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The biderivation of Lie color algebras
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Abstract; In this paper, the biderivations of Lie color algebras are defined, and the internal relations among biderivations,
commuting maps and centroids of Lie color algebras satisfying certain conditions are established.
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LERNE | 2T, 45 . 2% color R TF 123

JEHEP 812 color FUECL, TUAFAYHMFE2E color fUEAYPIZE.
1 A

EX 1 ¥ K AR ERN L, G ASHft AW e: GxG—K\ {0} il &
ela,b)e(b,a)=1,
e(a,b+c)=¢e(a,b)e(a,c),
e(a+b,c)=¢e(a,c)e(b,c),

WF & A G _ERIRUFIE
EX 2 WLZGHmEz=EEE L=0L,, JF HA — B WL PEBUR [, ] LXxL—L X TR A 1
EmeGHR[L, L, CL,,, A1t xeL,, yeL,, zeL W2
Lx,y]==&(x,y)[y,x],
e(z,x)[x,[y,z] J+e(x,y) [y,[z,x] J+e(y,2) [2,[x,y]] =0,
WFR L 522 color AL,
EX 3 W LJEE color U, 8: LXL—L & L XML # 6 2
8(x,y)=-e(x,y)8(y,x),
8([x,y],2)=e(8,x)[x,8(y,2) J+e(y,2)[8(x,2),¥],

R 8 K L B color BFF,

EX 4 ¥ LR color {UAL, f: L—L RAMLRVERLE, Il £l e

LAx),y]=[xf(y)], Yx,yeL,

TFR f Rk PE color 22 ML

EX 5 B L&D color VB, y: L—L 2L ALY &

I(L)={y:L—>Lly([x,y])=e(y,x)[x,y(y) ], Vx,yeL},

Wl C(L)FRHR LRIy, i C(L) R - s BB EAIE N TL.(L) .

EX 6 1S JEZE color fREL L (— NS TF4,42 Z,(S)={veLl[S,v] =0}, MF S=L,M Z(L)=
Z, (L)} Ligdots, sk z,(L)= {0}, L BT, i L'=[L, L]/ LIRARAE, Wi L=L" 0
Z,(L"Y=2Z, (L") & L',

EX T W6 R SURFRALNEME, B 6(L,L")= 0,0 8 J& color BUFT,# N L #F M color AT T,

EX 8 ¥ L&D color {REL, WA 6:LxL—Z, (L") /& L ) color XUFF, Hi 2 8(L',L")=0,NFr s N
L WIHFIR color XU T,

