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Existence of positive solutions of a second-order Neumann boundary value
problem with derivative term

WANG Liyuan, MA Ruyun”
(School of Mathematics and Statistics, Xidian University, Xi’an 710126, Shaanxi, China)

Abstract: This paper studies the existence of positive solutions of a second-order Neumann boundary value problem with derivative
term
—u"+Ku=f(t,u,u'), 0<t<l,
{u’(O): u'(1)=0,
where k>0 is a constant, f:[0,1]x[ 0,0 )xR—[0,% ) is a continuous function. Under superlinearity condition and Nagumo-type
condition on f, the problem has at least one positive solution. The proof of the main results is based on fixed-point index.

Key words: Neumann problem; positive solution; fixed-point index; existence

1 s REEHF

T H i 5 J7 #2 Neumann 21 RIEAG Y £ 20 U8 T — 2625587 Sun 451 58 B Neumann 34 {H
[] R
—u"+kKu=f(t,u), O0<t<l, (0
u'(0)=u'(1)=0
AR AEAETE , o k>0 B HL, £:10,17x[ 0,00 ) [0, 00 ) NIELLPRAL, Wang %52 HF5E T 518 1) 264
(19— Neumann S {F 0] &, HARZMES f BT o', SCHR[ 1-2 ]33 FHHERL 5 4 A 3l e B, 76 F i 2
—ESRMEN UER TR (1) IEfRAAEAEME . SR SR 1-2 ] B s gt SR g B 08 FH ARGtk 3T M
T u' WIHE,
Yr#m B H7:2024-01-08 ; [ 45 H ki A 18] : 2024-05-09 11:32:31
E®WE : HEKHARH RS BIIH (12061064)

FE—1EE LW (1998— ), L BH-WFoe A WF5E 7 ) A 3 AR fIR) . E-mail : wly13707667619@ 163.com
«BIEMEE . DW= (1964— ) 5B #8205 7 10 0 5 8243 B PR32, E-mail : ryma@ xidian.edu.cn




%S5 FEmiE %A S A i Neumann 34 {E ) 85 E f# 0 A2 76 PR 51

Constantin'* BF T AELMETR FARHE T w0’ B 7] 5
-u"=f(t,u,u"), O<t<l,
{M(O):MU):O
IEMRAAEAENE o £:[0,1 xR >R NiELLeR S, 4 fI 2
1f(t,u,0) | SA(t,u)w(e),
Hop A, u) 7E[0,1] xR ERERE THRA R, wiR,— (0,0 ) JiEZ ¥ H
f“" ds C
o w(s)
TR (2) A —AIE M, SCHR[ 3 ]38 33 Nagumo SFRR £ B3R, A58 || w' ||, BISE5 A AR PE Leray-
Schauder AN#J) 55 5 BRAS 2| W] # ( 2) 1E MR AEAENE
X T 5 — 9 — ) Neumann 1{i 5] #
—u"+kKu=f(t,u,u’), 0<t<l,
{u'(O):u’(l):O,
REAE IR AAATE PSSR, Hoh k>0 i %8, f:(0,11%[ 0, 00 ) xXR—[ 0, 00 ) N IELERREL,
PHEn ™ S 5kin) B

(2)

(3)

—u"+ku=f(t,u,u’)+r, O<t<l,
| (4)

uw'(0)=u'(1)=0
e AL b A N IESE, SIA TR (4) 1% B )
“u'+kKu=f(t,u,a')+r, 0<t<l1,
{u'(0)=u'(1)=0,
HaeC'(0,1), a’'(0)=a'(1)=0,
A SR Bk
(H1) fAAEHE u>0, (15

(5)

1t
fim int ) S
u

u—+®

XF(t,p) €[0,1]xI —FBUEr, Hod e, Wa(7) 12 R AL RS b X ]
(H2) FAEEHELv>0, (115

i fCt,u,pr)
1m sup
u

u—0

sv<c,

K (e,p) € [0,1]x] —BURaL, b e, Wa(8) 12 R A& 5T A IX 1]
(H3) TEAEHEL A, >0, B,>0, % (r,u,p) €[0,1]%[ 0, ) xR, H
f(t,up) <A,-B,Ku*+By*,
EIB 1 B (H) BT AR R R B, >0, B, AMEHT A Fl o, XF RIS (5) AR I# u,
lul.<B,,
He | ul, zorgtagxllu(t) I,
I 2 BB (HL) FI(H3) WL, AR RS0, fAAEHE B>0,2 A € [0, A 1 X n) 8 (4) W4T 7 it
u, fi
lu'|.<B.
3 BB (H)—(H3) BT, W (3) BT AR,
L MRE(3) AR SR w10 (3 ) 4438 A SR 1] e P B (1)

