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Virtual Element Two-Level Algorithm for Solving PNP Equations
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Data Analysis and Com putation s School of Mathematics & Com puting Science »
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Abstract: We proposed a two-level algorithm based on the virtual element discretization for both
steady-state and time-dependent PNP ( Poisson-Nernst-Planck) equations. This algorithm first
decoupled and linearized the PNP equations using the linear virtual element solution, and then solved
them in the quadratic virtual element space. Compared with the commonly used Gummel algorithm
for solving the PNP equations, this algorithm could accelerate the solving speed. Numerical
experimental results, including both steady-state and time-dependent PNP equations, show that
compared with the Gummel algorithm with the linear virtual element, the two-level algorithm has
higher accuracy, and consumes less CPU time and is more efficient at comparable accuracy.
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*1 BEPNPHENBHMBERETHEN H RiIRE

Table 1 H' norm errors between exact solution and linear element solution for steady-state PNP equations

h Ig—¢u Il WS Ip'—pi |l ey I p*—pi I WS  tenu /s
1/4 1.00X10° — 1. 24X 10" — 1. 24X 10" — 0.03
1/8 4.59X10"" 1.13 6. 40> 10° 0.96 6. 39> 10° 0.96 0.20
1/16 2.21X10"! 1.05 3.22X10° 0. 99 3.22X10° 0.99 0.83
1/32 1.09Xx10 " 1.02 1.61X10° 1.00 1.61X10° 1.00 3.42
1/64 5.46X10° 1.00 8.07X10"! 1.00 8.07X10"! 1.00 15. 66

®2 REPNPHFEMNEHBEWKERN H' EiRE

Table 2 H' norm errors between exact solution and two-level solution for steady-state PNP equations

h I g—r Il e ) Ipt—pie I ey I p*—piv I BT teru /s
1/4 1.24X10 " — 1.84X10° — 1.82X10° — 0.30
1/8 3.26X107° 1.93 4,82X10" 1.94 4.80X107" 1.92 1.20
1/16 8.29X10 ° 1.97 1.23x10 1.97 1.23X10 ! 1.97 5. 06
1/32 2.08X10° 1.99 3.09X10 * 1.99 3.09X10 * 1.99 24.72
1/64 5.22X10" 2.00 7.73X10°° 2.00 7.73X10°° 2.00 134,39

R3 BEPNPHEMNKBEHMBEMAKERN L BRE

Table 3 L? norm errors between exact solution and two-level solution for steady-state PNP equations

h [ ¢—¢i 1o W S B It —pir I W S I p*—pi~ Il ligsiqiy Lepu /s
1/4 5.17X10°3 6.20X10 2 5.94 X102 0. 30
1/8 5.65X10" 3.19 7.79%X107° 2.99 7.70X107° 2.95 1. 20
1/16 6.74X10° 3.07 9.81x10 * 2.99 9.78X10 " 2.98 5.06
1/32 8.30X10 " 3.02 1.23X10°" 3.00 1.23x10°* 2.99 24,72
1/64 1.06X10°° 2.97 1.56X10°° 2.98 1.55X10° 2.98 134. 39
100 [~ 10" - 10! -
10! - ‘
100 100
o . ﬁ =
i 102 [~ ® Fs
&K = .
= X107 - T10 -
107 o b, —o— LA i) —— St}
—— KA, 1072 | —a g K oA ), 10-2 |-~ PIRFAEp],
10—4 1 1 1 1 | | 1 1 1 1 1 1
102 10" 10° 10! 10? 10° 102 10" 10° 10! 10? 10° 102 10! 10° 10! 102 10°
SCPUIN /s JLCPUIN /s SACPUINfi)/s

E1 BAPNPAREMNE CPUREMNH HIREXEHE
Fig. 1 Relationship curves between total CPU time and H' norm errors for steady-state PNP equations
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p=g,, i=1,2, fE 0 L.t € (0,T], (15)
p(x,00 =0, i=1.2, 7EQWM.

WS Q. MEGES 301 WAL BUS ] T=0.25, @EMELLH c=h", A F.G=1,2),f ki 5H
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FAFT R A E SR ELAF R
¢ =1 —e Hcos(ma)cos(my),

p' =3n"sin(1) (1 + %COS(T(I)COS(T(y)) ,

p? =3nsin(2t) (1 — %cos(nr)cos(ny)) .

ORI 1 R 2 SRS PNP 5 (1), % 4~ 6 2930 T HAE i g — A ik a2
t=0.25 FRYLRPETCIMPIK R iR 22 45 8. B 2 & PNP 5 R RS CPU IHEF H' B 2256 &
i £2.

*4 SHPNPHEMBERBSEMETHEN H EIRE

Table 4 H' norm errors between exact solution and linear element solution for time-dependent PNP equations

h [ b ¢ [ W BBy I pt—pi Y S5 By I p*—pi WAL S5y teru /s
1/4 2.70X10 ! — 3.08X10° — 5.96X10° — 0.16
1/8 1.11X10°! 1.28 1.58X10° 0. 96 3.07X10° 0. 96 1.75
1/16 5.03X1072 1.14 7.97X107! 0.99 1.54X10° 0.99 22.55
1/32 2.44X10° 1.04 3.99X10 ! 1.00 7.73X10! 1. 00 276.97
1/64 1.21Xx10°* 1.01 2.00X107! 1.00 3.87X107! 1. 00 4 446. 38

®S5 SHPNP HFENEBHBESWKTERN H' ERE

Table 5 H' norm errors between exact solution and two-level solution for time-dependent PNP equations

h I g—¢ Il ey Ipt—pie I e {i I p*—pie I WS teru/s
1/4 2.77X10 * — 4.75X10"! — 9.30%10 — 0.41
1/8 7.33X10°° 1.92 1.22X107! 1.96 2.40X107! 1.95 4.05
1/16 1.87X10°° 1.97 3.08X 102 1. 99 6.05X10* 1.99 48.86
1/32 4.72X107" 1.99 7.72X107° 2.00 1.52X10°* 1.99 576.52
1/64 1.18X10 " 2.00 1.93X10°° 2.00 3.79X10 2.00 10 353.48

x6 SHPNPAEMNBHMBEWMAKERN L ERE

Table 6 L? norm errors between exact solution and two-level solution for time-dependent PNP equations

h [ ¢—¢ 1o W 4 By | p'—pix Il WS By [ p*—pi- I W Sk By tepu /s
1/4 9.10x10* 2.17X10°* 3.72X10 0.41
1/8 2.99X 107" 1.61 3.67X103 2.56 9.64x107% 1.95 4,05
1/16 8.46X 1077 1.82 7.62X10°" 2.27 2.46X107? 1.97 48. 86
1/32 2.31X10°° 1.87 1.80X10* 2.08 6.17X10* 2.00 576.52
1/64 5.60X107° 2.04 4,41X107° 2.03 1.55X107* 1.99 10 353. 48

]00* 101 10]
10 - 10° \\ o *\
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SCPUIN /s SLCPUI /s SACPUIN /s

2 &AtPNP AEKA CPURIEF H' MIREXRMLE
Fig.2 Relationship curves between total CPU time and H' norm errors for time-dependent PNP equations
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[B] 32 /N T 2 PR TT i B 5 19 CPU I [E]. g i A ny 2T ¢, =1. 21 X 10 * (h=1/64 B, fF# CPU
IFIE] 2 4 446. 38 s, T4 BB PR 7R B S ARSI ¢, = 7. 33X 10 °(h=1/8) 1. Frils CPU
LR 4. 05 s, R T PIKP 5035 R A & i PNP J5 i (1) 9 A 251
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