2 2 color R I 8y W & F

I3 1 % L &2 color fRE, f: L—L J&2k M color AZHeMLET | 27
8(x,y)=[x,f(y)], Vx,yeL,
M) &:LxL—L =2 color X FF.
B H6(x,)=[x,f(»)], Yx,yeL, AI581=1f1=0,M
—e(y,x)0(y,x) =-e(x,y) [y, f(x) ] =e(x,y)e(y, f+x) [f(x) ,y]=e(x,y)e(y, He(y,x) [f(x),y]
=[f(x),y] =[x, f(y)]=86(x,y);
Sy,
8(Lx,y],20)=[lxy], () ]=lx,[y, ()] ]-e(x,y) [y, [x,(2) ] ]=[x,8(y,2) ]-e(x,y)[y,6(x,2) ]
=[x,8(y,2) J+e(x,y)e(y,6+x+2) [8(x,2) ,y] =&(8,2) [x,8(y,2) J+e(y,2) [8(x,2) ,y],
K, 8 J& color X FF,
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BI38 2 % L 225 color fRBI,y: L—L =R, 8: LXL—L & XA, A 6(x,y)=y([x,y]) , &
yelI'(L),N & color WFF,
ER HE S 8(x,y)=y([x,y])=e(y,x) [x,y(y) ], M6 =1yl A
—&(x,y)8(y,x)=-&(x,y)y(Ly,x])=-e(x,y)y(-e(y,x) [x,y])=v([x,y])=8(x,y),
Gl
S([x,y],20)=y([[x,y],z2D)=y([x,[y,2] ]-e(x,y) [y,[x,2]])
=y(lx,[y,z] D -e(x,»)y(Ly,[x,2]])
=e(y,x)[x,y([y,z]) ]-e(x,y)e(y,y) [y, y([x,2]) ]
=e(y,x)[x,y([y,z]) J+e(x,y)e(y,y) e(y,y+x+2) [y([x,2]) ,y]
=e(y,x) [x,y([y,z]) J+e(y,2) [y([x,2]),y]
=£(8,x)[x,8(y,2) J+e(y,2)[8(x,2),y];
A, 6 S color XFT-,
513 3 % L &2 color fU%1,6: LxL—L & L ) color 5T, M|
[8(x,y),[u,v]]=e(8,x+y) [ [x,y],8(u,v)], Vx,yu,velL,
R HE, W0 SO, 2 MOyt s §([x,ul,[y,v]) . —J,
S([x,ul,ly,v])=¢e(8,x)[x,6(u,ly,v])]+e(u,y+v)[8(x,[y,v]) ,u]
=&(8,x) [x,e(u+d,y) [y,8(u,v) J+[8(u,y) ,v]]+e(u,y+v) [e(x+8,y) [y,8(x,v) ]
+[8(x,y) ,v],u]
=&(8,x)e(u+d,y) [x,[y,8(u,v)]]+e(8,x) [x,[8(u,y),v]]
+e(u,y+v)e(x+8,y) [ [y,8(x,v) ] ,ul+e(u,y+v)[[8(x,y) ,v],u];
Jy—J5 i,
([Lx,ul ,ly,v])=e(x+u,y)e(8,y) [y, 8([x,ul,v) J+[8([x,u],y),v]
=e(x+u+d,y)[v,e(8,x)[x,8(u,v) J+e(u,v)[8(x,v) ,u]
+[e(8,x) [x,6(u,y) J+e(u,y)[8(x,y) ,u],v]
=e(x+u+d,y)e(8,x)[yv,[x,8(u,v) ] ] +e(x+u+d,y)e(u,v)[y,[6(x,v),u]]
+e(8,x) [[x,8(u,y) ] ,v]+e(u,y)[[6(x,y),ul,v],
fdi ] Jacobi 53X ] 15
e(8,x)e(u+d,y)[x,[y,6(u,v)]]+e(8,x)[x,[8(u,y),v]]
+e(u,y+v)e(x+8,y) [ [y,6(x,v) ] ,ul+e(u,y+v) [[8(x,y) ,v],u]
=e(x+u+d,y)e(8,x) [y,[x,8(u,v) ] J+e(x+u+d,y)e(u,v) [y, [8(x,v) ,u]]
+e(8,x) [ [x,8(u,y) ], v]+e(u,y) [[8(x,y),ul,v],

R
e(8,x)e(u+d,y) [x,[y,0(u,v) ] ]-e(x+u+d,y)e(8,x)[y,[x,6(u,v)]]
+e(u,y+v) [[8(x,y) ,v] ul-e(u,y)[[8(x,y),ul,v]=0,
H LA 3]
e(u,y)[6(x,y),[u,v]]-6(8,x)e(u+d,y) [ [x,y],6(u,v)]
=e(uty,v)[8(x,v), [u,y]]-e(8,x)e(+u+y,v) [ [x,v],8(u,v) Jo (1)
BAEB

