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Distance colorings of the semistrong product and the strong product of paths

TIAN Shuangliang, CHEN Ping
(1. College of Mathematics and Computer Science, Northwest Minzu University, Lanzhou 730030, Gansu, China; 2. College of
Management, Northwest Minzu University, Lanzhou 730030, Gansu, China)

Abstract: A k-distance coloring of a graph G is a vertex coloring of G such that no two vertices lying at distance less than or equal
to k in G are assigned the same color. The k-distance chromatic number of G, denoted y,(G), is the minimum number of colors
needed for a k-distance coloring of G. The semistrong product of simple graphs G and H is the graph G-H with vertex set V(G) X
V(H), in which (u,v) is adjacent to (u’,v") if and only if either uu’ € E(G) and w' € E(H) or u=u' and w' € E(H). The
strong product of simple graphs G and H is the graph G ® H with vertex set V(G)xV(H), in which (u,v) is adjacent to (u’,v")
if and only if uu' € E(G) and w' € E(H) , or u=u’ and w' € E(H) , or v=v' and uu’ € E(G). In this paper, for any integer k=2,
the k-distance chromatic numbers of the semistrong product and the strong product of two paths are obtained.
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Miao % A THRKE N A HE G B k-HEE AR — A ik ER v, (G) <A (A:_);_]o Shaheen
LSRR T R Y Petersen 8] P(n, k) FIEELS 2-FE B %, Horb k=1,2,3, n=3, Fertin & Hi &
T CED 2 AN KR ) P OP, 78 myn FEA KGN T A k-HE B 8, Jacko 25"V 45 H TS fE
RSB k-BEES B, P S MRS S P A 255 e ) — e A5 800, Kim 21 BIFSE T RN T 5 B TE 1
BRI 2-BEE YLt A5 B T T AU S 2 A0 R A RO IR B B R, AR SC R BT B A 2 AL SR
U kBRI b ke Z H k=2,

2R G 5 H KR G-H R BATURE V(G) xV(H) BRI Kb 2 AT (u,v) 5 (u' v')
MBS HANY S uu' e E(G)H W' € E(H) ,i{u=u'H W' €E(H), 2B KE G5 HIEM GRH JERA
TS5 V(G) xV(H) R Hrp 2 NS (u,v) 5 (u’ ,v) MRS HAYY ww’ € E(G) H w' € E(H) ,8Y
u=u'Hw €eE(H),8v=v'H uu' €E(G),

F T A 2B B R SURTH, 45 A(G) #A(H) W A(G-H) #A(H-G) , TH:,G-H#H- G, Rl E H 250
YEREIWEE ARG, 5350 B2 A(G)=A(H) , W RkWA G-H=H-G W7, Filin, SHEE 2 4~
AL 0, m=4,2 3 P, 5 P, BERBR HATSZ 3 oy P, - P, 5 P, - P, B3I SO E003 51
2(m=2)52(n-2), HEBYSREEE SO, B EA sC i i GRH=HKX G,

1 EEERXRKHEILW

WP, =ug g,y 5GP, =ve, vy, v SR m B S 0 YRR, o m on =2, SRR TR
V(P,)xV(P,) PTIR (uy v, ) i8R (x,y) , HH x=0,1,--,n~1, y=0,1,--,m~1, B w=(x,y), w=(xts,
y£t) K V(P,)xV(P,) AT, Hord s, e MRS, S, PP, T, t<s B ,d(w,w')=5; t>5
H s+t MEEES  d(w,w')=1;2Y t>s H s+t HEFHS  d(w,w')=1+1, 7EP, K P, H,d(w,w')=max{s, ¢},

RFFE 2 AR ALY BRI LU I B

513 1 XMEEA/NT 2 Mk S5&ECL A x, (P, - P) =kimin{[,k+1] | +1,

ERA i A=min{l,k+1}, B, A RNAE, 75 P, P, 2 AT TEE

B,={(x,y)1x=0,1,---,A=1, y=0,1,--- k-1},
B,={(x,y)lx=0,1,---,A=1, y=1,2,--- k|,
JiC X=B,-B,, Y=B,-B,, BIX,|B,|=1B,|=Ak, |IB,NB,1=A(k-1),HIXI=1YI=A, I HFEREH_
SPR(X,Y) M EREL o X T 5 Yy th TS ARAR Y BACY EATTE Py, - P, R RYBE B ko

