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BE. N TA®MEER G(V,E), EHLE—/NERH FV(G)UE(G)—{1,2,-  IVI+IEI} e R we E(G) B d(u)=d(v) , &
S(u)=S(v), L+ S(u)=Ff(u)+ 2 fluz), d(u) &7 5 u 0§, WA f A G #94AR 5 7T 25 &4 5 (adjacent vertex reducible

uz€ E(G)

total labeling, AVRTL) , &4kl FTRHE & — M2 XXM &k, TRAH B AR S NEAE A S F £ AVRTL,
B RIEERSAN, LT HTHREG TR LHIEY, B34, 0RFHG, G, 2L AVRTL B, W EEH T LA
e, BB A G, 1 ,G, 74 AVRTL B,

LA AR TH 4455 AVRTL B, B A XM kA%, B

hEH%KS:0157.6 MHERFRERD A

S| EIL, MO0, = 85, 55 4 TEREI AR mT 2 2bn 5 [ 1], IR R 2% 24l (B2 AR ) ,2025,60(8) :57-67.

Adjacent vertex reducible total labeling of some joint graphs

WANG Jiang, LI Jingwen” , GAO Xin, SUN Liangjing

(School of Electronics and Information Engineering, Lanzhou Jiaotong University, Lanzhou 730070, Gansu, China)

Abstract: For an undirected connected graph G(V,E) , if there exists a single mapping /:V(G) UE(G)—{1,2,---, IVI+IEI},
and conditions uv € E(G) and d(u)=d(v) are satisfied, then there exists S(u)=S(v), where S(u)=f(u)+ 2 holds. Let

uz€ E(G)
d(u) denote the degree of vertex u; thus, fis referred to as an adjacent vertex reducible total labeling ( AVRTL) of G. This study

combines genetic algorithms and particle swarm algorithms to design a heuristic search algorithm that can determine whether a
random graph with a finite number of vertices contains an AVRTL. Through the analysis of experimental results, several theorems
regarding linked graphs are summarized and proved. Finally, the following conclusion is drawn: if subgraphs G, and G, are AVRTL
graphs, then the graph operation T, exhibits closure, meaning the linked graph G, T ,, G, is also an AVRTL graph.

Key words: joint graphs; adjacent vertex reducible total labeling; AVRTL graphs; heuristic search algorithms; graph operations
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SR BRSO T 2 B A ATR SE bR 5 10 P T T TR0 4% 45 45,

BT AE HL 43 A P4 rh g ) 81, 255 A R 287 A8 TR 23 , 0 (R RUMH 28 7 i FiL i s, DU B2 SR A 408 119 3 AH
IFi P9 728 25 AR H AR R 56 | [ R 52 i, 7 T 45 v ) i A A S 2 B Ak S A AR IR 100, T LA PR 808 sk AT 24 4
SRR A TR . ASCES A B ) EIE A ST SRR 110 a5 Al R R A R T —F
Ja KA R B T LA B S N BEHLIE R S A E AVRTL, 800 XF S2 g0 25 507, 845 74 TR R 2
BIFZGHE  F e AR A 2R A R A R S5 e R 7 & G, F G, & AVRTL B K2R T, BA
BAE, BRI G, 1,6, I8 AVRTL [,

1 & iR

EX1 WG(V,E)ZE—1TRPE, HFEE—DHREY fV(G) UE(G)—1{ 1,2, IVI+IEI},
weE(G)H d(u)=d(v), A S(u)=8(v), HP S(u)=f(u)+ 2 fluz) ,d(u) Fms u W WFK R G

uz€ E(G)

HI4R T 414455 . Bk G N AVRTL &, & FR G i N-AVRTL &,

EX 2 ®EG 1,6, W—1BE, b G, .G, nhlkE P, BE c, 2F S, BEF, - W, Z—,
a Fon R B R E O S KRR 1R B R AR R b FoR BRI A AR L T R R 2
SOEIR 2 B R G LGy N G a TSRS G, 1 b TS RIR AL,

