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Method of moments, scaling transformation group analysis and self-similar
solutions of a class of ( 3+ 1)-dimensional macroscopic population balance
equation

LIN Fubiao, YANG Yang
(School of Mathematics and Statistics, Guizhou University of Finance and Economics, Guiyang 550025, Guizhou, China)

Abstract; Self-similar solutions and approaches for analytically solving a class of ( 3+ 1)-dimensional macroscopic population
balance (integro-partial differential) equations with homogeneous collision kernels are studied. (3+1)-dimensional integro-partial
differential equation is successfully transformed into (2+1)-dimensional partial differential moment equations by use of the method
of moments. The admitted scaling transformation groups, reduced (2+1)-dimensional integro-partial differential equations, reduced
(1+1)-dimensional ordinary differential equations, self-similar solutions, explicit exact solutions of (3+ 1)-dimensional integro-
partial differential equations and (2+1)-dimensional partial differential moment equations are presented by use of the method of
scaling transformation analysis. The dynamic behaviour analysis of the obtained solutions are also given.

Key words: macroscopic population balance equation; moment method; scaling transformation group; self-similar solution

0 5=

T WURF A5 77 AT TS50 A 25 11 ORE 28 8 oL T s ORE I 1 22 5 B, 7 1 24 R 45 M 26 52
PR TP SR Tz R > DR R BT D R 5 ARG T 52 2 P RS B O R S LU AR ME ) pir L —
Je e R BB IR A TR ) 4 T v SE GROR il 88 RIS SR I R A AT A 5 A ol

YT O e )yt ] =B(x,y,0) ~D(x,3,1) (1)
ot ox

o ISTE], y KL B i, AN AL AR x Z DAL AL BARZS , f (o, v, 1) DL B 0] 3L 3l 56 2R 1) 4 8
i, v(x, ) AR AR — 25 B BT A E B Is SR RE . AN 2R Z0MORL T 1 BT A H B T R AE (AR A

I #5 B #7:2023-09-20; 4% H AR A 18] : 2025-02-27 17:29:12

EE&TA  ERARFER A BT H (12461038) 5 BUMARHE R4 BT H (B FHS B-ZK [ 2022] —f 021) 5 BMNE R FFR RS
AT B 2 R SRR FE B I IUH (2023013) 5 SNV R ATH IR R K2 AR B H (2024XSXMBI16)

E—1EE HMIFIR(1978— ), 5, Wz, W WF5E 5 ) A R4 2. E-mail : linfubiao0851@ 163.com



126 R R % M (B % R % 60 &

RAF AR BHAEA 2= IR S2m N B AR A TR H B e, I
dx dy

—=v(x,t), —=0,
dt dt
Jt 53 AR s F y—s B/ INRLF BORRRIETEE | 58 3R BT i A2 y B OB H0 AR ZRRIBE T2 530 O
B(x,y,t)=?K(x,t) fo f(x,y=s,t)f(x,s,t)ds, (2)
D(x,y,0=K(x,0fxy,0 [ fxs,nds, (3)

K(x,t) AR N AU T3R5 A TR AR RSP RIS, B(x,y,0) =D (x,y,1) KT
HIE R, 3(2) () IRATTRR (1) , 1548

PELD. 2 e e
f (4)

=K(x,1) [?JO f(x,y=s,0)f(x,s,t)ds—f(x,y,t) f: f(x,s,t)ds |,

1 (3+1) & EZNAEFH 2

BB DAE 2 R T il 2 2R 0] 42 2, Rl AX R B IR ST IR, (HAS — 2 W & W R, X 85 A il R
K(Ax,At)=APK(x,t) 1B K(x,t)= K(t,x) AN—E WL, W2 [EAH 7 1 3R 155 Rl 2%
vix,)=v,(i=1,2), K(x,t)=kx"t", K(x,t1)=K,x"+Kk 1", (5)
Hv, v, k) Ky k5 p g o B R U5 RATTFE(4) 153
Uf(x.y,1) +v, UG =k, x"t! [ifw f(x,y=s,t)f(x,s,t)ds—f(x,y,t) fw f(x,s,t)ds], (6)
at ox 2 Jo 0

af(x,y,t)w af(x,y,1)
at P ax

= (Kkyx"+K,1") [%f: flx,y=s,0)f(x,s,t)ds—f(x,y,t) f: f(x,s,t)ds ]o (7)