B, B, TERE 2 AT Z MR B AT k, b i=1,2, FEE AR B, 2 AT w 5w,
I w=(x,y), w'=(xzs,y=t) , H s JBANHS P, - P, BEARWAEFUEEEL B, s<A-1, t<k-1, X4
t<sif,d(w,w)=ssA-1<k; t>s H t+s HEEE, d(w, w)=t<k-1<k; Y t>s H t+s HEES,d(w,w')=
1<k,

PUAE I ROEEE MY, (P, - P) = Ak+1, BBEx, (P, - P,) <Ak, 3% o & P, - P, —" k-BEES YLt i
FHBEE R Ake I C, () RS FHE S hIAERO o TIEBENES, BR,1C,(B) =
|C,(B,) =Xk, IC,(B,NB,) | =A(k-1), H¥&E#,C (B,)=C,(B,) UMK C, (X)=C,(B,)-C,(B,NB,),
c,(Y)=C,(B,)-C,(B,NB,) ,ffll,Cc(X)=C,(Y),HIC,(X)I=IXI, IC (Y)I=1Yl, KL, X PA[E T
SRS B X R — T, Y T B AEAE M — S5 I e R A T, B G 2 DN TRLAAE Py, - P
HEE BBk, T LVEANTTE H ORISR . XA H PAATESESEILI . U — i, X

A-1 A-1
S={(2i,k) Ii=0,1,-~,7} , T={(2j,0) |j=0,1,-~,7} o

A+1 .
WA .SCX, TCY, HISI =TI =%O AILUER S tP TS 5 T o 0 2 ] B B 2 A k., 3952 1 (T
2T w=(2i,k) €S, w=(27,0) € T, ANk, 2i=2j+s, t=k, i s A P,,, - P, HEMIAETH

BoBIR s<A-1<k, Ms=k Bl t=s B} d(w,w')=s=k, 24 s<k B t>s B, [H t+s B L d(w,w') = t=k,
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S TS T TS Z [ B I B AT &, BT UAAE H S I TS TE Y B it i £ G N, (S) /&
Y-T 54, Bl N,(S) CY-T, ﬁﬁIY—TI:A—%z/\Z;I,)ﬂI“NH(S)|g%<’\2i:|5|o W4 Hall 230 H
HORTELESESE VLT, AT G o B, x (P, - P)) = Ak+1, RIS I35 AT

P, P, T, k=max{m,n{ B ,P, P, TAEE2ANTSE Z MBI B XNt k, XHIV(P,-P,) | =mn,
Filhx, (P, «P,)=mn, XANLERIEF L, TR k<max {m,n}, T&, 24 k<min{m,n}, EA4
min{m,n} <k<max |{m,n}., THETFENE, B NI AEXERE m#n, Y m<n B, min {m,n} <k<
max {m,n} BN m<k<n;4 m>n B min{m,n} <k<max{m,n} "B n<k<m,

KT P, P, 1 k-TE R OHCH LT E B,

EE1 Emn,keZ Hmn k=2, ol k<min{m,n}, %5 k HZFEW x, (P, P,)=k(k+1);70,
X (P, -P,)=k(k+1)+1,

WERR 4 LAF 2 APl uEre

fBR 1k FEE B k<min{m,n} IELAATE P, - P, —AT0 T4

B,={(x,y)1x=0,1,--k, y=0,1,--- k-1},

w' = (xxs,yxt) , H s =0, B, s<k, t<k-1, Br<shif,dw,w)=s<k; M t>s i}, d(w,w') <t+1<k,
NIRIB, | =k(k+1) Ay, (P, +P,) =k(k+1),

EM x, (P, - P,) <k(k+1) ,Bik3E P,-P, — Yt o BIEES N (p,q) Ip=0,1,--,k, ¢=0,
Lo k=11 JFX R — TS (x,y) € V(P, - P,) FIBE ((x) 00, (v) ) BT (x,y) Bl o (x,y) = ((X) 40,
(V),) o IR, Ut o FTRIBIEEHN k(k+1) .

