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Quasi J-*-clean rings

LI Xiaoxuan, YIN Xiaobin "
('School of Mathematics and Statistics, Anhui Normal University, Wuhu 241002, Anhui, China)

Abstract; A ring is called (strongly) quasi J-*-clean ring if each of its elements is a sum of a quasi-projection and an element of the
Jacobson radical (that commute). The basic properties of this ring and some relations with other rings are studied. It is proved that
R is a strongly quasi J-#-clean ring if and only if R is a strongly *-clean ring and R/J(R) is a strongly quasi J-*-clean ring if and
only if R/J(R) is a strongly quasi J-*-clean ring, every projection of R is central and every projection of R/J(R) is lifted to a pro-
jection of R.
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EE3 KRE*HHUR)=U(R), I&R M = AZEHEHICI(R), N R ZIRH J-*+-clean 4 H.
{024 R 25 *-clean ¥ H R/I J&iRH J-*-clean ¥,

R =, W36 15,

&, BR R/1IERIL J-+-clean 35, T LIXMER a € R/I,WAEE ke U(R/T), peP(R/I), jEJ(R/I),
#i1% a=kp+j, T R &5 #-clean 35, W i 513 6 H1 R PR RS ICHSEAF T, 53 2 155 ot 1
ATEETE, BT LIS OORE 1 TR T 28 T B 2 R AGIIE A AT o AT o 1 TR T L, AR AE re J(R)
k€ U(R) ffi15 a=kp+j+r, p(j+r)= (j+r)p,FHIL R JE58 L J-*-clean I,

SIER 7 B R 3R, R B A R AR

(1) R J& *-clean 3 ;

(2) R/J(R) &1 #-clean F R HHESITIEH0 0 HALS TTHE J(R) AT T

(3) R/J(R)JEZ4L clean ¥R, R/J(R) YR IC T B4R T R HH iy O IC

EIE 4 WRIE=«HH UR)=U(R) NI arBAH.

(1) R A J-+-clean 3 ;

(2) R &0t =-clean ¥F H R/J(R) 24l J-#-clean 3 ;

(3) R J&5# *-clean 3 H. R/J(R) JE I BLHIA;

(4) R/J(R) TR J-+-clean P&, R H 45 02 b0 iy HAR S 7ot J(R) AT EE T

(5) R/J(R) ZZILAL J-clean 5, R/J(R) TR TTAT R T A R 4587t

R (1)e(2) (1)e(3) B,

(1)=>(4), HAE 16 5 R/J(R) 5% J-+-clean i, LKA R JE 3L J-«-clean 3, F L R 2 5%
s-clean¥, P FHEB 5B 7 ATHIE,

(4)=(5)., K R/J(R) 58U J--clean 5 FF L R/J(R) Sk *-clean 3, TN HB4rH 51 7 AliiE,

(4)=(1), BER/J(R) ZHP J-clean 35, /L7 a € R, W77 k€ U(R/J(R)), ecId(R/J(R)), jE
J(R/J(R)) 1% a=ke+j, BR R/J(R) THIRETCAT AT R A L ARG IT, B L, A7 78 b BT
pER, reJ(R) M15 a=kp+j+r, IR j+reJ(R) . FKPITFEH 2 IUEH , A ke U(R)=U.(R) ., I, R &
SR J-x-clean ¥

it 5 WRE I, UR)=U(R)H RJE UJ-FF, N R IZIELL J-+-clean 3124 HALY

(1) R & *-clean ¥f;

(2) R/2R JZ58 4 J-#-clean R H. 2 € J(R) ,

ERA =, N R 23 J-x-clean 3 T LIfFEE ke U(R), pe P(R), jeJ(R) fif5 2=kp+j, AN
(kp+(p=1)) (k"'p+(p=1))= 1, LA 14+p=2+(p-1)=kp+(p-1)+j€ U(R), T R 2 UJ-¥ NI pe
J(R) W p=0, Mili2=j€J(R) . T TF#mhEH3#,

