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Pricing quotient options by the moment matching approach under
the Hull-White model

ZHANG Lidong', WU Shuimiao®, TIAN Jinghe’, DONG Yilin*, MENG Xiangbo'"
(1. School of Science, Tianjin University of Science and Technology, Tianjin 300457, China; 2. College of Economics and
Management, Tianjin University of Science and Technology, Tianjin 300457, China)

Abstract: Under the assumption that the underlying asset price follows the mean reversion process, the quotient option pricing
problem under the Hull-White model is studied by using the moment matching technique. Compared with the Monte Carlo
simulation method, the stability and efficiency of quotient option pricing can be significantly improved by the proposed valuation
method, while maintaining accuracy. Furthermore, in the Chinese stock market, the stocks of two leading companies are chosen as
research objects for evaluating the applicability of the option pricing model in the financial market. The results indicate that the
estimation results of this model and the Monte Carlo simulation method exhibit minimal differences, althougth the former requires
significantly less time.
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Table 1 Pricing results of HM method and MC method
(T=1, x,=445.55, x,=15.76, v,=0.24, v,=0.21, r=5%, k,=k,=1/3)

Hull-White HM MC
HR IR s IR /s WAL sD IR /s IR %
5 22.139 4 0.015 6 22.139 7 0.000 06 39 -0.001 4
20.236 9 0.001 0 20.237 3 0.000 07 29 -0.002 0
18.334 5 0.000 2 18.334 3 0.000 10 27 0.001 1
11 16.432 0 0.000 1 16.432 1 0.000 06 30 -0.000 6
VOU 13 14.529 6 0.000 6 14.529 9 0.000 08 46 -0.002 1
15 12.627 1 0.000 2 12.627 3 0.000 06 36 -0.001 6
17 10.724 6 0.000 2 10.724 5 0.000 08 51 0.000 9
19 8.822 2 0.000 1 8.821 6 0.000 08 55 0.006 8
21 6.919 7 0.000 2 6.919 2 0.000 07 27 0.007 2
23 5.017 3 0.000 2 5.017 3 0.000 06 27 0.000 0
5 22.190 9 0.014 1 22.193 4 0.000 25 16 -0.011 3
20.288 5 0.014 1 20.289 6 0.000 34 48 -0.005 4
18.386 0 0.014 1 18.384 8 0.000 27 76 0.006 5
11 16.483 6 0.014 1 16.478 9 0.000 31 50 0.028 5
13 14.581 1 0.014 1 14.579 3 0.000 31 79 0.012 3
CIR 15 12.678 6 0.029 7 12.679 4 0.000 21 51 -0.006 3
17 10.776 2 0.029 7 10.774 5 0.000 30 23 0.015 8
19 8.873 7 0.029 7 8.872 8 0.000 29 46 0.010 1
21 6.971 3 0.029 7 6.968 0 0.000 41 81 0.047 4
23 5.068 8 0.029 7 5.066 4 0.000 30 57 0.047 4
23.008 2 0.015 7 23.010 1 0.001 80 54 -0.008 3
21.105 8 0.0157 21.061 2 0.002 95 54 0.211 8
19.203 3 0.015 7 19.192 7 0.002 84 54 0.055 2
11 17.301 0 0.0157 17.300 9 0.001 87 54 0.000 6
13 15.400 4 0.0157 15.382 0 0.002 37 54 0.119 6
EOU 15 13.508 3 0.031 3 13.498 8 0.002 76 50 0.070 4
17 11.643 0 0.031 3 11.628 9 0.002 45 43 0.121 2
19 9.837 4 0.031 3 9.829 3 0.002 19 42 0.082 4
21 8.1354 0.031 3 8.132 0 0.001 32 44 0.041 8
23 6.581 6 0.031 3 6.565 8 0.001 65 43 0.240 6

T HM AURA SO 977 1 MC R SRS R B BT 14 SD F0R 5205 R B B L WIBUG THE R BRI R 22, M Fom
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FIrsim , 5 Z A0 o, AR D5 L1 BT 52 ) 0 225 00 MK IH DRl e 9 3z SR ) 5 SH Sl AR BRI, 5 Z A L, A T7
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%2 PN AR A HM 7k MC ik EMrss
3, x,=445.55, x,=15.76, v, =0.24, v,=0.21, r=5%, k,=k,=1/3)

