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The module algebra structures of dihedral groups on the full matrix algebra of 2x2

SU Dong
(School of Mathematics and Statistics, Henan University of Science and Technology, Luoyang 471023, Henan, China)

Abstract: By using the theories of weak similarity of matrices and weak similarity of matrix pairs, the module algebra structures of
cyclic groups of C,, are researched over the full matrix algebra of 2x2 on the complex field £, and all module algebra structures of
dihedral groups D,, are characterized over the full matrix algebra of 2X2 up to isomorphism.

Key words: full matrix algebra; dihedral group; weak similarity ; module algebra

0 5%

FEAN Hopf MBI /E S R AVEH I BB IS N 2 — ., Beattie! " St 42 Hi T 45 3¢ Hopf fRE7EAR
B EAE P ROAE & & B8 22 )5 Molnar > #1155 T Hopf BACE A XHEEHE, 24X 7 i ABFSE B B0 1 - A
YRR : Caenepeel %5 iR T 7 Yang—Baxter fA0E 45 L & Yetter—Drinfeld #i{X 411 Brauer #4514 ;
Duplij #1 Sinelshchikov"* 5¢ 4 % T #t 7 8F U, (sl,) 76 it 770 RS #, 3F BT 1 WG 4
2 Chen Fl Zhang'®' 25 1 T 4 4k Sweedler Hopf 1V H, |1 4 4k Yetter—Drinfeld A5 4 E 194514 15325 LA K
Fr A 4 4§ H,-Azamaya U5, Rl M, B 45 8 T M, (k) LB Fr A #) Yetter —Drinfeld H,-$55 4% %k 25 #4 ; Zhao
S R ARRIE TG RIS T R R B R S AR A AR S B | LAk B B R T e AR
AP = B BRI AR AR S R 1) 2 e R R RO AR PHE T AR AR I 8 AR sk AER RS
a2 B Hopf fUER Hy BIBIRELEE M . FELL BWFSR 8RN Z I, AR SCRI B [ 55 A 100 R R B %o 55 AR ABL ) A ¢
e FERE RO ¢ 1 9 T B 2 RE S ML (2) bom Y EIEE C, BIBLREES W, - HAE R & ST Z
7 M, (7)) LA 2m B ZIEAREE D, SRR

1 M,(2)W 2[C, - EREK LM

W OIS M, (7)) FOREEN Ll n R R 2R R GL, (7)) R 2 B n [l iR

Wrhs B 81 :2022-11-28; [ 4% H R A 18] :2023-12-01 15:41:31

[ & tH AR b1k - hetps : //link. cnki.net/urlid/37.1389.n.20231129.1547.008

E2TR . WK ARBAIEEREIIE (12201187) ; WRIY A RRIEIL 4 BB H (222300420156)
F—1EERN L (1982— ), 2, PE, 14 W5 07 17 A Hopf 144 % %/~ E-mail ; sudong@ haust.edu.cn



5 2 1] A T A SRR I AR RS 15

AL R TRTETE E, Fom n B PR, ¢ o 2 AR L R W TRIERE, SHMEREHRE G H ¢ [ Gl FR
G IREARE, BRFFIRULIIAN A SO iy 2tk 2s [|) FE R A% Hopt ARBSE & UAE ¢ b i BEURALA i,
Bli=/-1,

Wom=2 JEIE8E, C, Fon il g AU m B EERHE, /)

C,=(glg"=1),
EX M X X, eM (7)), EHFEPEGL (%), acC ffif5
PX,P'=aX,,

MFR X, 5 X, ZFHMLA,

S5 ARALLAE R B AR BL A — Rl ) R PR 2 (Rl A —Fh A G R

EX 2 WX ,X,,Y,,Y,eM, (%) HFFHEPECL, (7)), a,,a, € C" fHif

PXP'=aY, i=1.2

BT, WIFRFE ST (X, ,X,) 5 (Y, ,Y,) 5500, #id A (X, ,X,) ~(Y,,Y,) .

B2 2 A RERT Z RIS A OC R ~ 7 2B M, (2)xM, (7)) EB—FPEEME R,

EE 1Y W XeM, (7)) AR m 15 X" =aE,, acC” N X 0[Xf 1k,

1Y W ARG, Aut(A) BB A A TFRAGRE, W A J2—A A [ G
M HACYFEE— RSB p: G—Aut(A) , Kb A WA 2 G]-BAEH SRR p HXERAK

gra=p(g)(a), g€G, acA

R E o

A1 WG R—HE,AZ—MEL I p 2 G B Aut(A) BIRERIZS, Wl A 1 Al A A —D 28
[ G]-HAEEE ,ICH A(p) o #7p":G—Aut(A) 25— MREFEZ, W A(p) FIA(p") I ¢ [ G-
AREBCY HACHAAE— B A R f:A—A 15

fop(g)=p'(g)°f, g€G,
Z2 WG=C, HA=M,(7) Kk A ZHCpA%,A By A RESE N A R BT D — 3R 2
p: C,—Aut(A)
H— XeGL, (2)HixE, Bl
p(Y)=XYX"', YeEM,(7),