MIGUE o & P, - P, B —"1 k-BEES Y AFHL P, - P, B2 TIS w=(x,y), w = (xzs,yxt) , flifF 1<
dlw,w) <k, Hos,t=0, BR,s,t<k H s+t#0, ik o(w)=c(w), W (x),, =(xzxs),,, H(y), =
(yt),o THE, (£5) 0, =0 H(2t),=0, M 0<s, t<k K s+t7#0, 0L s=0 H r=k, XN k HATE, L
diw,w)=t+1=k+1, X5 d(w,w') <k T, B, oc(w)#a(w), Bl o & P, P, IN—> k- B Y0 BCH
X (P, -P,) <k(k+1),

W 2 k L, iC r=k(k+1)+1, B P, -P, BY— TS T4

B,=1{(x,y)1x=0,1,--k, y=0,1,--- k}
WAR,B, £ P, - P, TSI FEIFMT P, - Pyo B k HEE RSB 1, WTH x (P, Py =, R
Xk(Pm.Pn)BXk(PkH.PkJrl)BrO

FUEM] x, (P, - P,) <r , Jithi&E P, - P, B — DR o IHEAESG N plp=0,1,-,r=1|  FFX T 5
(x,y) €V(P,-P,) HEE (x+(k+1)y), JeTb (x,y) , Bl o (x,y)= (x+(k+1)y),, BIR, 4t o I HEIEEL
Hor, FHEBAEo &P, P, B— k-FEES YL (0,

BB P, - P, AT w=(x,y), w'=(xzs,y+t) i 1<d(w,w’) <k, H s,:=0, B, s, t<k H
s+t#0, B o(w)=a(w') W (£s+(k+1)t),=0,B0( (k+1)t+s), =0 5 ( (k+1)t=s),=0,

E (k1) t+s) =0, W (k+1) t4s=ar, i o HIEFEBE, Y a=2 B, (k+1) t+5=2k(k+1) +2, 71
(k+1) t+s<k(k+2) <2k(k+1)+2 , X IEATHER . X s+17#40, FTlh a#0, T2, (k+1)t+s=k(k+1)+1,H]
s=1=(k+1) (k=t) o M k-t=00]H1,s-1=0, XN s—1<k+1,07LA,s=1, t=k, WK, t=k>1=5 H t+s=k+1
FAB L, d(w,w') = t+1=k+1, X5 d(w,w') <k FJE. G (s+(k+1)1),=0 Bf o (w) #Za(w'),

A (k1) 1=5), =0, W (k+1) t-s=ar, K o HAER L, Y a=2 BF, (k+1)1-s=2k(k+1)+2, 1M
(k+1)1=s< (k+1)t+s<k(k+2) <2k(k+1)+2 XA HER, HH,a=05 1, X a=0Hf, (k+1)t-s=0,
M s<k, WA s=0 Ht=0,B1d(w,w)=0,X5d(w,w)=1 TG, Ha=10,(k+1)t-s=k(k+1)+1,
IR k+1 REREIR s+1, 11 0<s<k,FrPh s=k, PEMAIAS r=k+1,3X 5 r<k FJ&E, FI, 24 (k+1)r-s),=0 i,
olw)#Za(w'),

MU LT, 0 & P, P, W—> k-BEE YLt P, x (P, P,) <k(k+1)+1,

EE2 WmnkeZ Hmn k=2, K m<k<n, Wy, (P, -P,)=m(k+1),
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B={(x,y)Ix=0,1,---k, y=0,1,---,m—1},

BT ER 1 IE SO 1 B9iie, B AR 2 AT Z R IE A RS k. X IBl=m(k+1) 7
PLx,(P,-P,) =m(k+1), HUEWM x, (P, P,) <m(k+1), HWi&E P, -P, K)—DRO o HHOESH
[(p,q)1p=0,1,k, qg=0,1,--,m=1} ,FHXG—T % (x,y) € V(P, - P,) B ((x) 0, ,y) BT (x,y),
B o (x,y)= ((X)4),y) o SBIR, U0 o FTHBEECH m(k+1) , FHEEIE o & P, -P, —A> k-BEE Y0

m—1 H s+t#0, & o(w)=a(w') ,W(x),,, =(xxs),,, H =0, HATXAIE, (£s),,,=0,80 s=0, T,
dlw,w)=0,X5d(w,w) =1 FJE, Hit,oc(w) #a(w), Bl o &P, -P, B—"1 kBB G0, 8H
X (P, P,)sm(k+1),