JrEL(4) ((6) \(T) WURETRN T RIRC ik RS, BSR4 FURAE ORI R (4) HORCRR
TRV 7 T AT R A A M R 1) RS 1) T R 7o) %
AR T B TESE J78E (4) ORETRRAL, R FH R B BeRE I i DS 0 7  J T 1R (6) L (7) OB T 29
B R B0 K0 30 112 25

2 JTHR(6) (7)MREZEHN

FIEE(6) ARG

x=xa'', y=yd?, t=ta", f=fa", (8)
Hed(i=1,2,3) .u.a 255, 0(8) XN E’J%%jﬁ
X=A o +/\2y +A, ti ,uf—f (9)
= (8) 1%
f(x,y,0)=f(xa™,ya™** ,ta*)a", f(x,y-5,1)=f(xa™ ,ya?*=sa** ta™**)a", (10)
K (8) . (10)FRATTHE, 15
af();’ty’t) af();x} L K X" [%f: f(x,y-5,1) f(x,5,0)ds—f(X,y,1) f: f(x,5,0)ds |,

E— 13



5 8 1] RIS , 55— (3+1) AR WUAE AT 77 A AR 7 0k AR BE AL it 23 # K 11 AR LA 127

a,uﬁ)gaf(x’y’t> +V1a/.r/\]af<x9y9[)

ot ox
= @ PRI P g [ifwf(x,y—s,t)f(x,s,t)ds—f(x,y,t) fwf(x,s,t)ds ]O (11)
2 Jo 0
B 25T, 2 (8) ¥ I 2 (6) W AT — il A2 1 W] — 7 R B M, i 5 R (11) , 753
As=A,, p==A,—(ptg+1)A,, (12)
KL(12)RAK(9) 15
X1=x;x+t§t-(p+q+1>y:y, X2=x;c+t;—(p+q+l)f;co

K, B IETTRE(T) A%

g 9 9 a 0 ad
Yy=x ot o~(at D)y o, Yy=x ot —(atl)f
dx ot ay ox ot of

3 FA(6) (7) B AR

31 FiE(6)HIE LI
TAEL span | X, , X, | X HEA S BACE —A>, I 2 (6) 19 B AU A R3], IRk J=J(x,y,

) W5 X, J=0 RAFIEITRE N

df dx dr dy

0 x 1 ~(prgrl)y”
BT X, BN R R T, =f, Jy=xt™", J,=yt" " LR (6) BIfEN

flx,y,)=g(u,z), u=yt"""  z=xt"",

Horfr g (u,z) Wi 2

(prati)u ag(ab;’Z)J“(Vl—z)‘ag(auz’Z>
1 © ®
=i [ | eu-0,08(0,2)a0-g(u,2) [ g(0,27a0 ] (13)
e J=J(x,y,t.f), T X,J=0 BUFHIE T 7E N
df _dx_dr _dy

~(ptq+)f x ¢ 0°
BT X, BB R J =y, Jy=xt™, Jy=ft" " HOTEE(6) Haf# A
flx,y, )=tV e(y,z), z=xt"",
Hrf g(y,2) 2

(Vl—Z)ag(a%Z)—(p+q+1)g(y,z)=KIZ" [%f: g(y=s,2)g(s,2)ds—g(y,z) f: g(s,z)ds ] (14)

32 AE(7)wBEMEUE
TR span | Y, Y, | XS BEA S SR B —A, BRI B2 (7) 19 F AL A $08, k T =0 (x,
v, 0, f) TR Y, J=0 B AE T #E N
df dx dr  dy
0 x 1 —(a+l)y’
BT Y, BRI, =f, Jy=xt™", J,=y" IRNIITRE(7) BA#

fx,y,0)=@(u,z), u=yt*

z=xfl,
H o(u,z) W2

aso(u,z)+ dp(u,z)