¢(x’y;u’v>: [S(X’y) ’I:u’v:l ]_8(55X+);) I: I:x’)’} 96(u’v> :I o

Wi (1) A

[xid

e(u,y)d(x,ysu,v)=e(uty,v)d(x,v;u,y),

d(x,y;u,v)=e(y,u)e(uty,v)d(x,viu,y).
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d(x,ysu,v)=—-e(u,v)p(x,y;v,u)
=-e(u,v)e(v,u)e(y,v)e(y,u)b(x,u;v,y)
=e(y,u)b(x,u;y,v);
F—J7 1,
d(x,ysu,v)=e(y,u)e(u+ty,v)d(x,v;u,y)
=-e(u+y,v)d(x,v;y,u)
=—e(uty,v)e(v,y)e(y+v,u) d(x,u;y,v)
=-e(y,u)d(x,usy,v),
A
d(x,uzy,v)=-d(x,u5y,v),
WIFEFRREA R 2 BB AT,
d(x,u;y,v)=0,
]l
[6(x,y), [u,v]]=e(8,x+y) [ [x,y],8(u,v) ],
UFEE
BIIE 4 & L 22 color {05k ,8: LxL—L J& L 1) color A1, |
o(u,[x,y])-e(d,u)[u,6(x,y)1€Z, (L"), Vu,x,yeL,
WERR 5 3 3, A
[6(z,w),[x,y]]=e(8,z4w)[[z,w],8(x,y) ], (2)
ML, u ] FREX(2) P x, 7115
[8(z,w),[[x,u],y]]=6(8,z+w)[[z,w],6([x,ul,y) ], (3)

Hi Jocabi A5 3([ [x,ul,y]=[x,[u,y]]-e(x,u) [u,[x,y]],H

[6Cz,w) [ [x,ul,y]T=06(z,w),[x,[u,y]]-e(x,u)[6(z,w), [u,[x,y]]]];

5B 3, A G

[6Cz,w) [ [x,ul,y]]=e(8,z4w) [ [2,w],8(x,[u,y]) -e(x,u)e(8,z+w) [ [2,w] ,8(u,[x,y]) ]o

XTH(3) . (4) A
e(8,z+w)[[z,w],8([x,ul,y) ]=e(8,z+w)[[z,w],6(x,[u,y])]
—e(x,u)e(d,z+w) [ [z,w],0(u,[x,y])],
I
-e(8,z+w) ([Lz,w],6([x,ul,y) ]-6(x,[u,y])+e(x,u)8(u,[x,y]))=0,
P 8 S 0T T, FrLAAE 5
S([x,ul,y)=e(8,x)[x,6(u,y) l+e(u,y)[8(x,y) ,u]
=&(8,x) [x,8(u,y) J-e(u,y)e(S+x+y,u)[u,5(x,y) ]
=&£(8,x)[x,8(u,y) J-e(8+x,u)[u,8(x,y) ],
8(x,Lu,y])=e(x+6,u)[u,8(x,y) J+[8(x,u),y]
=g(x+8,u) [u,8(x,y) J-e(x,u)[6(u,x),y],
8(u,[x,y])=e(u+6,x)[x,6(u,y) J+[6(u,x),y],

WA A
8([x,ul,y)-6(x,[u,y])+e(x,u)d(x,[u,y])
=e(8,x)[x,8(u,y) J-e(d+x,u)[u,8(x,y) J—e(x+6,u)[u,8(x,y) ]
+e(x,u) [8(u,x) ,y]+e(x,u)e(u+d,x)[x,6(u,y) J+e(x,u)[6(u,x),y]
=2e(6,x)[x,6(u,y) | -2e(o+x,u)[u,8(x,y) |+2e(x,u)[6(u,x),y],
[

26(8,ztw) [ [z,w],e(8,x) [x,6(u,y) J-e(8+x,u) [u,8(x,y) J+e(x,u) [6(u,x),y]]=0,

(4)

(5)
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K & 5 color ST, LA
8(u,[x,y])=e(u+d,x) [ x,8(u,y) J+[8(u,x),y]. (6)
L (6) T e(x,u) 157
e(x,u)d(u,[x,y])=e(8,x)[x,8(u,y) J+e(x,u)[8(u,x),y],

=0 (5) " RVS
[[z,w],e(x,u)d(u,[x,y])—e(d+x,u) [u,6(x,y) ] ]=0,
il
[[z,w],6Cu,[x,y])-£(8,u)[u,6(x,y)]]=0, Vx,yuclL,
5N
UEEE,