&, HEMH3H,

W 17 1’ R & = 1EWAH U(R)=U.(R) , W] R Z#HL J-*-clean 74 HAUY R ZIUFLIIE,

iEBR =, A R Eif) J-x-clean 3 T LI E B 4,43 R/ZJ(R) USSR, X T R J2& #-1E 3R,
AT R ZIENFR W J(R)= 0, Kt R ZAUF SR,

=, Bk,

EE S5 WRE=HH R PREATTICRE HAERER, W R 2RI J-+-clean ¥4 HALY

(1) R & J-%-clean FF;

(2) MEERS T e, fER, H e—fEI(R) | e=f,



511 ST , 45 U J-#-clean IR 77

ER =, B R EW J-#-clean 75, XHMERERGIIC e, f€ R, A R Z5RI J-*-clean FF, Fr LA i
15 7% R /& abelian, It ef=fe , 135 (e—f)* =e—f, \Tli (e—f) (1-(e—f)*)=0,H It e=f,

&, WEEHE T eeR fFIEkEU(R), g€P(R) MfiT5 e~kg€J(R) , B4 R HhAAATHTCE A ff
B, FTLL e" —kg=e" k" g €J(R) ,M\IM e—e” =(e—kg)—(e" —kg) €J(R) ,

Lrx=1+(e—e”) " (e=e” ), t=x"", M x" =x, t" =t,i e x=e ee” =xe* Miie t=te” | et=te, % f=
e‘et=te e, M f*=f, fr=e"ete* et=e¢ ee” (tet)=e" xtet=e" et=f, fe=f, ef=ee” et=ext=e, f=e" f, \Tfi,
e~f=ef-e"f=(e-e" )fEJ(R) ML f=e e(1+(e" ~e) (e=e")) ',

Ax'=1+(e"=e) (e =e), t'=(x")", G (x") " =x", ()" =t',i#M ex'=ee” e=x"e, N\l et' =t'e,
e t'=te’, B f=ee’t'=tee” RKMTES) " =(f)>=f", ef =f', fle=e, f'=f'e” i, e—f =fe—fe" =
f'(e=e”) €J(R) M f'=(1+(e=e”) (e ~e)) ee”

H FiR1G e—f, e=f' €J(R) , f, f BRI TC, 8 f~f = (e~f") = (e=f) € J(R) , W\l f=f" R}

e‘e(1+(e"=e)(e—e”)) '=(1+(e—e" ) (e " —e)) 'ee”
T2
(1+(e-e”" ) (e " —e))e"e=ee” (1+(e" —e) (e-e")),
55 e ee” e=ee” ee” M|
(e—e* )’ —(e—e" )= —ee” ete ee”
((e=e")’=(e=e")) (ete” )= (e=e”)*~(e=e"),
Hit(e—e* ) ((e=e*)*~1)((e+te™ )=1)=0,

KK e-feJ(R) ,FiLL e —-feJ(R) W (ete™ )-2f€J(R), TH:(ete” )-1=(2f~1)+((e+te”)-2f) €
U(R), Xe-e' €J(R) ,Mifi(e-e”)’~1€U(R) it e=e" . B, f51H S 1R J& abelian, il 15 15 R
SRR J-#-clean F£

FRALHTC e, fe R ZEMI ICME e~f, B AFE weR i1 w w=e H ww™ =f,

PRFR R ARGEE 11 7 aR+bR=R, H 1 a,b € R, WAFLE y € R, 1% a+by € U(R) . Bl J5 3R 5
PLENFA 38 - E NSRS A TRE R 1,

5138 8! & R J& exchange ¥, | R AFaEE 1 Y4 HACYSMERE RS IC e, fER, A eR=fR ,WIFTE u €
U(R) 1% e=ufu™",

AR 18 1% R & -3 H R RN AT E A ARRERY, ) R JZ5RAL J-%-clean 724 HALY

(1) R J&# J-*-clean Ff;