B3I Kmn,keZ Hmn k=2, n<k<m, & n FEEE & AAE M x (P, P,)=nk; &N,
X.(P,*P,)=nk+1,

WERA 2 LUE 2 FiE LR

B5R 1 n AEEE & 7 WP, - P, — AT T4

B, =1{(x,y)1x=0,1,---,n=-1, y=0,1,---,k=1},

WK B, TULE 2 NS Z IR AT k. XHIB, | =nk, BT x (P, - P,) =nk, MiEM x, (P, -P,) <nk,
AT P, - P, — > k-BEE e 00 AR (p,g) Ip=0,1,-,n—1, ¢g=0,1,- k=1{, Fifis>2 F1
1O T AT k-FEES YL o,

BR LU kon BODIEE AH—DURCe) € VP, ) I (o] T]) LG R o)

o(x,y)= [(xﬂj] () ] L IR o FEIBEEON nk, FHRIE o & P, -P, 1 LR,

EEL P, - P, FI2DTHE w=(x,y), w =(xxs,y+t) i1 1<d(w,w') <k, HW s,t=0, B s<n-1,
t<kH s+1#0, 1&&a(w)=o—<w'),mu(x+uﬂ {“”F:tﬂ CH(20),=0, BUF—RTTH, =0 8=k,
=0 0F, HAT—3ATH, (£5),=0, 1M s<n-1, 7 s=0, T2 d(w,w)=0,X5d(w,w) =1 T, Ht=k
if, I k>n—1=s, JTLL t>s, I, s+ AR, B0, d(w,w' )= t+1=k+1, X5 d(w,w') <k F)JF, XHk

AT s A %#ﬁﬁ,mkﬁ?uﬂagiﬁ :ﬂyﬂﬂj A, (ws21), =0, Thd,s=1 5%

s=n-1, BARENTEEAE, X 5 s 2EBFE. Wi, o(w) #o(w'), o &P, P, I—" k-IEE Y,
Bl x.(P,-P,) <nk,

B0 1.2 karki, XHaE—Ti (x,y) € V(P, - P,) HBUE (x, (v),) BT (x,y), B o (x,y) =
(x,(¥) ) o IR, Jta o FTHBEECH nk, THEIKIUE o J& P, P, B—1 k-t

EEC P, - P, 2T w=(x,y), w'=(xxs,y=t) , Hi1F 1<d(w,w') <k, HH 5,:=0, B, s<n-1,
t<kH s+t#0, % o(w)=c(w') , W s=0 H(y),=(y+t),, Ba— 015, (z1), =0, B0 r=0 8% t=k, X
K s=0 K s+1#40, FFLL t=k, I R 1=k>0=s5 J s+t=k NZE L d(w,w')=t+1=k+1,X S5d(w,w") <k
T, Wi, o(w)#a(w'), o &P, P, I—A k-FEget By (P, P,) <nk,

B 2 n WEECH kOB, IC r=nk+1, ZEBIFE L oh WU i=n, B n<k<k+1, 513 1 AT x, (P,
P)=r, X k<m, FiLL,x, (P, *P,)=x, (P, P,)=r, NIEMy, (P, -P,)<r EMEP, -P, B— k-1
B o BB A | plp=0, 1, r=1 | FERFG— UM (x,v) € V(P, - P,) B (xeny), R T
(x,y), Bl o(x,y)= (x+ny),, WK, 40 o FTHBIEEHN ro THIRIE o 2 P, P, B—1 k-FEE YL

B P, - P, AT w=(x,y), w' =(xzs,y=t) (i3 1<d(w,w') <k, H s,t=0, B, s<n-1,
t<k,H s+t#0, R o(w)=a(w') , W (x+ny), = (xxs+n(yxt)),, T, (xntxs), =0, (nr+s), =0 5%
(nt=s),=0,

Fi(nt+s), =0, 0] nt+s=or, ol o HAEGAEE, X a=2 B, nt+s=2nk+2, i nt+s<nk+n—1<2nk+2,iX
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EARTRERY . NI s+17#0, BT a#0, Bk, a=1, T4, nt+s=nk+1, 80 s—1=n(k-t), M k-1=0 AJ 5,
s—1=0,1M s—1<n , JFilh,s=1, t=k, A, t=k>1=s H t+s=k+1 NHFE, L d(w,w)=t+1=k+1, X5
d(w,w') <k¥JG, HIt, ¥ (nt+s), =0 ,o0(w) #Za(w'),