Table 2 The pricing results of HM method and MC method when the expiration time is long

(T=3, x,=445.55, x,=15.76, v,=0.24, v,=0.21, r=5%, k, =k, =1/3)
Hull-White HM MC
R A 77 S T AL SD FIRE /s PR
5 20.034 1 0.001 0 200345  -0.000 05 69 ~0.002 0
183127 0.000 2 183124 —0.000 09 30 0.001 6
9 16.591 3 0.000 2 16,5908  -0.000 07 28 0.003 0
1 14.869 8 0.000 3 148693  —0.000 09 28 0.003 4
13 13.148 4 0.000 1 13.1483  -0.000 08 48 0.000 8
vou 15 11.4270 0.000 1 114277 -0.000 08 103 ~0.006 1
17 9.705 6 0.014 5 97055  -0.000 11 103 0.001 0
19 7.984 2 0.000 2 7.9838  —0.000 10 83 0.005 0
21 6.262 8 0.000 2 62622  —0.000 08 50 0.009 6
23 4541 4 0.000 1 45419  —0.000 09 31 ~0.0110
5 20.124 0 0.000 1 201107  -0.000 27 134 0.066 1
7 18.402 6 0.000 1 183933 -0.000 35 166 0.050 6
9 16.681 2 0.016 1 16.6683  —0.000 34 201 0.077 4
1 14.959 8 0.016 1 149449  -0.000 31 129 0.099 7
13 13.238 4 0.016 1 132224 -0.000 36 180 0.121 0
CIR 15 11.516 9 0.016 1 115055  —0.000 33 116 0.099 1
17 9.795 5 0.016 1 97755  —0.000 35 150 0.204 6
19 8.074 1 0.016 1 80574  —0.000 25 126 0.207 3
21 63527 0.031 8 63384  —0.000 36 12 0.225 6
23 4.6314 0.031 8 46146  —0.000 27 140 0.364 1
5 21413 5 0.000 1 213720 -0.002 99 4 0.194 2
7 19.692 2 0.000 1 19.6549  —0.003 68 39 0.189 8
9 17.971 2 0.015 6 17.9300  -0.003 19 39 0.229 8
1 16.253 6 0.015 6 16.1779  -0.002 13 39 0.467 9
13 14.548 2 0.015 6 145204 -0.002 42 40 0.191 5
EOU 15 12.872 9 0.015 6 128077  -0.003 47 39 0.509 1
17 11.253 4 0.015 6 111554 —0.002 76 39 0.878 5
19 9.718 8 0.031 3 9.6353  -0.002 22 39 0.866 6
21 8.295 6 0.031 3 81889  —0.002 56 39 1.303 0
23 7.003 7 0.031 3 69143  -0.002 25 39 1.293 0
F£ 3 PERERITE HM J5 55 MC 7@ g
(T=1, x,=445.55, x,=15.76, v,=0.64, v,=0.61, r=5%, k, =k, =1/3)
Table 3 The pricing results of HM method and MC method with higher volatility
(T=1, x,=445.55, x,=15.76, v,=0.64, v,=0.61, r=5%, k,=k,=1/3)
Hull-White HM MC ]
A AR 77 SR T TR sD FIFE /s I
5 22.164 6 0.000 2 21637  -0.000 21 31 0.004 1
7 20.262 1 0.014 6 202648  -0.000 25 27 ~0.013 3
9 18.359 7 0.000 2 183574  —0.000 23 27 0.012 5
1 16.457 2 0.000 1 164589  —0.000 21 70 ~0.010 3
13 14.554 7 0.000 2 145555 —0.000 20 78 ~0.005 5
vou 15 12.652 3 0.000 2 126479  -0.000 22 78 0.034 8
17 10.749 8 0.003 7 107525  -0.000 17 78 -0.025 1
19 8.847 4 0.000 1 88485  —0.000 27 67 ~0.012 4
21 6.944 9 0.000 2 69433  -0.000 18 62 0.023 0
23 5.042 4 0.000 1 50396  -0.000 17 63 0.055 6
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% 3(48)
Hull-White HM MC
BRI K e FIRE s WA sD I s PR
5 22.599 5 0.015 6 22.606 0 -0.001 00 42 -0.028 8
20.697 0 0.000 1 20.694 9 -0.001 11 43 0.010 1
9 18.794 6 0.000 1 18.797 4 -0.001 02 42 -0.014 9
11 16.892 1 0.000 1 16.882 8 -0.001 10 42 0.055 1
CIR 13 14.989 6 0.000 1 14.996 3 -0.000 93 42 -0.044 7
15 13.087 2 0.015 6 13.086 6 -0.000 78 42 0.004 6
17 11.184 7 0.000 1 11.177 1 -0.000 98 42 0.068 0
19 9.283 0 0.000 1 9.282 6 -0.000 68 42 0.004 3
21 7.389 4 0.000 1 7.391 2 -0.000 99 42 -0.024 4
23 5.540 3 0.000 1 5.5330 -0.001 04 42 0.1319
22.599 5 0.002 6 22.598 4 -0.001 15 42 0.004 9
20.697 0 0.000 1 20.701 5 -0.001 04 41 -0.021 7
9 18.794 6 0.000 1 18.795 7 -0.001 29 42 -0.005 9
11 16.892 1 0.000 1 16.891 0 -0.001 24 43 0.006 5
13 14.989 6 0.015 7 14.986 1 -0.000 94 41 0.023 4
EOU 15 13.087 2 0.000 1 13.096 2 -0.001 03 43 -0.068 7
17 11.184 7 0.000 1 11.187 2 -0.000 93 41 -0.022 3
19 9.283 0 0.000 1 9.274 9 -0.001 04 42 0.087 3
21 7.389 4 0.000 1 7.391 4 -0.001 32 42 -0.027 1
23 5.540 3 0.015 6 5.5212 -0.000 94 42 0.003 5