2 AVRTL &%

21 AVRTL EEEAXFE

AVRTL 532 4 AR R 45 5 i AL TR FORL 518 1 e (8] G OB HERE MR B W L 5 45, W R 1k
—MGEREARFRIE 1l S AR RAE TR . TEI Zad R b 1 3 R WSO W )RR, BN e R R
BT AR RS I GRS SR A 6 AR SCH W ek B, I B K] G AN J& AVRTL [ SREEE TR

(1) TiALFE K%L Pretreatment,, K 8145 LI IR AL AR HE M I8 U Hh 20 S0 v 355 2 18] GG 8,
A A SRR TS ARSRIR R ARG R R

(2) PLff% 2R % UXOSearch,, MR A FE 56 0 R | A0 A AR 98 A S R Ao B TR AR SR AR 07
R SR HC RS AL SRR e S8 X R S SR S R I

(3) WS T R %L ASjudgment, A — « W98 Z2 5 A v 2 705 1 J 40 T 29 b 5 20 SR R R
LR 5 ] A RS LR B IC NAEAEFE R StorageMatrix, 257F . IVI+IE| -1, Bl R 248 R 5 R A Kbr 5
(EARETFIVI+IEIR RGN VI EN =1, FE AN LA 5 T 4255

(4) %t pREL Output, 77 A 1 2 < 5T 29255 (1 B4R W e A 45 R LR S e AT s o #
WCSCFIWTEE RS 1 G AR ATS SR A s A2 WSS T R 6, WU i L T G OhAlE AVRTL &
2.2 AVRTL A%

(1) AVRTL HE00g

Input & G(p,q) WARHEEH %

Output 3 AVRTL K5 /&2 AVRTL f%ERF

begin
1 SEHRA A S H R P A BT IR MR SO B ASO
2 HEARIE G 1 riE L P Degree List AH4B[R A5G Same List 557 5
3 get G-AdjustMatrix, StorageMatrix«—ASO
4 is Continue =true, is Success =false
5 while (is Continue)
6 Permutation (p,q)
7 G-AdjustMatrix. UXOSearch  #{J0f# 18 K4 th 1k
8 G-AdjustMatrix. particle #5455 fiff (10 A AR B A o7 8 0t 10 i



5% 8 W EVLL A TR B AT A b 59
9  G-AdjustMatrix. Individual —#ff758 3 A8 S EAEERAE
10 if ( G-AdjustMatrix. ASjudgment)  #USSCH] b
11 StorageMatrix<—G-AdjustMatrix
12 is Success =true
13 break
14 end if
15 end while
16 if(! G-AdjustMatrix.equalWith( ASO) && is Success)
17 Output G is not a AVRTL Graph
18 end if
19 else
20 Output G is a AVRTL Graph
21 Output StorageMatrix
22 end else
23 end

(2) FATAR T A LR S s mlan e 1 fE 2 fir,

Bl Cp Wi hn'oahif
Fig.1 C, T, W, graph labeling results

sz—] 2 Flﬁ Tahwy*i_\‘%%%

Fig.2 F 1, W, graph labeling results
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3 ®EH KL

EE1 XTEE P, T F,, M n=3, m>3 K& AVRTL &,
R WK P, T L F, TEER VP, T, F, )= {v, vy, v, g,y u, |  NENEP T F, )=
vy l<isn-1{ Uluu | 1<ism} Uluu,, l1<ism-1{,
EHF1 Y n=3, m>3, n=0(mod 2)if P, T ,F, HIABE T4 4br5 N
f(v)=i-1, 2<i<n,

32—"—%—1, i=0(mod 2) H. 2<i<n,
fvvi)= .
2n—%}—1, i=1(mod 2) H 1<i<n,
Sf(uy)=2n+3m-2,
flu,)=2n+3m-2-i, 1<i<m,
Sfluu,, )=2n-2+i, 1<<i<m,
flugu,))=2(n+m=-1)-i, 1<ism,
B, P, 1 F, (TSR S A
fV)={fv)ll<isni{ U{f(u,) 10<j<mj
=1{1,2,---,n-1} U {2n+2m-2 2n+2m-1,---,2n+3m-21} ,