(a+1)u o (vy,-2) o

=(ez i) [ [ eu-0.0000,0) d-p(u,2) [ 0(0.2a0 ] (15)



128 R R % M (B % R % 60 &

W J=J(x,y,t,f), T Y,J=0 WFHE T RN
df dx_dr dy

—(a+D)f x t 0°
FET Y, WA 1, =y, Jy=x', 1= IOTE(T) WO N
flx,y,)=t""Vo(y,z), z=x',
Hiro(y,2) W2

<v2—z>W—<a+1>m,z>

= (k2" +K,) [%JO e(y=s,2)¢(s,2)ds—¢(y,z) fo ®(s,z)ds ] (16)

33 AUAFRE(13)—(16) WRETIRE ST

FE R B (13) —(16) BT FFEAAS & 50 0T DLFR IRk 26 5 B 29405 (1+1) 4E 5 1o o fz , LA
KARAGR ) EH AR o SRHIZRAARY 7, Al DIRISIT R (13) —(16) BT

Zl=ui—gi, Zz=yi—gi, Z3=ui—¢i, Z4=yi—soio
du ~ dg Jdy ~ 0g u =~ dp Jdy ~ 0d¢

BT Z(i=1,2,3,4) WFEAZ R ARAAAE BT SO WS S5 8, S 8008 g 1Y 1 AR DL A 152 A 4%
|, BINET Z, WA RN I, =z, J,=gu, AMLIHEN g(u,2)=u"o(z) (H25EMMACA TR (13) B, )
SCR SR S5 S BOR A @ (2) AR, PR R 1) B AL I $23

4 77 kKB AR

41 FHE(4)HEFREA
W f(x,y, )R TR(4), j e SR
mj(x,t)=rny(x,y,t)dy, j=0,1,2 (17)
Hrb mg (o, 0) RL T REGE  my (x, 1) FPRLF IR BT my (o, 1) R 25 BE AT AT 5 22, mi B RE my (x,1) (=
3,4, LS WSCHR[10] . 2 (4) BT y A0 3 oo B3, 15 5]

ECEE PN CERT TR
0 0 0x ’

Jt
1 © © © ©
=k, [ [ ([ fesofes.nds Ja= [ feynay [ s nas | (18)
B fCx,y ) B v () T SR 5 5 U038 BB WSS A6 P 7 18 ) 75

%f:f(x,y,t)dwa% [v(x,t) f:f(x,y,t)dy ]

ke [ [ ([ fomsoftes.ns o ([ )], (19)
ST (19) P BRI BT, 5

[7 ([ xymsonfes,ngs Jay = [ ([ fGry=s,050x,5,0dy Jds

= [ (s [ fey=s.dy Jas. (20)
HEH s<y, #2728 0=y-5, 0
j:f(x,y—s,ody: [ fx,0,1d6+ f:f(x,e,t)d0= j:ﬂx,e,odeo (21)
P X5 (4) , X (17)—(21) 1% S

amo((::,t) +«9EV(x,t2;:0(x,t) ] =—%K(x,t)m§(x’t> ) (22)

TR (22) WA F T3 B AR R 15 3R A0 BB 7R 2 18] AT Ak M S 4 A
— e FE AR (4) PIE I L v (n=1,2,--), & F y M\ 0 B o [RIAF A0, iC A REBCN C =




5 8 1 RIS , 55— (3+1) AR WUAE AT 77 A AR 7 0k AR BE AL it 23 # K 11 AR LA

129

n! .
PR =
il (n—i)!