#r(nt=s), =0, 0 nt—s=cr, Hrf o HAEAEE, B, a0, 1K s+1#0, HH5HEE], a1, HW, 57
X)G nk+1=nt-s<nt<nk, HI,a=2, A  nt—s=2nk+2 1M nt—-s<nt+s<nk+n—1<2nk+2 X &/ 0] e
B, I, M (nt-s), =0 B ,o(w) #a(w'),

L AT, o & P, - P, BY— k-BEE e R, x, (P, - P,) <nk+1,

BE  WH9E 2 N EEIERAR P, P, 1Y k-FEES YL, T IR s AR R sCHe, AW m<n, Y k=n
B, P, R P, HHER 2 DT Z I PR B AR &, T x (P, ) P,) = 1V(P, X P,) | =mn, FHEALIE
k<nf1EHL o

EE4 WmnkeZ Hmn, k=2, Hh m<n, k<n, & k<m, W x, (P, X P, )= (k+1)%; &N,
X (P, KP,)=m(k+1),

WERR  43rLAF 2 AP L uERe

R 1 k<m, BB k<m-1, k<n-1, i r=(k+1)>, B P, RP, l— T 5 T4

B, =1{(x,y)lx=0,1,--k, y=0,1,--- k}
AR, B, HHEE 2 N Z R IE A b, BB, | =r A x, (P, KP,) =r,

FHUEM x (P, R P,) <r, 3515 P, K P, B— DYt o HIEAES N plp=0,1,-,r—1}  FFEX 5 —Ti
w(x,y) €V(P,-P,) B (x+(k+1)y), BT (x,y) Bl o (o, y) = (e (k+ 1) y) o AR R o BTG,
BHhor,

M o & P, X P, B—A k-BEE Y, (TP, KP, B2 DTS w=(x,y), w'=(xxs,y+t) , ffiff 1<
d(w,w') <k, His,1=0, BIR,s, <k H s+t7#0, B o(w)=c(w') M (x+(k+1)y),=(xxs+(k+1) (y=t)),,
TR, (2t(k+1) £5), =0, ZNEM T (t(k+1) £5),=0, TR, t(k+1)xs=ar, L o HIEREE, Ha=2
B, t(k+1) 2s=2(k+1)> T t(k+1) £s<t(k+1) +s<k(k+2)<2(k+1)° , XFENATRERY . XA s+17#0, Ar LA
a#0, B, a=1,3F1M t(k+1) 2s= (k+1)° XA  k+1 BEREBR s, 10 s<k,FTLL s=0, HULAIRI, 1=k+1,
X5 <k FJE, Ht,o(w)#o(w'), o &P, KP, B— k-BEE Y My (P, KP,) <(k+1)7,

R 2 k=m, W k-1=m-1, k<n-1, WP, K P, 11— DT E T4
B2: { (‘x’)’) |x=0’1’..'9k? y:O?]"...’m_]‘} o
AR B, TUTE 2 AT S Z B B A &, BB, | =m(k+1) ,8CH x, (P, XP,) =m(k+1),

HUER x (P, R P,) <m(k+1) Bt P, K P, — 1Pt o RBEOEE N (p,q) 1p=0,1,-k, g=
0,1, m=1},JF X —Tim (x,y) € V(P, KP,), FHBE ((x) 4, y) BT (x,y), Bl o(x,y)=
((X) g1 5y) o IR U o FTHEREAECN m(k+1)

B o J& P, R P, M— k-FEE Y, (EHP, K P, N2 DTS w=(x,y), w =(xxs,y+t), it
1<d(w,w') <k, HH 5,620, BIK, s<k, tsm-1 H s+t#0, R o(w)=a(w'), MW (x),, =(xxs),,, H
t=0, HAT—xXATH, (25),,,=0, M O<s<k,rlh s=0, T&,d(w,w)=0,X5d(w,w)=1 T,
W,o(w)#a(w), o &P, XP, B—A k-t Bl y (P, XP,) <m(k+1),

S Xk
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