FE)={f(vv ) II<isn—1} U{f(uu,) 11<j<m} U{f(uu, ) 1<j<m-1}
={n,n+1,---,2n+2m-3} .
WHE AVRTL SE X, f(V) UF(E)—[1,2n+43m=2] JEHBEE P, T, F, FE7E 1 BET S v, 2 BT v, ,v,,
e Vot 3 FET /v,y e g, K m BETOUS uy, AFFERUERRIE P, T, F,, AHSRAY 2 BE TR K 3 J
T bR 5 AR S5 BT
HRE P, T F, AHARA 2 BEA vy vy, oo v, B THLS AR SR

Sum(v,12<i<n-1)

=f(v)+ Y flve)l2<i<n-1

ve € E(v;)
=fv) +f(viv) +f(vv,,) 12sisn-1
=f(v,) +f(vvy) +f(vyvs) || - L f(v,o) (v, v, ) (v, v,)

- 4n-{”;—1'—3 B 4n—{’"‘2;w—3=4n—{”2;w—3;

WP P, T, F, AR 3 B, uy e, A TSR S A

Sum(u, l1sjsm-1)

=f(u;)+ Z flue) 11<j<m-1

ueEE(uj)
=fCu,) +fCuyuy) +f(vyuy) +fCuguy ) || fCup) +fCupoyuy) +fQuug,, ) +f(ugu;) 12<sjsm—1
=fCu) +fCuyuy ) +f(vyu, ) +fCuguy) || fCuy) +fCuyuy) +fCuyuy) +fCuguy) |- |l
fCu, ) +fCu, o, ) +fCu,, ) +fCugu, )
=8n+5m-9 || -+ || 8n+5m-9=8n+5m-9,
M IEAIE: 4 n=3, m>3, n=0(mod 2)A},P, 1 ,F, N AVRTL |4,
R 2 XM n=3, m>3, n=1(mod 2)I} P, T ,F, HIARS T 445K

fv)=i-1, 2<i<n,
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3n-i-1
2 ’

i=0(mod 2) and 2<i<n,
o=
2n— EX -1, i=1(mod?2) and 1 <i<n,
Sf(uy)=2n+3m-2,
Sfu,)=2n+3m=-2-i, 1<i<m,
fluu,,)=2n-2+i, 1<i<m,
flugu,)=2(n+tm-1)-i, 1<i<m,
wers, P, T F, T AR S S
fV)=ifv)ll<isni U{f(u,) 0<j<m}
=1{1,2,--,n-1} U {2n+2m-2 2n+2m-1,--- 2n+3m-21 ;

fOE)= %f(viviafl) l<isn-1{U {f<u0u,> l<jsmfU {f(ujuj+l> l<jsm-1}
={n,n+1,---2n+2m-3} .
R AVRTL & X, (V) UFE)—[1,2n+43m=2] JEHBKE P, T ,F, FA0E 1V ETS v, 2 TS v, v,

no

“"vn—l 7um ’3 E]‘ﬁll‘iﬁ; ul/vl ’uz ’u3 "”7um—1%n m E]’ﬁ“ﬁ u07ﬂ%?%ﬁilﬂ%lg Pn T ath *HQBE{J 2 E]’ﬁ:‘lﬁ& 3 E
TUsibs 5 AAR AR B A
W P, T F, AHARIN 2 BE S v, vy, e, v, 2 THUE AR S FI R

Sum(v,;12<i<n-1)

=flv)+ Z flve)12<i<n-1

ve € E(v;)
=f(v,) (v, v,)+H(vv,,) 12<i<n-1
=f(v,) + (v, v,) H(vovy) || - L f (v, )+ (v, v, ) +A(v, v,)

";—2'—3 | 4n—{”2;2}—3=4n—{%}—3;

W P, v, F, ARSBEY 3 BERT uy ,uy oo u, 25 DURAR S FIN

Sum(u;l1sjsm-1)

=f(u;)+ 2 flue)ll<sjsm-1

we € E(uj)
=fCu, ) +fCuyuy) +f(vyu,) +fCugu, ) || fCup) +fCupyuy) +fQuug,, ) +f(ugu;) 12sj<sm-1
=fCu,) +fCuyuy) +f(vyu,) +fCugu, ) || fCuy) +fCuyuy) +fCuyus) +fCugy) || == |l
fCu, ) +fCu, ou, ) +f(u, u,) +f(uu,, )