Edl

om,(x,t) La[v(x,t)ml(x,t) ] o

b

ot 0x
omy(x,0) a[v(x,0)my(x,1)] :
m; Lovix a’: DU K, nmi (a0,
am3(x,t)+6[v(x,t)m3<x’f>]:3K<x,,)ml(x,[)m2(x,t),

Jat 0x

om,(x,t) La[v(x,t)mn(x,t) ] ~
ot N ax B

(23)

(24)

(25)

K(x.1) [%iC,",mi(x,t)mn_,.(x,t)—mo(x,t)mn(x,t) . (26)

SR VA TT 1SR J7 R (23) —(26) , 50 3, 57 25 B8R 1 F 25 P ) iz B, i 43 AR MO R, R

V(x,t): V()’ K(x’t): KO’;H\:EP V()\K() i@%ﬁ%&,@j(‘]: 1 ’25"')7\%¥ﬁ@§&9m\u
ml(x’t>:¢’1(x_yot> ,
m,(x,t)= K0t<pf(x—vot) +@,(x—v,t) ,

3
my(x,t)= ?Kg tzgo?(x—vot) +3k,t @, (x—vot) @,(Xx—V,t) +¢3<X_Vot) ,

42 HEAHEMRETHESN
FHIZ(5) MoTHE(22) 455
amy(x,1) amy(x,1) 1 R
py +v, P =—?K1x”t"m0(x,t) ,

amo(xJ) amo(x’t) 1 2
+v =— (K, x"+r, 1" )Ymy(x,1)
at * ax 2( : o) (x, 1)

Q2T AR S A

x=b"x, t=b"t, m,=b"m,,

Hrr b B, .6, B AL, X (29) X TR

- d d d
Y=B,x —+B,t —+Bm, —,
Bix Bt ABm o

0

X (29) AT
am,(x,t) am,(x,t) 1 - -
oy, T e X EmA(X,1)
ot ox 2
153
aﬁ’ﬁzamo(x’t) +a Py, 5, 1) =—Lklazﬁ“’ﬂ”qﬁzxpt"mg(x,t) 0
ot ox 2

AR 5, 2 (29) # 7  (27 ) A — A28 B m) — D7 R B A, DTl 5 72 (31) L 7%
B,=B,, B=-(p+q+1)B,
B (32) LA (30) , 7%
Y=xi+ti—(p+q+l)mO io
ox Ot om,
Kl X RE(28) 15

J 0 d
Z=x —+t —(a+1l)my —,
dx Ot om,

4.3 SEFE(27)HEBLE
W V=V(x,t,my) , W YV=0 BFE I FE 0

(27)

(28)

(29)

(30)

(31)

(32)



130 R R % M (B % R

60 35

dy_dr_ dmy
x 1t —(p+qtl)m,°
BA Y AR I =me™ " Jy=xe”' L, TR (27) BIfR A

— t—(p+q+l) -1

mo(x’t) QD(Z)9 Z:'Xt ’

Hrpro(z2) W2
(vl—z)¢’=<p+q+1>¢-%KIZ”¢2o
TR (34) BN
¢(z)=(z—vﬂ‘”””>(c—%%f
Hor e ZH % =R (33) F1(35) A9 BFE(27) Bufitt R

( Z_Vl )p+q+2

Ky zr

1

Wg==(p+1), p=0,£1,--,=5, 3K (36) , 52T (27) KYfif A9 FR U

P -1
Z
)

K(x,t)=kx"F,

-1
dZ) . Z=xt .

b

1

K(x,t)=Kk,x"'t,

mO(x’t):ia Z:XIily K(xyt):K]t717
c—k,Inlz-v, |
my(x,t)= 2 z=xt"", K(x,t)=xx"
"k (evy+nlzl=Inlz-v, 1)’ ’ ’ e
2sz B 5
my(x,t)= 5 , z=xt, K(x,t)=kxt,
k[ cviz+z(Inlzl=Inlz—v, ) -v, ]
(x.1) e "
my(x,t)= Z=xt
0 Kk, [ 20177 =20, z+27°(Inlzl -Inlz-v, | ) —»] ]’ ’
12017
mo(x,t)= 4.3 2 2 3 377 Z:Xf]
K, [6cv 7’ —6v,z" =3y z+6Z7 (Inlzl-Inlz—v, 1) -2v] ]
247"
m(]('xat>:

K(x,t)=k,x"t*,

k[ 12er7' 120,27 -601 72 =40 z+127* (Inlzl =Inl z-v, | ) =30} ]’

z=xt

K(x,t)=kx't,

z=xt

-1

my(x,t)= 2 , z=xt"', K(x,t)=kxt’,
k,(c~v,Inlz-v, 1-2)

4 -1 2 -3

mo(x’t):Kl(Zc—va Inlz-v,1-2"-2v,z) =, Rixn=rat,
12 -1 3 -4
M) ebw Inlamy |28 3w Pt o)’ o0 Klnn=eets,
24 -

m(](x’t):K,(l2c—121/]t Inlz-v, | -3z"~4v, 260 7" -12v17) e
(1) = 120

K(x,t)=k,xt°,

_ (K z’ d - -1 K _ P~ (p+1)
mo('x9t)_ 2 v -z < ’ z=xt ’ (xyt)_Kl'x t ’
1

-1

2(v,-0)
mO(x9t)_ : Z=xt ’ K<xat>:K1’

Kk, (x~0ot)+2¢(v,~0)’

Kk,(60c=60v; Inlz-v, 1 -127°-15v,7' 20072’ 300} 22 -60v{z) °

-1

’

’

(33)

(34)

(35)

(36)



5 8 1] RIS , 55— (3+1) AR WUAE AT 77 A AR 7 0k AR BE AL it 23 # K 11 AR LA 131

Hr o v, .k, .c HEEL
% p=g=0, o &FE, W HTF(27) INfFN
m()(x’t):go(f)’ é::x_(ft,

Hr (&)1t
(r-0)' = 0%, (37)
SKIgITRE(37) A3 BN RE(27) WM A
2(v,—0)
my(x,t)= o (38)

Kk, (x=0t)+2c(v,-0)
WLZE S (38) BB, 24 x—o0 BiF,my(x,1) 0,10 my( w0 ,1)= 0324 1o B, m(x,1) —0,iCm,(x, 0 )=0,%
R~ PO R $88 1058 3R B N TR] A E, fi7f (38) SR AR Y, Xob Iz A i (BRI EL 26 12501 0

0 2(o-v,) 0
t)=———7 —— t)=0-:
mO( ’ ) KI(TI+2C(O'_V1> ’ m0(°° ’ ) ’
2(v,-o)
mO(x90):—9 mo('x’w ):00

Kk, x+2c(v,-0)

Zefel it 753 20 (38) #E[ 0, L] x[ 0, T] FAYSEFIRIE SR, b L T #J2 EH %, Wk, =0.5, v1:0.1,
o=-0.001, c=4,f#(38)7£[0,8]x[0,8] I, &l 1(a) Jphi 5k R 0 S BCER 3l 1 F A BGY . I E 544
my(0,1) FE[0,8x10% ] L8 12t AL WL 1(b) o WHE SR m(x,0) 7E[0,8] W3 Iy 2t @iﬂcﬁ
Bl 1(c), JrfE(27) F(28) M 32 (AR (A F A4 I 8h 1 A3 AR s T 2L 40, e

0257 0.251

0.20 0.20f

S 05 _0.1sf
~ ) (=]
= 0.10 S Z
N g

0.10f 0.10f

0.05f 0.05f
=2 3 4 5 6 7 s 12 3 4 5 6 7 8
/x10* X
(a) i (38) AL FL Y (b) LA m (0,0) (c) WHEAFm (x,0)

BT iR (38) Mot (ERIRIELAR A (Y 3l Ty 2 AL PR RS A
Fig.1 Distributions of dynamic evolution of solution (38) and boundary and initial conditions
4.4 EFHTE(28) K ERMAE
W V=V(x,t,m,) I Zv=0 BFHETT RN
dx dt dm,
x ¢t —(a+l) m, °
BT Z WA R T =mor", Jy=xt™ R (28) Mfif
(a+l)

my(x,t)=1 o(z), z=xt", (39)

Hr o (2) 02
(r-0)¢' = (@t D) = (2" +i ) 7 (40)

JF R (40) BN

K, 2" +K, )—1

———dz
( Z_V2 ) a+2

o(2)= (zmr) " (e | , (a1)