5|3 5 & L &2 color fU8, H L=L" % 6:LxL—L J& L i color X571,
o(u,[x,y])=e(8,u)[u,8(x,y)], Vu,x,yeL.
WERR B x,y,u,veL A
S(Lu,v],[x,y])-e(8,u+v)[[u,v],8(x,y)]
=e(8,u)[u,8(v,[x,y]) J+e(v,x+y) [6(u,[x,y]) ,v]-e(8,u+v)[u,[v,8(x,y)]]
+e(S,u+v)e(u,v)[v,[u,6(x,y)]]
=e(8,u)[u,8(v,[x,y]) ]-e(8,u+v)[u,[v,6(x,y)]],—e(v,x+y)e(S+ut+x+y,v)[v,6(u,[x,y]) ]
+e(S,u+v)e(u,v)[v,[u,6(x,y)]]
=e(8,u)[u,0(v,[x,y])-e(8,v)[v,8(x,y) ] ]-e(6+u,,v)[v,6(u,[x,y])+e(8,u) [u,6(x,y)]].
oI 4 fl L=L" 153
8(v,[x,y])-e(8,v)[v,8(x,y) ] €Z,(L)=2Z,(L),
8(u,[x,y])-e(8,u)[u,8(x,y) ] €Z,(L)=Z,(L),
%u,vEL,ﬁ
[u,8(v,[x,y])-&(8,v)[v,8(x,y)]]=0,
[v,0(u,[x,y])-e(8,u)[u,8(x,y)]]=0,
[
§(Llu,v],[x,y])-e(8,u+v)[[u,v],8(x,y)]=0,
A u=[u,v] L%
8(u,[x,y])-e(8,u)[u,8(x,y)]=0,
Hp
8(u,[x,y])=e(8,u)[u,6(x,y) ],
e
EFE 1 W LELHLEZ color 0B, H L=L", W% —1 color W FF &§: LXL—L "W LLEAE §(x,y)=
y([x,y]), yel'(L),
IERR W93 5,15
8(u,[x,y])=e(8,u)[u,6(x,y) ],
1£H:Xxl9yl5ul €L, B X, =x,, ¥, =y, u;=u,, f
y(Lu Lx,y 1) =0Cu,[x,,y, 1)=e(8,u,) [u,,6(x,,y,) 1=e(8,u,) [u,,8(x,,y,) ]
=0(uy, [x,,y, ) =v(Lu,,[x,,5,11),
PR y WS
w2 x,,y,]=0,0
0=8(u,X[x,,y,1)=26(u,[x,y,1)=e(8,u)2[u,8(x,,y,) | =(S,u)[u,25(x;,y,) ]
LI, W Z,(L)= {0} Bl 26(x;,y,)=0, HTIHS, /13
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S(u,v)=e(b,u)[u,y(v)], VYu,veL,
B (5),15
y([x,y)=8(x,y)=e(8,x) [x,y(y) |=e(y,x)[x,¥(y) ], Vx,yeL,
Mtk yel'(L),

E 1 1% 6 J& L color ¥ (M x,yeL, zeZ(L) N
0=8([z,x],y)=e(8,2)[2,8(x,y) J+e(x,y) [8(z,y) ,x] =£(8,2) [8(z,y) ,x],
BI[8(z,y),x] =0, UL 8(Z,L) CZ(L) . i, ¥ L=L/Z(L) ,5E X 8(x,y)=8(x,y), Vx,yeL,H

x=x+Z(L) € L, §:L—L J& color }F7,
EIE 2 ¥ L% color {8, ] L #9°F FL color W F -5 L #Y-F L color WS F——RFhi7
IERR BN x=x+Z(L) , BT LAZWEG & — N6 55, T EE R e & st . Bk 8, 18, J& L i color XX
ST, B 8,=58,, £ 6=8-5,,1
8,(x,5)=6,(x,y), Vx,yeL,
H8,(x,3)=8,(x,y), 8,(x,¥)=8,(x,y) ,138,(x,y)=8,(x,y) . Ik
8(x,y)=8,(x,y)=6,(x,y) €Z(L),