Hb XWEX" e ZE, , lLFHE A(p) B A(X)

I3 11" X, X,eGL (7)) Hi e X" Xy e 7E, W A(X,) M A(X,) BRI [ C, - Y
HAY X, A1 X, 5540401,

1 0
513 2 HMEES I XeGL,(72) X" e CE, | ISR RA m MNEMIE, AR TR [o J , Hor
e m

k=0,1,---,m—1,
R i XeGL,(7) Ll X" € 7, fe il 1 o X a5 ffL BIfEfE— A Pe GL, (7). ffif
, 0
PXP' =0, Q=(a )
0 a,
it

m -1 ma:no
PX'P=Q"= L

a,

a’ 0 _(a 0)
0 a 0 o)’

WA a =a) =, PONERNTZBERLTEMLOCR SN 228, TUAYB a=1, 0 o' =dy =1, 11 a, =

HT X"=aE,, acC* JfLA



16 R R % M (B % R 55 59 &

2em, %

en', a,=en ', k,k'=0,1,---,m-1,TFJ&

XF k,k'=0,1,--,m-1,24 k=k'i}

AR, JERE,
oI 2 W15 AR EH,
FE 2 EFRMEST ,M,(2)H mA o[ C, ] -HAR% Hasin T .
gra=TaT™",

I 0
;E\:EPaEMZ(%7>5 T:( Zkﬂ.]’k:O’l,“"m_lo
0 en'

2 M,(7)W 7D, |- EREKEH

AR M,(2) L 21 D, T BAREL IR R SCR A e 45 e84,
m By ZTEAREE D, vl ik
D,,=(g,,818'=8=1, (g,&)°=1), m>2,

WM (2)xM(2)THEE A, T,

A ={(X,Y)IX,YEGL (7 ), X"€ZE,, Y’e?E,, (XY)’€ZE,}
5138 37 M,(7) LW 2 [ D, ] - BAREEE M A, g, HLSSHRL G JE 14 %o B 2 [ # A B A
Sl 4 % XeGL,(%), (X,E,) €A, H:
(1) #F m NEE N (XL E,) —E S5 T

p,=(E,,E,) ﬁpzz(((l) —Olj’ Ezj;
(2) # m HELN(XE,) —E 55 LT

p,=(E,,E,),
X, X 1 0
iEl 4x= " " ,Y:( ),%E
Xy Xy 0 1
Xm:a]Ez’
e .
(XY)"=X"=o,E,,

;H\:EP a;,aq, € C* o
(1) 4 m REE, hal() g
XzzazEza

1 0y . .(1 O
rrxmmr() () 1.

u>¥mﬁﬁﬁwﬂﬁuwmﬂx%mm$@ ﬂomﬁo

A
l+en’
+em
/b b
5= 1-en! [1 Oj
k™~ 2km ’ ’
2, 0 -1
l+e
c v/ be

1-en'



55 2 3 A T A SRR I AR RS

17

Hb,ceC™, k=1,2,,m-1, TRAL TG,
I 0
SIS WXeGL,(7), (X, (0 _ID €A k=12, m 1

Oljj—%swm%

1 0 1 0 .
”3:(0 —J’(o —ij”
@ tmwapn(x, O )| emnrs,

X, X 1 0
ERA é\X=[” ”J,Y:[ j,‘?ﬁﬁﬂ

Xy Xy 0 -1

(1) % m a8 [x, [(1)

{X"‘=01_1E2 ,
(XY)*=a,E,,
Hrp a,,a,€C, FH(XY)2=a2E2 A

X Xp (1 0 X X
XY= = s
Xy Xy )0 -1 Xor X
(xll xlsz (1 OJ
:al )
Xy Xy 0 1
[xn _xI2J2 (1 0)
:a2 ’
Xy Xy 0 1

2 _
X117 X Xy T 0y,

B

2 _
Xop TX Xy T 0y,
X (Xy=x,,)=0,
Xy, (X =%,,)= 0,

IR AVA BT REHAT 2 dfife .