(2) AMEEHRSITC e, fER,F e~f, W e=f,

R =, WAR() ML, HER 4 74 R/J(R) ARSI, Al 2 158 R/J(R) &2 He - IE R, N
R/J(R) 5k - IEWIPR (i SCHRL 15 145, B - IEWIERATREE 1, B R/J(R) ATRERE 1,50 R A
R 1, ZXHEBHBH T e, fER, e~f€J(R) A e~f, HCHR[ 15] 715 eR=fR., H5IHL8 14 fFfEuecU
(R) 1% e=ufu", KK R JZEHEI J-*-clean I, LA AL 15 75 R J2& abelian, )l e=f,

=, MEBMHIC e, feR [Hi15 e-f€J(R) . & u=1-e=f, W eu=—ef=uf, Bk u=u"=u"'€U(R),
Lw=fule, W f=u"eu=ww" H e=ufu =w"w, Kt e~f, MRS e=f, HEH 513 R JZEMIY J-+-clean 3,

PR =R FRICZE a € R J2 partial isometry JC* , %5 a=aa” a, FXICE u € R & unitary 7T, 45 uu” =
uu=1,

A 19 &% R & =W H R A los2E A HERERY W R J2 58 J-+-clean 124 HALY

(1) R WL J-#-clean ¥

(2) XHEFE partial isometry JC a € R, f#7F e € P(R) , unitary JC u € R, [lif% a=eu=ue,

R =, BAR(1) ST, XHEER partial isometry JTG w € R, w=ww w, NTlT w™ =w ww™, KN
ww=w ww w=(w w) ", ww  =ww ww = (ww ) T wrw Ml ww BT H wiw ~ww . AR
IS w w=ww ", Zu=1-w w+tw W u " =1-w w+w” . M uu” =u"u=1,8) u € R J& unitary 75, %
e=ww" ] e BRFTC, B w=ww™ (1-ww ™ +w)=eu, XN R ZEIEI J-+-clean 3, T LIH AT 15 15 R /&
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abelian , K, w=eu=ue F41IE

=, MMEENE S e, fER[HTT e~f, fATEWER ffifE w w=e H ww™ =f, B wefRe, w* € eRf,
M ww ™ w=we =w, Bl w J& partial isometry JT, i/ 7E p € P(R) , unitary JC u € R, ffi1§ w=pu=up, W
e=w w=(u"p)(pu)=u"pu=uup=p H f=ww" =(pu) (u"p)=pu”up=p NI e=f, Har 18 1 R iR
L J-#-clean £,

B R &+ 38, FROCEK a € R JEME— #-clean T AFTEME— I IT o, (15 a—e JETT MY,

EE 6 KR xHH RPEANFICE 1 B E R, W R Z5R 4D J-+-clean 3524 HAL Y

(1) R &L J-%-clean FF;

(2) ¥EE acR, a* EME— *-clean JC,

R =, B, SMEE aeR FAEkeU(R), peP(R), jEJ(R) 45 a=kp+j, pj=jp, M
a’=(kp+j)=kp+’ , Hh j € J(R) . IR R AT 0 1 0 AFERET- AR, ITLA o® =k p+j =p+j'=(1-p) +
((2p-1)+j") o XHTF(2p-1)°=1,H I a® & *-clean JC, FIEME—M:, AUk o’ =f+v, L feP(R), ve
U(R) W p—f=v=j' € U(R) , A~ R J&584 J-*-clean PR fir LAH AR 15 #5 R J& abelian, W (p—f)* =p—f, Bl (p-
N (1=(p=)*)= 0, W\Ifil 1-p+2pf~f=0, # f=(1-2p)~'(1-p)= (1-2p) (1-p)= 1-p , Ktk a* J&ME— *-clean JC,

=, MERBMIS T e, fER, B e—f€J(R) , R (2e-1)"=1, (2f-1)>=1,[Lh 2e-1€ U(R), (2f-1)+
(e=f) €EU(R)+J(R) CU(R), XMW T e®=e=(1-e)+(2e=1)= (1-f)+((2f~1)+(e~f)) H e J&ME—
#-clean7C, Ktk 1-e=1-f, Bl e=f, HIEH 515 R Z9m4L J-*+-clean 3,

Bl 6 & Z, & =3 Hr s =1, AILIRIE Z, &L J-+-clean 31 {H-1 € Z, &M — #-clean JG, HH
-1=0+(-1)=1+1,
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