= 4n-

=8n+5m-9 | -+ || 8n+5m-9=8n+5m-9,
M ARHIE . 24 n=3, m>3, n=1(mod 2)R},P, T ,F, N AVRTL &,
ZE BAnR 3 FEIE P, T L F, 2 n=3,m>3 BH& AVRTL [,
WA ERE P, T F, W5 25 R E 3 iR,

@) Pl,F (b) P.1,F,

ab” 6
B3 Pt Fs FIP, T, Fobrgaiit
Fig.3 P, 1 ,Fsand P, 1 ,F, graph labeling results
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EE 2 XTEBEKE C, T, F,, % n=3, m>4 & AVRTL &,
R BIKE C, T, F, TSR V(C, T, F,)= (v vy, v, ug, g, o, | B E(C, T, F,) =
vy, lI<sisn-1} Ulv v | Uiy ll<ism} Uiy, | 1<ism-11{,
BH1 Y n=3, m>4, n=0(mod 2)I},C, 1 ,F, WA E ] 445N
f(v,)=2n+1-i, 2<i<n,

fvv)=n,

£+L’ i=0(mod 2) H 2<i<n,
S )=

i é . i=1(mod 2) H 1<i<n,

f(uy)=2n+3m-1,
flu,)=2n+3m-1-i, 1<i<m,

fluu,, )=2n-1+i, 1<i<m,

flugu,))=2(n+m)-1-i, 1<i<m,
s, C, 1, F, BTG S 8Ea 0

fV)=if(v)ll<isn{ U{f(u,) 0<j<m}
={n+l,n+2,---,2n-1} U {2n+2m-1,2n+2m-2,---,2n+3m-1} ,
MRS HEEH
fE)={f(vv, ) I<isn-1}Uf(v,v) Ulf(ugu) 11<j<sm} U{f(uu,, ) 1<j<m-1|
=11,2,.n} U{2n,2n+1,,2n+2m=2} .

WG AVRTL & X, A(V) UF(E)—[1,2n+3m-1] 3 HEEE C, T, F, 1452 FETHS vy, vy, e, v, 1,
3BETAT uy g, yu,, 4 FETUS v /uy Flm BETIRT uy , AAF AR S C, 1, F,, FHSRAY 2 BTN B2 3 BETH
SRS A AERIAT

B C, 1 F, MR 2 BEsS vy vy, oo, v, S TUSARS FILR

Sum(v,12<i<n)

=flv)+ 2 flve)2<i<n

ve € E(v;)

=fv) +f (v v) (v, 12sisn=1 || f(v,) +(v,.v,) +f(v,v))

= fvy) Hf(vivy) #f(wvy) | 1 v, )+ vy, )+ vv,) [ A0+ (vv,) (v, v))
n—1 n n—1

=3n- \‘TJ || ” 3n- -7_2371— \‘TJ,

BE C, 1, F, FIEBEY 3 BER uy ,uy oo, u,, 45 TS AR S HH

Sum(u;12<sj<sm-1)

=f(u;)+ Y flue)12<j<m-1

ueEE(uj)
=f(u;) +fCuyuy) +fQuu,, ) +f(ugu) 12<j<sm-1
=fCuy) +fCuyuy ) +fCuyuy) +fCuguy ) | - | fCu,ey) +fCupu, )+ (0, u,) +(ugu,, )
=8n+5m=5 || --- || 8n+5m-5=8n+5m-5,
M ARHIE . 24 n=3, m>4, n=0(mod 2)I},C, 1 ,F, N AVRTL [&,
EH2 M n=3, m>4, n=1(mod 2)If,C, 1 ,F, BIAEE AT 445N

f(v)=2n+1-i, 2<i<n,

forvy=n= |5,
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ihi, i=0(mod 2) H 2<i<n,
2 2
fvv, )= ;
i~ |, i=1(mod2) H 1<i<n,
2
S(uy)=2n+3m-1,
Sfu,)=2n+3m-1-i, 1<i<m,
Sfluu,, )=2n-1+i, 1<i<m,
Sflugu,)=2(n+m)-1-i, 1<i<m,
et c, 1 F, MTLERSEA A
fV)=if(v)I1<isn|{ U{f(u,) 10<j<m}