2 & iR

A X=C[0,1], E=C'[0,1],W=s[a] X,E 43 BIAE 5



52 [T N = (S C = Y %60 &
bl =max (o, ul=ul,+ ol
T2 Banach =5[H],
FF UK Neumman 118 1] 1
—u"+k’u=0, 0<t<l,
! —_ ! —_ (6)
u'(0)=u'(1)=0
19 Green PRECHN
h(k(1-t h(k
cosh (k( .))cos ( s)’ 0<s<i<l,
ksinh k
GULSI=1 osh(ke) cosh (&
cosh(kt)cosh(k(1-s)) Dsres<]
ksinhk ’ ’
. | |
/ﬁ\qj,smhk=?[e—e ],coshk=?[e +e*],
it m= Omlan(t s)>0, M= ,max G(ts) o=mM " %
c0:=mafo(t,s)ds, c;'i=oc,, (7)
o=sr=<1Jg
iR E(6) 1Y Green PRECR] 1,
—sinh (k(1-t h( k.
sinh (k( - )) cosh( S), 0=ss<r=<1,
d sinh k
ar C =) G (ke cosh(k( 1-5))
s ! C(_)S S . O0<st<s<1,
sinh k
S
d
63:_522(1[0 aG(t,s) ds
¢, i=cotey, (8)

I 1 4 P 2 Banach ZS[A| P HE, 2 F: PP N BELE T H F(0)=0,{Ri%FELE r>0, R>r,

H:[0,1]xP—P f§i15
(1) utF(u) SHEZW | u | =r, t€[0,1];
(i) F(u)=H(0,u) SHEEM ueP;
(i) H(t,u) #u, XHAEER | u | =R, t€[0,1];
(iv) H(1l,u) #u SHMEEM || u | <R,

WA FAAFEARSN S uy, < || u, || <R,

3 FEERWILHA

EHES, (S B u( 1) TR I BUMER
w(n= [ GU9) (fs.u(s) o () +M)ds, 0=i=1,
a0 0
w()= mf (fCsu(s) 0 () 4) ds =0 [ M(fCsu(s) e () +2)ds

=" mafo(r $) (f(s,u(s).a'(s)) ) ds=a || u . .

NHEER  FEAE R B B, >0, X 8 (5) AT B it u, A

lull..<Byo

R b AAAAERE(S) BRI S (u, | 5752 n—oo BT | u, ||, —o o HIIBRBZ(H1) 13 FF1E 850, d<u—c,,



5 FEmiE %A S A i Neumann 34 {E ) 85 E f# 0 A2 76 PR 53

HAE R>0,24 u=R i},
0
f([,l/l,(//) 2[C1+2)u0
HFAEn>0, Y n=n, B, lu, () I>R, t€[0,1];H4 n=n, B,

u,(t) BJ] G(t,s)f(s,u,(s),a'(s))ds
BJLG(I’S) (cﬁij u,(s)ds

B(cﬁi)a' lu, |. J';G(t,s)ds,
n
1. 260(01‘*8)0 lu 1.,
2
BRL

oCcy=<

SR F &, BREARAL, €3 1 AHIE,
FEHE 2GR, B u SR (4) i,
-2B K’ uu'+2B u'u"
A+A,-B,K’u*+B,u"”
2B, u' ( -k u+u")
:/\+A1—Bl “u>+B,u'
=2Bu' (f(t,u,u’)+1)
) A+A,-B Ku’+Bu’?

d
aln()\+Al—B1k2u2+Blu’2)=

HIfB (H3) , 24 u' (1) <0, 1€ (0,1) 0T,

%ln(/\+A,—B,k2u2+B,u’2) <-2B,u’, (9)
AR (H3) , 24w/ (1) >0, t€ (0,1) I},

%ln(A+Al—Blk2u2+Blu’z) =-2B,u’, (10)