e, PEAL I AUE M AR R 4 T 3 Wl L SR B B SR T 3 v S 3P B R YT E O ISR A A
FEXFA L2019 4F 10 A 8 H ZE 2022 4F 10 A 10 H AR AWM w58 . MM ITH ) 2

ZoN T AT AL B e Sk A [ SR T 3 v B SR A A B S s P R

1S4
o

Wy K TR M e A B 5

RIREA . T CIR RS PRIERT ™ R T 0, AT & H T R B, N e CIR i, 7e S Bl it
(e e e G BB SEANAR B R AN T 25, 0 E RIS A A% oy, (o) MIEBIR v, (o) BRI 250 4 5
HAHRAA CIR B8, I 38 5 foe /D — e AU G AL 15 B (8 [0 S &, (o) WA TT S50, KA 21 S 800
AT CIR BERY, il FH 54 B AU T5 86 AR ST 75 36 70 B XX 2 Fhbs B 98 7= B B K AT IIAUE . 3R 4
ATLUE 2 M7k B T AE R 22 S (H HM IR T I A, 45 LR IR ML i 7 SR TT 3 1 SE A

RIUEL

F 4 EIBIEMEER(T=3, x,=1 167.1, x,=18.58, y, =1 705.396 417, y,=20.212 764,
v, =5.7275, v,=0.337 7, r=5%, k,=0.100 121, k,=0.100 012)

Table 4 The pricing results applied to stocks and exchange rates(7=3, x,=1 167.1, x,=18.58, y,=1705.396 417,

v,=20.212764, v,=5.7275, v,=0.3377, r=5%,k,=0.100 121, k,=0.100 012)

K HM Me 2R/ %
RN AR HR/s RN SD FHRL/s

5 55.685 8 0.001 0 55.7222 0.003 8 205 -0.065 3

7 53.964 3 0.000 2 53.9221 0.003 2 352 0.078 3

9 52.2429 0.000 1 52.224 8 0.003 6 215 0.0347
11 50.5215 0.000 6 50.559 2 0.004 0 251 -0.0746
13 48.800 1 0.000 2 48.8227 0.003 6 359 -0.046 3
15 47.0787 0.000 2 47.0520 0.003 4 365 0.056 7
17 45.3573 0.000 1 45.398 2 0.004 3 125 -0.090 1
19 43.635 8 0.000 2 43.691 8 0.004 4 410 -0.1282
21 41.914 4 0.000 1 41.899 6 0.004 1 381 0.0353
23 40.193 0 0.000 1 40.2159 0.003 0 485 -0.056 9
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Mt A Hull-White 58 (15— 5 S 40
Hull-White &7 (1) AL FEFL M TE 20N