={n+1,n+2,---,2n-1} U {2n+2m-12n+2m-2,--- 2n+3m-1} ;

fE)={f(vyv, ) I1<isn-1} Uf(v,v,) U %f(“o%) l<j<m} U %f(ujuj#l) <jsm-1{
={1,2,---,n} U{2n,2n+1,---,2n+2m-21
H AVRTL 52 3. f(V) UfCE)—[1,2043m=1] JF BIEE C, 1, F, 776 2 BE TR v, v, ooy,

ny%mo

SAR S AR SRR
BRI C, 1, F, FHAREY 2 BERT v,y vy, oo v, BTG BR SN

Sum(v,12<i<n)

=flv)+ 2 f(ve)12<i<n

ve € E(v;)
=f(v) +f (v v) (v, 12<isn—1 | f(v,) (v, v,) +f(v,v))
= () +f (v vy) +f (Vo) || 1 fv,2) + vy, ) (v, v,) 1A+ (v,v,) +£(v,v))
n-2 n1 n-1 n-2 n | n—1 n-2 n1 n-1
e b e B e e A e e e
H’jé[z;q C" T ame *H@BE‘J 3 E)‘J_\:"\ U, , U, ,"',Mm,lg'm)ﬁ*ff‘%$ﬂyﬂ

Sum(u,12<u<sm-1)

=f(u;)+ z flue) 12<j<sm-1

we € E(u;)
=f(u;) +fCuyuy) +fCuu,, ) +f(ugu) 12<j<sm-1
=ty ) 4ty )ttt ) ettty ) | =+ | F )ttty )4t 0,) 4ttt
=8n+5m=5 || --- || 8n+5m-5=8n+5m-5,
HAFIE: 24 n=3, m>4, n=1(mod 2)A},C, T, F, 4 AVRTL ],
2 AR TR ¢, T, F,, 24 n=3,m>4 I & AVRTL [,
WK C, 1 F, bR S E R ImIE 4 R

@ C1F. (b) C1,F,

4 G 1 wF's A Cs I w Fe IR
Fig4 C,1,F,and C, 1, F, graph labeling results
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EE 3 XMTEBEF, T, F,, % n>3, m>3, m#n+2 BHJ& AVRTL &,
R REEE F, T F, BUEERN V(F, T, F,)={vy,v,, v, g, u,, - u,| HERNEF, T, F,)=
v, I1<isniUlvy, l1<isn-1}Ujuul1<ism} Uluu, |1<ism-1},
M n>3, m>3, m#En+2 W F, 1, F, BIARS AT 42 k55 H
f(v,)=3n-i, 1<i<n,
flvv, =i, 1<i<n,
fvgv,)=2n-i, 1<i<n,
Sf(uy)=3n+3m-1,
flu,)=3n+3m-1-i, 1<i<m,
fluu,, )=3n-1+i, 1<i<m,
flugu,)=3n+2m-1-i, 1<ism,
s, F, T, F, BTUEAR SRS N
SV =1{f(v)10<i<n} U {f(u;) 10<j<m|
=1{2n,2n+1,---,3n-1}{ U {3n+2m-1,3n+2m,---,3n+3m-1} ;
Db SEEH
fE)= {f(vev) IN<isn{ U {f(vy, ) I1<isn-1} U{f(ugu;) 11<j<m| U {f(uu
=1{1,2,---,2n-1}{ U {3n,3n+1,---,3n+2m-21} ,

) <j<sm-1}

4 AVRTL 2 X, A(V)UF(E)—[1,3n+3m-1] , - HBEK F, 1, F, fAE2 ETS v,,v,,u,,3 EH
BV, Vg Vo Uy Uy et 2 SETOUS v/ Fm BETRS u,, DA EGERCE F, T, F, MHARE 3 EETH
SRS FAHSERI AT,

WRIEF, T, F, AERIY 3 B vy vy, oo v, B TIEAR S AN
Sum(v;12<i<n-1)