XS () RS
(1) & u(e)TE =0 BHEIRERE KM, XX (9) o1
j[ i1n()\+A]—B]k2u2(s)+B1u'2(s) Yds< f -2Bu'(s)ds, O<t<l,
o dt 0
RS
In(A+A,-B,K*u*(t)+B,u’*(1) ) <In(A+A,-B,k*u(0) ) +2B,(u(0)-u(t)), O0<t<l,
R
In(A+A,-B,K°u’(t)+B,u"*(t) ) <In(A+A,-B, K’ | u |, )+2B,( | u |, -u(t)), O<t<l,
(1) # u(r) 1€ 1= 1 BHUSHEKME , X (10) o015

1 d 1
fEln()ﬁA]—B]kzuz(s)+B1u’2(s))ds?J “2Bu'(s)ds, O<i<l,

A
In(A+A,-B,K’u’(t)+B,u’*(t) ) <In(A+A,-B,Ku(1))+2B,(u(1)-u(t)), 0<t<1,
R
In(A+A, =B K*u*(1) +B,u'*(1) ) <In(A+A,-B,k* || u ||, )+2B,( |u |, -u(t)), O0<t<l,



54 R R % M (B % R 55 60 &

(iii) # u(e) FE 1= BPUGERRIE € (0,1) o AF1E >0, 1€ (€-¢,6) B,

In(A+A,-BKu*(1) +B,u’*(1) ) <In(A+A,-B,Ku( &) ) +2B,(u(&) -u(t)) .
More (¢,E+8) ),

In(A+A, =B K*u’ (1) +Bu"* (1)) SIn(A+A, =B K'u(€) ) +2B,(u(€) ~u(1))
Ik, X re (é-¢,6+e) BT,

In(A+A,-B,K*u’(t)+B,u"* (1)) <In(A+A,-B,k* | u ||, ) +2B,( || u ||, -u(t)),
i ML 1) (i) (i) ¥

In(A+A, =B, K’ (1) +B,u"*(1)) SIn(A+A,=B.&* | u || )+2B,( [ u |l -u(1)), 0<i<l, (11)
PRI (5) BT T o T A, 25 (1) = u( o) IF, [IREL(5) AR (R (4) A, IR (HL) BT,

FERR 1AL ) (5) A s A, WL (4) i e it . a5 G C(11) Al XF m) 8 (4) AT i u,
| u' ||, A BITETE R B>0, || u' ||, <B, 32 fHIF,
SEFL3 IR, E HE PN
P={ucE:u(t) =0, Orgigu(t) zollul,}o

E XS 7 PP,

.,7u<t)=f' G(t,9)f(s.u(s) .u'(s))ds,
RHWAE , 7 NEHELE T BT WA MR (3) B
By 7 AR, FE L, YueP,

OIEiB.'yLl(t):()IEiB. fl G(t,s)f(s,u(s),u'(s))ds= mfl f(s,u(s),u'(s))ds

:%fl Mf(S,M(S),u’(S))ds2% max f:) G(t,5)f(s,u(s),u'(s))ds

=0 || Tull..

ST A (nu) (1)=7(n,u) (1),

1
Z(,,,u)(t)zj G(t,s) (f(s,u(s) ,u'(s))+nA)ds, 0<t, n<l,
0
F RS (H2) 15, AFFE 6,>0, v=c,—8, ,fF1E >0, 0<u<rH},

f(t,u,l/f)S[cz—SOJuo

2

I, 25 || w || =r B,

|7 (u) (1) 1= f G(1,5)f(s,u(s) ,u'(s))dss(cz—éo] lull. f G(f,s)dssco[cz—aoj Faell o
0 2 0 z

[E=

|7 (u)(t) =

f;%G(I,S) f(s,u(s),u'(s))ds

5, 'l d
$(c2—2) | u ||°cf0 dtG(t’s)
FRLA S (|| =r B,

~ . p dy 1 S,
[ Zull = 7ull,+1.7"ull, <(ctes) G ||u||w=cf ey [ullo<llull,o (12)

i C12) AT SIEE L B (1) L, S TR (i) AR, e B 2 W, 2 A RAEI, A=A I, 7]

BH(4) AFFAEIEM ;24 R=B+1 I 5IEE 1 8 (1) A Civ ) Bz, Rtk g 188 1 T, 381 7 A AE AN Sl 1R
(3) ZHFAE—IEMR, 8 3 151k,

1
g f
0

)
ds$cg[cz—2°) Full. o

60 |+ fsus) 0 (5)) [ds

S 3k

[1] SUN Jianping, LI Wantong. Multiple positive solutions to second-order Neumann boundary value problems[ J]. Applied



5 FEmiE %A S A i Neumann 34 {E ) 85 E f# 0 A2 76 PR 55

Mathematics and Computation, 2003, 146(1) :187-194.