132 R R % M (B % R % 60 &

Hop e ERHL R (40) 5B (28) RN

1 K, 72" +K, -1
my(x,1)= (x-v,t) >V (c—f %dz) , z=xt', 42
o(x.0)= (x-0,0) 2f<z—v2>a+2 (42)
1 1 3 . . N
EXa=0,i1,---,16,15,1?,?,n,,ﬁ\'43n:2,3,4,---,7'FIJFH:EE(42),1%?']757@(28)13"]%?([]—]:;
2v,(v,-2) .
my(x,t)= , z=xt , K(x,t)=k,tk,,
o(x,1) (x=v,1) [2cv,(vy—2) =(Ky+K;) 7] (x, D)= Kyt
my(x,t)= 2 z=xt", K(x,t)=rk,x""+x,t"
O 2ew, i, Inl zl = (Kky iy, ) Inl 2w, | ’ ’ : v
2(x-v,t)z
my(x,t)= 2 5, z=xr, K(x,1)= Kkx Kyt
K,+2¢7—K;Z
4(x-v,1)%7
my(x,t)= 2 z=xt™',  K(x,t)= KX 4Kt

(2v,-2) k2 +(2z-v, ) Ky +deT”
6(x-v,1)°7
m(x,t)= z=xt™", K(x,t)=kx +x,t
’ (V3-3v,2+37 ) Kk, +6¢7° = (303 -3v,72+7° ) Kk, 2 ? v

8(x-v,t)*7"

(0= A= (R2,2d) (-2, zmat
v,—2v,z+z") (2v,~z) K2 +8cz -A
K(x,t)=k,x +K,t7,
2 3
10(x-v,t)°7 | o
mO(x’t):(V4—5V3z+101/222—101/ 2+57") k,+10cz’-B’ z=at, K, D= s hat
2 2 2 2 2
B=(5v;-10vz+10v57° -5v,2°+7* ) K, 2°
4v,(v,—z)°
mO(x’t): 2 - - 2 2 > ZzXlFl’ K(x’t):KZX+K3t’
(x=v,1)“(dev,(v,=7) “+K, 2 +K;30,)
6v,(v,-z)°
my(x,t)= ; 22 ; ; . z=xt, K(x,t)= Kk, X +K,t,
(x=v,1) " (6cv,(v,=2) " —K, 2 —K3V,) ‘
8v,(v,—2)*
my(x,t)= " 222 " " , z=xt"', K(x,1)= kX +K,t
(x—v,1) " (8cv,(v,—2) " +K,7" +K;3v,)
10v,(v,-z)’
my(x,1)= 5 - 5 5 , z=xt', K(x,t)=kx st
(x=v,1)"(10cv,(v,~2) " —K,2 —K;V,)
12v,(v,-z)°
mo(x’t): 6 : : 6 6 ’ Zth_l’ K(x,f>:K2X5+K3[5,
(x=v,1)°(12¢v,(v,~2) "+K,2 +K;1,)
14v,(v,~z)’
my(x,1)= 7 — Z Z , z=xt, K(x,t)= k,x +i,t°
(X_Vzt) (14CV2(V2_Z) K2 _K3V2)
2nv,(v,—z)"
my(x,t)= 2(7272) , oz=xt, K(x,t)=k,x" it
(x=v,1)"(2ncv,(v,—2)"+(-1)"k,2"+(-1)"k3v,) ‘
(x.1) (). K0 Kkl
my(x,t)= , =X, X,T) = KN X TR,
S (x=v,0) [ 1y 2+, + (1, +3cv,) o/ (2-1,) ]
v,/ 72—V K, K
my(x,1) = : : z=a', K(x,0)= "+

Jx=v,t [Nz, +i,v,+ (Ky+evy) /72—, | ' St



5 8 1] RIS , 55— (3+1) AR WUAE AT 77 A AR 7 0k AR BE AL it 23 # K 11 AR LA 133

8,/ (zv,)"
S0 30w, V2 4iy) +8ev,n ) (2=0,) T 1
4V2N/SZ(Z_V2>2 K, K;
(%0 = 3 —— 3 ; Loa=a, K(nn= et
‘(X_V2t>2[3(’(3”2“/2""(21)"’40/2«} 2(z7v,)" ] Ja
my(x,t)= z=xt ",