LN @S5 S22 S b
8([x,z],y)=e(8,x)[x,0(z,y) J+e(y,2) [6(x,y),2]=0,
BIS(L,L")= 0,/ Lk 8 J&F LI color WF-F,
2 BIE L 27 color {04 ,8: L—L J2 color X5+, I Hifi &
8(u,[x,y])=—-e(u,x+y)o([x,y],u)
=-g(u,x+y)e(8,x)[x,6(y,u) ] -e(u,x+y)e(y,u)[8(x,u),y]
=e(u+d,x) [x,8(u,y) J+[6(u,x),y],
4> 8":=81,:L'XL'—L" ] 8" L'f¥J color X FF,
EE 3 & LT OIZEE color fREL,
(1) W L 05— RPRE color AT LRI color WUFFRME—4 5K
(2) @ L J22E color AU4L, H L=L", 0| L A4FEAY color XUF:F#FZ 0,
iERR (1) & 6,,8, #JE color WHTF,H & =8",, ©6=6,-5,,H
8(L",L")=(8,-8,)(L",L")=8,(L",L")-6,(L",L")=0,
Wou,ye LBACS(u, [x,y])=[8Cu,x) ,y]+e(8+u,x) [x,6(u,y) | u,ye LA
8(u,[x,y])=[8Cu,x),y]+e(d+u,x)[x,8(u,y) ],
Al
[6(u,x),y]=0, VxeL, u,yelL’,
B|o(L,L)YCZ, (L), I B S5 H 8(u,[x,y])=¢e(8,u)[u,6(x,y)] €2, (L), Yx,y,z€ L,
[L,8(L,L)]CZ,(L"), m(1) A7
[6(z,w),[x,y]]=e(8,z+w)[[z,w],6(x,y) ],
A i
o=[[L,L],8(L,L")]=[&(L,L),[L,L"]],
YAEEM x,y,z,u,veL, A
0=[[[x,y],z],8(u,v)]
=[[x,v],[z,6(u,v) ] ]-e(x+y,2) [z, [ [x,y],6(u,v)]]
=e(x+y,z)e(z,x+y+6+u+v) [ [ [x,y],8(u,v) ],z]
=e(z,0+u+v) [ [[x,y],8(u,v)],z].
B Lo my, irbAL [x,y],6(u,v) =0, B S(L,L") CZ, (L"), Rl 6 52 L BIFFIRIY color W FF,
(2) B84 L R4 color W T, (1) 6(L,L') CZ, (L"), X LIETLH LM, H L=L", i
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S(L,L')=0, BE6=0,fF1 x,,x, €L, WL 8(x,,x,)=2,#0, KK LIEZETLH O, I A x, € L, 715
[x3,2,] =270, 2 8(x,,x,)=2;, i,j=1,2,3,1%
0=06([x,,x;],x,)=e(8,x,)[x,,6(x;,x,) ]+&(x;,x,) [6(x,,%,) ,x;]
=e(8,x)) [x,z5 1 +e(xy,x,) [ 25, %, 1 =6(8,x)) [ x),25, ] —e(8+x, ,x,) [ 5,20, ] 6
—J7 I,
0=06([x,,x,],x;)
=&(0,x,)[x,,6(x,,x5) J+&(x,,x,) [8(x,,x5) ,x, ]
=£(8,x,) [ x,,25 ] +e(x,,x5) [ 25,0, ] 5
s —J7 i,
0=56([x,,x],x,)
=£(8,%,) [ x,,6(x;,x,) J+&(x5,x,) [8(x,,x,) x5 ]
=e(8,%,) [ X,,25 | —&(x5,x,) e(x,,x,) [ 215, %3]
=£(8,%,) [ x,,25 | +e(x3+x,,x,) e (+x,+x,, %) [ %5, 2, ]
=&(8,x,) [ x,,25 | +e(x,,x,) £(8+x,,x,) 2,
PAt
e(8+x,,x;)z=6(8,x,) [ X,z ] =z, ] == (x,,x) [ 75,0, ] =& (x,,x;) £ (8+x,+x3,x,) [ x,,25 ]
=—&(x,,%;) (X, +x;5,%,) (x,,%,) £(6+x,,x;) z=—&(x,,x;) £(8,x;) z,