X(0=X0)+ [ k() (7,()=X,())ds+ [ v()X(s)dW,(s),
I,
E[X,(0]=E[X,(0) 1+ E k() (7.()-X,())ds+E [ v,(s)X*(s)dW,(s)

=X, tE [ f;k,.(s)%(s)ds ]—E U;ki(s)x,»(S)ds ] .
% ()= EX,(1)

o, (t)=a,(0)+ frki(s)yi(s)ds - ft k.(s)a,(s)ds,

XF e R, ATAE
dla.(t
[ac,l( H=k,.(t)7,-(f)‘kf(’)a"(t)’
t
AR

a,(t)= e Jkoas (f,k,»(S)%(s)ef;"f(“)"“ds +C ),
1 O‘i(O) = EX,'(O) = xi(),f)t/\ﬁ[/f% C=x;, ,ﬂ(
ELX(D)]=a (0= e 0% ([ k(s)y,(s)eld® asrr, ).

Mt B  Hull-White #5811 — [y 5 S 50
WA, A

X=X+ [ 2x()ax(s)+ [ 200x(9) X ()
=X2(0)+ [ 2X,(5) [K,(5) (9,(5)=X,(5) ) ds+v,(5) XE( ) AW,( ) ]

« [ X s,
& n ()= EX(0) AT
n(0=m0+E[[ 2X()k()y()8s |- [ 2m(()dse E[[ v x¥()as ]
Vou it g=0, 1

n(0=1,00)+ [ 20,50k ()7,() ds= jo 2m()k () ds+ jo V(s)ds, (21)

Hrp a.(s)= el oas k.(s)y‘(s)ej;k“”)d”ds +x, |o (21X 2Rk T, 15
i 0 i i i0

d[n,(1) ]

=20k (DY (D -2 (kD0

ort
n,(1)= e’fézk,-mdx U'efgzm(u)du (2a,(s)k,(s)y,(s)+vi(s))ds+C ] 5
0
B m,(0)= xp QAT C=x)) A

t t s t t s 2
E[X (1) ]=n,(t)= e'L»Zk"(“')de vf(s)efn”’”)d”ds + e 7J s (xi0+ j ki(s)y,.(s)efok"(“)d”ds) o
0 0
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CIR 3 F =
n(D=m,00)+ [ () [26()7,(5) +v3(5) 1ds= [ 2m,(5) k(o) s, (22)

oo ()= e T ([ k()y (o)l as axy ) #(22) 8 ok S, A7
0

dln(1) ]

4 =a,(1) [ 2k, (1) y, (1) +vi (1) ] -2, (1) k(1) .

CINPEEE
n(1)= el [j[efézkf“‘“" (a,(5) [2k()y,()02(1) D) ds+C |
¥ m,(0)= AN TTE C=x3), A

E[Xlz(t) ] 277,'( t)z e—J';Zki(S)de V?(S) (x,'o+ f ki(u),yi(u)efgk,-(v)dvdu )ej;ki(u)duds
0 0

t t s 2
+ C_JOZki(S>dS (xi0+j ki(s)')’i(s)efoki(u)duds) o
0
EOU g =1,

n(0=00)+ [ 2a()K() 7 dst [ m(9)[vi(5) =2k (5) 1ds, (23)

st a ()= e O ([ ()7, o)eld @ ds vx, ). (23) % 1ok S, AT
0

W=2ai(0ki( Dy (1) +0,() [vi(1)=2k,(1) ],
A
n,(t)= e uE) 2H5) Tas U;zej;<zk,.<u>-v,.z<u>>du a,v(S)k,«(S)y,(s)ds+C]o
¥ ,(0) = x, O AT TG C=x WA

E[X:(t)]=n,(1)= efo”'z(”'z"'“))dxf vi(s) (x, +f k[(u)'y,.(u)efgk'“)d"du)ze'f;”iz(“)d“ds
0 0

t t s 2
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