | VI[:C(u, ,d,)} -

BliD.avds ~XD,o,d, I < BV, = V[ +

C”uz - U ||?Z +CH Vd, -XVd, ”? +
C” Vd, -XVd, H?C(u/l adz) -

<,B — & ) ||Dk6kd2 _XDkakdl ||§$Ji” vuz - vul Hi +
4

Cllluy —u [ + 1 Vd, =XV, ) +
clIvd, -xvd, }:C(u, ,d,),

where we choose positive constant g, small enough such that

B-e =0,

and

C(u,,d,) = (|D,a,dy |+ |D,a,dy |+ |uy » Vd, | +
[V, [+ [V Ve, [+ Vd, 1) [V, ] +
ICIVdy [+ 1Vd [)(lu - Vd, [+ [DVd, |+
(Vi [vd [+ /D 1+ 11V -1V, -+
ICIDad, | + [Dad ) [V, [([Vd, |+ [ Vd D) Il +
ICIvd, [+ vd D) [V, [ll-+
i vd, [+ 1vd ) [Vd, [, +
ICIvdy [+ vd D[ Vd [(1+ [V [+ Vd )]

For m =2, we must bound / in L”. In this borderline

case, we apply a theorem due to Brezis, et al. "’ .
PpLy

[l,-=lld, -d, |- <
ld, —d, 0 (1+log” (1+|&(d, =) [l:)) <
||d1 _dz HH"
Then, Eq. (36) yields
1 d
75“ vdz _Xle H?S

Cl\Vd, -XVd, |1 | Vuy = Vu, |, +

Huz —U H;_T” vuz - vu] H/T + ” de _Xle ”I,2 +
HDkakdz _XDkakd1 ”1] +( HZHI" + H let)C(u/l sd/1> } -
BHDkakdz _XDkakdl Hi) $%H vuz - Vul ”i +

Clu, —u, |} +C||Vd, -XVd, |} -

<ﬁ _82) ||Dl.~6kd2 -XD,d,d, ”i +

C” vdz _Xle HI( H vdz _Xle ”L2 +

Iy =di ) € o) <AV, = Vg [ +
C(lluy —u iz + [ Vd, -XVd, [I}:) +

C( ” de _XVd1 Hiz + ”dz _dl Hiz)(:(u/x ’d;y) ,

where we choose positive constant &, small enough such that
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ﬂ_gz 20.
By Sobolev embedding, we can bound C(u, ,d,) by
C(ul ,dl) SC(I + ” vd] an + ” vdz H/F>4<1 + Hul
i)

wt

Huz

Then, we obtain

% | Vd, - xVd, [ <A Vu, - V| +
CClluy =w, I +ldy =d, [ + [ Vd, -XV 4, [[). (37)
Second, by the u — equation of (1), we have the identity
0,(uy —uy) +(uy —uy) * Vu, +u,(Vu, - Vu,) =
wA(u, —u) -AV - (Vd,0Vd,) +
AV - (Vd,OVd,).
Making the inner product of the above identity with

u, —u, and integrating in space, we get

1 d

75“”2 — Uy ||? +,U/|| vuz - vul i’g
CH vuz - Vul U( |u2 — Uy Hy + H vdz - le ”Lﬁ) <
%H Vu, - Vu, i’ +C( Huz — U iz + ” Vd, - Vd, Hi)

(38)
Using properties of the parallel transport, we have
[Vd, -Vd, 1= Vd,-XVd, |, + i
IVd, -xVd, |l + [ d, - d, |- (39)
Then, Eq. (38) becomes

=

1 d

75“”2 — U iz +l-/«||vu2 _vul ||}$
JZ—HVuZ—VuI 7+ CCluy —u, [+ | dy —d, |- +
”de—XVd] H?) (40>

Finally, by d - equation, we have the identity
9,(dy =d,) +(uy ~u,) + Vdy +u,(Vd, - Vd,) +
a(d, -d,) x(Ad, +V + Vd, + V xd,) +

References:

d, x(A(d,-d,)+V -V (d,-d,) +

Vx(d,-d;)) +B(d, -d,) xd, x

(Ad, +V+ Vdy, +V xd,) +Bd, x (d, —d,) x

(Ad, +V - Vd, +V xd,) +8d, xd, x

(VeV(d,-d,) +V x(d,-d,)) -

BA(d, -d,) - | Vd, [ (d, -d,) -

BUIVd, [P~ [Vd, [")d, = (dy =d,) xf. (41)
Making the inner product of the above identity with

d, - d, and integrating in space, we get
1 d
jgudz _dl Hi = _B” de - le ”i’ +

luy —u Ml lldy = dy -V e +

Cld, -di 1V dy = Vd Il 1+ luy e + V- +

IVl + 1V, Il t +8lVd, [l ld, - d, [ <

CClluy =u, I+ Idy = dy I + [ Vd, - Vd, [}).
Then, by Eq. (39) and (41) become

1 d
75“‘12 _d] H?sc( ”uz - ||? + Hdz _dl ”3 +

||Vd2—XVd| H%) (42)
Hence, from Eqs. (37), (40) and (42), the bound
Eq. (35) is acceptable. And since
luy =w Ml = ldy =, [l = | Vd, -XVd, [l =0
at initial time, then by Eq. (35) and using Gronwall’s ine-
quality, we can easily obtain
2 2
o209l =i i+ sup N4, [ +
Jsup [ Vd, ~xVd, [ <0.
Hence, we obtain (u, ,d,) = (u,,d,) on [0,T"]. By
repeating the above argument starting at time 1", we can
prove (u,,d,) = (u,,d,) for time t € [0,T]. This com-

pletes the proof of the uniqueness.
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