115 z=—z, 5 220 FJ&, Ktk 6=0,
3 2 color R %% #y % 1 2C 2 Bt 5t

513 6 X L &2 color fUBL, f: L—L &4k 1 color 24t | U
[Lz,w], Lu, fCLx,y ) =[x, f(y)]]]1=0, Vx,yu,w,zeL,
EBR PN LR color A4l BT LA F(x) ,v] =[x, f(y) ]o & 8:LxL—L, 6(x,y)=[x,f(y)],H
SIHE 1 AT, 6 & color BT, HASI+IxI+Iyl=IxI+Ifl+Iyl BII8I=1f1=0, d15|3 4,15
8(u,[x,y])-e(d,u)[u,8(x,y)]€Z, (L"),

[3'¢
[[z,w],0(u,[x,y])-e(8,u)[u,8(x,y)]]=0, Vx,y,z,u,welL,
B
e(8,u)[u,6(x,y)I=e(0,u)u,[x,f(y)]]1=[u,lx,f(y)]],
SCu,[x,y])=[u,f([x,y])], Vx,yueL,
LA

0=[[z,w],8(u,[x,y])-e(8,u)[u,8(x,y)]]
=[Lz,w], Lu, f[(Lx,y]) ]=Lu,[x,f(y)]]]
=[Lz,w], Lu, f[([x,y]) =[x, f(y)]]],
I [z,w], [u, f[([x,y]) =[x, f(y)]]1]=0,
EE 4 W LEZ color 08, I H L=L", Z,(L")= {0}, WF f: L—>L 22 color 2 Wi, W] fe
I's(L)
ERR H5IHE 6 TN, £k color A4kl . AEHL x,y,z,u,we L, &
[Lz,w], Lu, f([x,y])-[x,f(y)]1]]=0,
Ry
Lu, fCLx,y]) =[x, f(y) 11 €Z,(L"),
KAz, (L")= {0}, frLh
L, fCLx,y]) =[x, f(y) ]1]1=0,
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EELH
f(Lx,yD =[x, fy)]ez(L)=2,(L")=1{0},
Al
fClx,yD)=1x,f(y)],
54
ferls(L),
I‘/—[EE'I_:‘AO
SE ik

[1] MCANALLY D S, BRAKCEN A J. Uncolouring of Lie colour algebras[ J]. Bulletin of the Australian Mathematical Society,
1997, 55.425-428.
[2] KAC V G. Classification of infinite-dimensional simple linearly compact Lie superalgebras|[ J]. Advances in Mathematics,
1998, 139(1) :1-55.
[3] REE R. Generalized Lie elements[ J]. Canadian Journal of Mathematics, 1960, 12:493-502.
[4] SCHEUNERT M. Generalized Lie algebras| J]. Journal of Mathematical Physics, 1979, 20;712-720.
[5] ZHANG Qingcheng, ZHANG Yongzheng. Derivations and extensions of Lie color algebra[ J]. Acta Mathematica Scientia,
2008, 28(4) :933-948.
[6] SU Yucai, ZHAO Kaiming, ZHU Linsheng. Simple Lie color algebras of weyl type[ J]. Israel Journal of Mathematics, 2003,
137:109-123.
[7] SU Yucai, ZHAO Kaiming, ZHU Linsheng. Classification of derivation-simple color algebras related to locally finite
derivations[ J]. Journal of Mathematical Physics, 2004, 45(1) :525-536.
[8] LIU Xuewen, GUO Xianggian, ZHAO Kaiming. Biderivations of the block Lie algebras [ J]. Linear Algebra and Its
Applications, 2018, 538.43-55.
[9] BENKOVIC D. Biderivations of triangular algebras[ J]. Linear Algebra and Its Applications, 2009, 431(9) ;1587-1602.
[10] BRESAR M, ZHAO Kaiming. Biderivations and commuting linear maps on Lie algebras[ J]. Mathematics, 2018, 28(3):
885-900.
[11] TANG Liming, MENG Lingyi, CHEN Liangyun. Super-biderivations and linear super-commuting maps on the Lie
superalgebras[ J]. Communications in Algebra, 2020, 48(12) ;5076-5085.
[12] MELVILLE D J. Centroids of nilpotent Lie algebras[ J]. Communications in Algebra, 1992, 20(12) :3649-3682.
[13] VINBERG E B. Generalized derivations of algebras[ C] // Third Siberian School: Algebra and Analysis. Irkutsk: American
Mathematical Society, 1995.185-188.

(%% . %W )