=f(v,)+ 2 fve) 12sisn—1=f(v,) +f(vi_v,)) vy, ) +(vv,) 12<isn-1

ve € E(v;)
=f () +f(vivy) +f(vavy) + (vevy) = [ f(v,) # (v, v,) #F (v, v,) + (v, )
=5n—1] || 5n—1=5n-1;
WIE F, 1, F, ABABEY 3 BEA uyuy, oo u,, 45 TS FRS FIR
Sum(u;12<sj<sm-1)

=flu)+ Y, flue)12<j<m-1

e & B
=fCuy) +f Cup ) +fCupug, ) +fCugu;) 12<j<sm-1
=fCuy) +fCuyuy) +fCuyus) +fCuguy ) || === || fCu,) +fCuguy, ) +Cuyu,) +fCugu, )
= 12n+5m-5| -+ || 12n+5m-5=12n+5m-5,
A ARHIE . 24 n>3, m>3, m#n+2 i} F, T ,F, & AVRTL [,
WA ERE F, 1 F, W5 5 R 5 FiR .,

8
23
24 22

25 21

10

24
(a) F4T F (b FGTabFG

ab 5
Bls F,1,Fs FF T, Fobrgaiit

35
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Fig.5 F,1 ,Fsand F, T ,F, graph labeling results
EE 4 XTEE W, T F,, % n>3, m>3, m#n+2 & AVRTL &,
MR WECE W, T F, TUSEERN VIW, T L F, )= (v, vy, v, gy, u, AN E(W, T, F,)=
fvov,I1<isniU{vy, l1<isn-1{U{vy | Ul ll<ism|Uluu, |1<ism-1},

M n>3, m>3, m#An+2 W, W, 1 F, BRRS T4 255 R
Sv)=3n+1-i, 1<i<n,
Sy, )=i, 1<i<n,
flv,v)=n,
S(vev,)=n+1,
f(vev,)=2n—i+2, 2<i<n
fQuy)=3(n+m),

flu)=3(n+tm)-i, 1<ism

9

Sluu,,)=3n+i, 1<i<m,
flugu,)=3n+2m-i, 1<ism,
By W, 1, F, BT bR S 85
FV)= [f(v) 10<i<n| U {f(1) 10<j<m]

={2n+1,2n+2,---,3n} U {3n+2m,3n+2m+1,--- 3n+3m} ;

FE)={f(vpv) IN<isnlU{f(vyv,)I1<isn-1{ Uf(v,v,)
Ui flugu) 11<j<m}| U {f(uu,,) | 1<j<m-1{
=1{1,2,---.2n} U {3n+1,3n+2,---,3n+2m-1} ,

R4 AVRTL % X, A(V) UF(E)—[1,3n+3m] JFHEKE W, T F, A6 2 JETS u,,3 JETS v, ,v,,
eV Uy Uy U 2 FETE v Juy Fm BETRR u, , R EARIEERE W, T F,, ARSRAY 3 B TS AR5 A
ERpT

WRE W, 1 F, ABEBEY 3 R v, vy, ooy, S TSRS A

Sum(v,I1<i<n)

=flv)+ Y, flve)ll<i<n

ve e E(vy)
=fv) H (v, v )+ (vvy) +f(vgvy) [ Fv) +f(viv) +f vy, ) +#(vevy) 12sisn-1 ||
J) (v, v,) +H(v,v) +f(vev,,)
=) v, v) +Hf(vvy) #f(vevy) | f(vy) +fCvivy) #f(vavs) #f(vevy) |- |l
J )+, ) H v v, vy, ) L Cv) Qv v,) + (v, v) 4 (vgw,)
=5n+2 || -+ || 5n+2=5n+2;
R W, T F, FHERA 3 AT uy,uy, oo u, 2 TS AR5 FIN

Sum(u,12<j<sm-1)

=flu)+ Y, flue) 2<j<m-1

ue € E(uj)
=f(u;) +fCupuy) +f(uuy,, ) +f(ugu;) 12sjsm-1
=fCuy) +fCuyuy ) +fCuyuy ) +fCuguy) || - 1| fQu, ) +f Qo) +f Q) +f (g, )
= 12n+5m—11| - || 12n+5m—-1=12n+5m-1,
HAFIE : 2 n>3, m>3, m#n+2 BF,W, T ,F, 4 AVRTL &,
HABE w, 1 F, bR a R aE 6 fiR,
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