[2] WANG Feng, ZHANG Fang. Existence of positive solutions of Neumann boundary value problem via a cone compression-
expansion fixed point theorem of functional type[ J]. Journal of Applied Mathematics and Computing, 2011, 35(1) :341-349.

[3] CONSTANTIN A. On a two piont value problem[ J]. Journal of Mathematical Analysis and Applications, 1995, 193.318-328.

[4] HAI D D, SHIVAGI R. Positive radial solutions for a class of singular superlinear problems on the exterior of a ball with
nonlinear boundary conditions[ J]. Journal of Mathematical Analysis and Applications, 2017, 456(2) :872-881.

[ 5] GAO Hongliang, MA Ruyun. Multiple positive solutions for a class of Neumann problems[ J . Electronic Journal of Qualitative
Theory of Differential Equations, 2015, 2015(48) :1-7.

[6] HEIDARKHANI S, MORADI S, BARILLA D. Existence results for second-order boundary-value problems with variable
exponents [ J]. Nonlinear Analysis, 2018, 44.40-53.

[ 7] LI Yongxiang. Positive solutions for second order boundary value problems with derivative terms[ J ]. Mathematische Nachrichten,
2016, 289(16) :2058-2068.

[8] SOVRANO E, ZANOLIN F. Indefinite weight nonlinear problems with Neumann boundary conditions [ J]. Journal of
Mathematical Analysis and Applications, 2017, 452(1) :126-147.

[9] XING Hui, CHEN Hongbin, HE Xibing. Exact multiplicity and stability of solutions of second-order Neumann boundary value
problem[ J]. Applied Mathematics and Computation, 2014, 232.1104-1111.

[10] KRASNOSELSKII M, FLAHERTY R, BORON L. Positive soutions of operators equations[ J]. The American Mathematical

Monthly, 1964, 74(3) .343-343.

(%BH.TRWH)

(L% 49 )

[23] LU Yanqiong, JING Zhenggi. Continuum of one-sign solutions of one-dimensional Minkowski-curvature problem with
nonlinear boundary conditions[ J ]. Mathematical Methods in the Applied Sciences, 2023, 46(7) :8160-8174.

[24] BEREANU C, MAWHIN J. Boundary value problems for second-order nonlinear difference equations with discrete ¢-
Laplacian and singular[ J]. Journal Of Difference Equations And Applications, 2008, 14(10/11) :1099-1118.

[25] BEREANU C, MAWHIN J. Existence and multiplicity results for nonlinear second order difference equations with Dirichlet
boundary conditions[ J]. Mathematica Bohemica, 2006, 131(2) ;145-160.

[26] CHEN Tianlan, MA Ruyun, LIANG Yongwen. Multiple positive solutions of second-order nonlinear difference equations with
discrete singular ¢-Laplacian[ J]. Journal of Difference Equations and Applications, 2019, 25(1) ;38-55.

[27] ZHOU Zhan, LING Jiaoxiu, Infnitely many positive solutions for a discrete two point nonlinear boundary value problem with
¢.-Laplacian[ J]. Applied Mathematics Letters, 2019, 91.28-34.

[28] LU Yangiong, MA Ruyun. Multiple positive solutions of the discrete Dirichlet problem with one-dimensional prescribed mean
curvature operator| J]. Journal of Applied Analysis and Computation, 2021, 11(2) :841-857.

[29] #RIY. ARLRNEZ BRI [ M. BFRS : ILZRBRAHOR H R, 2002.
GUO Dajun. Nonlinear functional analysis[ M]. Jinan: Shandong Science and Technology Press, 2002.

[30] KRASNOSELSKII M A. Positive solutions of operator equations| M ]. [s.1. ] : Groningen, 1964.

(31] Sz, &tk R EE KL A [M]. Jbat: Bh# et , 2019.
MA Ruyun. Theory and application of nonlinear difference equations| M |. Beijing: Science Press, 2019.

(%% . R )