JG,0) S [,V 4w, 4 (gt 500,) /(zw)° ]
K(x’t>: K2 J‘XT+K3J75

Z:'Xfil’ K(xyt):K23/;+K33/;5

my(x,t)=

b

H v, k, .k, .c NHEL
B 3CHR

[1] RAMKRISHNA D. Population balances, theory and applications to particulate systems in engineering [ M ]. San Diego:
Academic Press, 2000.

[2] CAMERON I T, WANG F Y, IMMANUEL C D, et al. Process systems modelling and applications in granulation, a review
[J]. Chemical Engineering Science, 2005, 60:3723-3750.

[3] PODGORSKA W. Multiphase particulate systems in turbulent flows-fluid-liquid and solid-liquid dispersions[ M]. New York:
CRC Press, 2020.

[4] RANDOLPH A D, LARSON M A. Theory of particulate processes: analysis and techniques of continuous crystallization[ M | .
San Diego: Academic Press, 1988.

[5] WANG Kaiyuan, YU Suyuan, PENG Wei. Extended log-normal method of moments for solving the population balance equa-
tion for Brownian coagulation[ J]. Aerosol Science and Technology, 2019, 53(3) :332-343.

[6] RAMKRISHNA D, SINGH M R. Population balance modeling; current status and future prospects[ J]. Annual Review of
Chemical and Biomolecular Engineering, 2014, 5.123-146.

(7] MORAR, 5K T8 — S A0 73 B A 5 R 0 X PR SORS AR [ 0. DTG R 274 ( A SRR ,2021,44(2) :209-
215.
LIN Fubiao, ZHANG Qianhong. Symmetry groups and exact solutions of a class of population balance equations with cells
fission processes[ J]. Journal of Sichuan Normal University ( Natural Science) , 2021, 44(2) ;209-215.

(8] MURFAR, 3K T2 AORE A A A AT 7 AR A XK BORS 0 Ak [ ] UMD R 7224 ( A SRR R ,2021,20(3) -
295-303.
LIN Fubiao, ZHANG Qianhong. Symmetries and exact solutions of population balance equation with pure breakage processes
[J]. Journal of Hangzhou Normal University ( Natural Science Edition) , 2021, 20(3) :295-303.

[9] MURAR, BREE , Ik T 2. —ZA SEIREER % AY Smoluchowski 77 72 (4 JURE A B B KA AU [ T ] PEALIRTE K244 ( A 4%
BRERRT) ,2022,58(3) ; 18-24.
LIN Fubiao, YANG Xinxia, ZHANG Qianhong. Scaling transformation group and similarity solutions for a class of Smolu-
chowski equation with homogeneous coagulation kernels[ J]. Journal of Northwest Normal University ( Natural Science)
2022, 58(3) .18-24.

[10] MRIRFBR, 36 T2, PR 4G AL B oA i R S R MO B 7 R BRI LR [T ). BHIE #2741, 2020,43(5) :833-852.

LIN Fubiao, ZHANG Qianhong. Self-similar solutions of the population balance equation, using scaling group analysis[ J].

Acta Mathematicae Applicatae Sinica, 2020, 43(5) :833-852.

MRIRFbR KR, 5 T2 — 2R~ D 3 AT T R I 5 A AL R B S ZORS B AR [ 7] AR I 224 ( F AR

2FhR) ,2023,55(5) :72-79.

LIN Fubiao, YANG Xinxia, ZHANG Qianhong. Incomplete invariant groups and explicit exact solutions of a class of integro-

[11

(-

partial differential population balance equation [ J]. Journal of South China Normal University ( Natural Science Edition) ,
2023, 55(5) :72-79.