X = "X
X =x“$|] x,=0,
X, =0,

A & A _ _ ya _ * _ *
B 1 x,=x,,% x,=x,=a€ 7, x,=beC’, x;=ceC" L

1 1
[ﬁ @] L 1 e
P= HP'=— ,
Je o —Je 2111
Jb o e
f
o
piyp o LB [a bj[ﬁ JE)
21 1 |le dle -
Jbo e
Jbe 1 0
:(a+ be 0 J=(a+%) a—+/bc | o
0 a-/bc 0

a+ «/bc

(2)



18 R K % % M (B ¥ W %59 %
X X"=a,E, N
1 0
1 wm m m 1 0
P X"P=(a++/bc) 0 (a—/EJ =%l )
a+ /' bc
m 2k,
- /b o ltent
FRICC o W a=— b, k=1,2,-,m-1, A
a+ +/bc l-gn!
T+
+em !
S J/be b
1-en'
X= L ,
+em'
¢ eZlm. bc
l-en'
LA

1 0
(X, ~ 8, k=1,2,--m-1,
0 -1

B2 Hox, =-x,Hx,=x,=0,%x,=a€C" f

o b 5

Y X" =a,E, N

Lo a"E,, m ATHEL,
o N E TN
0 (-D)" a'"(o _J, m AL,

PR m R (R AR S5 AR O 2R

1 0
%Lﬂ%%%wﬁﬁﬁﬂmx(o_J}eﬁ%ww?

“:[&; ?J’(; ?ijﬁa”

ﬂn—%%ww%@o

%m%ﬁﬁﬂ%&[é

IEEE,
1 0 10
gliﬁ 6 ’f/lfj\j%ﬁﬁxffﬁkN 2km. | s [ j ’ k=1’2’”.9m_10
0 en' 0 1
ERR R
L
P{@ ﬁJHPE1ﬂ7ﬁ:,
N—r 211
Wb e
A
L i 1+eZ.% b
. 1o e |[|1-en! 1 0)|[p
P 51(P :? 1 1 2k ’ 0 _1 f
E _ﬁ . 1+e;.«/ﬁ c

A

|



55 2 3 A T A SRR I AR RS

19
2 J—
2k, bc O
l—e/n] (O 1
B e v oj
O eZk‘rr_ bC
1-en'
2 10 0 1
= ke vbc( 21\1‘!,] ) ( j o
l—em 0 e'"l 1 O
.
. 1 0
BI3B7 WYeGL,(7%), e |, Y| €A, k=01, m-1,5;
0 en'
. N 1 0
em
. . . . 1 0 0 1
8,(k=1,2,---,m-1) EZPE‘Z pQE‘Z p3E‘Z Ps= > 5
0 1 1 0
;. . 1 0
(2) 5 m g, W o 2l Y —EF LT
el”
. . 1 0 0 1
51\'9k:192"“’m_1ﬁp]ﬁp4:[(o 1)’ [1 Ojjo
y y 1 0
'\LIEHH é’\ Y:[ " IZJ ’ X:[ Zkﬂ-r.] ’ kzosla'“’m_ls‘?ﬁj/@-
Yo Vm 0 en'
Y'=q,E,,
{ . (3)
(XY) ' =a,E,,
Y =oE,&
¥ (YT1+Y12Y21 Y11y12+y12y22J (1 Oj
= = .
YiuYatyaYa YI2Y21+y§2 0 1
my

2 5 ’ -
YutypyYa=a,

yiz"'yu)’zl =ay,
Vi (yp+y,,)=0,

(¥ +y1) =0,
IRALL A 2 i

Yo=Y,
Yo ==V Ay, =0,
21 =056
B 1 %yzzz_)ﬁ],é\%l:ae Z,y,=beC", y,=ceC’ ,m(XY)QZazEzﬁ
2 2k, 2k,
) a +en'bc ab-e'ab 10
(XY)"=| 4, Y. Yo, s, | TR0 1)
en ' (ac—em'ac) en'(bct+en'a”)

=

2, 2
a+en'bc=a,,

L LI

e (bctem'a’) =a,,
2k

ab(l1-e") =0,

en ac(l-en"') =0,



20 R R % M (B % R 55 59 &

IR AVA BT REHAT 3 dfift .

(i)%aﬂWiﬁY=G @oﬁﬁww%%$y%w{fé)%z
, (1 Oj s M(l 0)
Y’=2 , (XY)?=ren :
0 1 0 1
1 0
mscnrs () L) Jamnracimacanmnc(s 3.0 )
2
(ii) é’eTizl,Eﬂk=0HﬂL,ﬁX:(é ?j,?i% Y’=aE, TESHMKEE T, A
o )
Y: ’
0 -1
1 0 1 0 1 O
mq& ﬁJ,ﬂ%WM%m=&)J,& ﬂno
(iii) Heni=—1, b=0, c=0 K, B m Jo{H%H. k:%,msﬁmua‘eﬁ,ﬁ
1 0
m'l (( ka_] , Y\J ggjﬁﬂj\? P3o

1 0 1 0
X= ,Y= )
o 5)rlo 5
0 en'

B 2 %yu :Y22E— Yi2=Yau :0,/?\ Yu=yp=at€ Cc’ ,)I_UJ
1 0 1 0
Y=a( J (XY)*=d’ wr | =E,,
0 1 0 emn!

1
0

4k,
Foen'=1,k=0,1,-,m-1,

1 0
%’lmj@ff%éﬂtﬁﬂ‘,ﬁkzoﬁkzz,JH:XEQ?FHM?((I) ?jjz[ _OJ,EAZ(( uﬁ),ijaw%plazpzo

0 en'
1 0
st 4 k=0, s () ©) [[O J y}g@maﬁp.o
e/n
KB LT p, 1 pl S5 FHALAY
1 0
G LT m I [[0 j , YJ LT

em

6"’k:1’2’“.’m_1ﬁplﬁpzﬁ/hﬁp‘t:([l Oj,(o ljjo

1 0 . ‘
o )|

o 1 0) (0 1
8k’ k:1,25'”9m_1 ﬂplﬂpél:[[o 1)’ [ jjo

2 m WA (x, [

UEEE
5138 8% & X, YeGL,(7%), (X,Y)€A,, k=1,2,---,m—-1,4:
(1) % m AL s EN 325 (X, Y) IARERITT R
Bk’ p17p2’ p3’ p4a



5 2 1] BT S oy N AW I N R AW &2 ) 21

HEANTPPASS AR
(2) # m AEECAEFAHUFEM 3K (X,Y) )TN
Oy Pis Pu
EATHPA S AR,

1 0
ol 4—8 M. Y4 k=1,2, -, m-1 B}, ([ m}, C) énﬁﬁﬁw? 8,3 M4 k=0 Hf,

0 e’
1 0 0 1
(( Zkﬂ_]y [ jj =P4o ﬂ:IET %“U‘FXEIE
0 en' 1 0

EE 3 ERWE LT, M(7) FET 7D, ] BABEHINT XTE ae My(7), B k=0,1,-,
m—l,ﬁ;

(1) 2R m MEE IR A4

@gl-aZQ, 8rca=a;

1 0
®gl-a=TaT‘1,gz-a=aﬁﬂ”:(o J;

0
@gl-a=TaT_], g,-a=TaT" ],,\FF' T= (0 1];

1 0 0 1
@g1'a=T1aT{l, g,ra=T,aT, ,/\qu { Zkﬂ], Tzz[ \]0
0 en'

(2) W2k m NEE 4
D g ra=a, g, a=a;

1 0 0 1
@gl'aZT]anl, gz'a:TzaTzlvﬂ\:EPle(o Zk"ilszz( jo
em

% 3k

[ 1] BEATTIE M. A direct sum decomposition for the Brauer group of H-module algebras[ J|]. Journal of Algebra, 1976, 43(2) .
686-693.

[2] MOLNAR R K. Semi-direct products of Hopf algebras[ J]. Journal of Algebra, 1977, 47(1) :29-51.

[3] CAENEPEEL S, VAN OYSTAEYEN F, ZHANG Y H. Quantum Yang-Baxter module algebras[ J]. K-Theory, 1994, 8(3) .
231-255.

[4] CAENEPEEL S, VAN OYSTAEYEN F, ZHANG Y H. The Brauer group of Yetter—Drinfeld module algebras[ J]. Transac-
tions of the American Mathematical Society, 1997, 349(9) .3737-3771.

[5] DUPLI S, SINELSHCHIKOV S. Classifications of U, ( s, )-module algebra structures on the quantum plane[ J]. Journal of
Mathematical Physics, Analysis, Geometry, 2010, 6(4) :406-430.

[6] CHEN Huixiang, ZHANG Yinhuo. Four-dimensional Yetter—Drinfeld module algebras over H,[ J]. Journal of Algebra, 2006,
296(2) :582-634.

[ 7] ZHAO Shiyin, WANG Yin, CHEN Xiaojuan, et al. The kS,-module algebra structures on M,(k) [ EB/OL]. Beijing: Science-
paper Online(2013-06-09) [ 2022-09-07]. http://www.paper.edu.cn/ releasepaper/content/201306-142.

(8] BAAAR, A vion. B e CRBRARE A [ T] . IR RS 2224 (B2 R ) , 2013, 48(8) :24-29.
ZHAO Shiyin, ZHOU Keyuan. The module algebra structures on M, (k) [J]. Journal of Shandong University ( Natural
Science) , 2013, 48(8) :24-29.

(9] MR, W3 g bpk. B S PR RO H - RRZE R [ 0] 5 MR 222 4 (BIZE R | 2015, 53(5) :887-892.
GAO Fengxia, GAO Xuegin, YANG Shilin. H,-module algebra structures on M,(k) [ J]. Journal of Jilin University ( Science
Edition) , 2015, 53(5) :887-892.

(F#% 31 W)