[12] MRS, 3K T2 — 28R 7 R RO 4 A8 40 0 A b FLARRUI [ T ] R BIOR A4 ( FARBLRR) ,2020,44(3) :6-12.
LIN Fubiao, ZHANG Qianhong. Analysis of scaling transformation group and self-similar solutions of a class of population
balance equation[ J]. Journal of Anhui University ( Natural Science Edition) , 2020, 44(3) :6-12.

[13] MRS, 3K T2 — BT 7 A2 Y NORE S4B 20 Ar B i ORS00 e [ ] VTR 24l (B2 AR ,2022,49( 1) :36-40.



134 R R % M (B % R % 60 &

LIN Fubiao, ZHANG Qianhong. Analysis of scaling transformation group and explicit exact solutions of the population
balance equation involving breakage and growth processes [ J]. Journal of Zhejiang University ( Science Edition), 2022,
49(1) :36-40.

(147 Z4RT B F A, W, 28, JO e s B i R R S R[] . EREE (5 ERFF) ,2016,46(10) : 1465-1488.
CAI Zhenning, FAN Yuwei, HU Zhicheng, et al. The development and application of the moment method in the gas kinetic
theory[ J]. Scientia Sinica( Informationis) , 2016, 46(10) :1465-1488.

[15] NONNENMACHER T F. Application of the similarity method to the nonlinear Boltzmann equation[ J]. Journal of Applied
Mathematics and Physics (ZAMP), 1984, 35.680-691.

[16] MELESHKO S V. Methods for constructing exact solutions of partial differential equations: mathematical and analytical
techniques with applications to engineering M ]. New York: Springer, 2005.

[17] GRIGORIEV Y N, IBRAGIMOV N H, KOVALEV V F, et al. Symmetries of integro-differential equations; with applica-
tions in mechanics and plasma physics[ M]. New York: Springer, 2010.

[18] LIN F B, MELESHKO S V, FLOOD A E. Exact solutions of the population balance equation including particle transport,
using group analysis[ J]. Communications in Nonlinear Science and Numerical Simulation, 2018, 59.255-271.

[19] IBRAGIMOV N H, KOVALEV V F, PUSTOVALOV V V. Symmetries of integro-differential equations: a survey of
methods illustrated by the Benny equations[ J]. Nonlinear Dynamics, 2002, 28:135-153.

(%% TR )

(L% 124 )

[13] Maledte, EAEE, VP BT, —JSHA B Brusselator BRI RREME AT [ 1], BRVEFE T RS2 4 ( FLARBRA ) L2020, 36
(3).88-92.

YANG Xiaoyan, WANG Qiaoyu, XU Huijie. Stability analysis of a class of Brusselator models with time delay[ J]. Journal
of Shaanxi University of Technology ( Natural Science Edition) , 2020, 36(3) :88-92.

[ 14] GUREVICH S V, FRIEDRICH R. Instabilities of localized structures in dissipative systems with delayed feedback[ J]. Physi-
cal Review Letters, 2013, 110(1) :014101.

[15] GUREVICH S V. Time-delayed feedback control of breathing localized structures in a three-component reaction—diffusion sys-
tem[ J]. Philosophical Transactions of the Royal Society A: Mathematical, Physical and Engineering Sciences, 2014, 372
(2027) ; 20140014.

[16] YADAV O P, JIWARI R A. Finite element approach to capture Turing patterns of autocatalytic Brusselator model[ J ]. Journal
of Mathematical Chemistry, 2019, 57, 769-789.

[17] WOOLLEY T E, BAKER R E, GAFFNEY E A, et al. Effects of intrinsic stochasticity on delayed reaction-diffusion pattern-
ing systems[ J]. Physical Review E, 2012, 85(5) :051914.

[ 18] SEIRIN LEE S, GAFFNEY E A. Aberrant behaviours of reaction diffusion self-organisation models on growing domains in
the presence of gene expression time delays[ J]. Bulletin of mathematical biology, 2010, 72:2161-2179.

[19] BERETTA E, KUANG Y. Geometric stability switch criteria in delay differential systems with delay dependent parameters
[J]. SIAM Journal on Mathematical Analysis, 2002, 33(5) :1144-1165.

(m# . WAKE)



