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Abstract: To address large-scale and unbalanced distribution problems, a neural tangent kernel sketch-based multiple kernel learning
method (NS-MKL) was proposed. The neural tangent kernel was applied instead of the single-layer kernel function as the base
kernel function of the multiple kernel learning to enhance the representation capability of the multiple kernel learning method. The
neural tangent kernel was approximated using the neural tangent kernel sketch algorithm, which reduced the number of features and
the feature dimension of the neural tangent kernel, thus improved the computational efficiency of the multiple kernel learning
method. The kernel target alignment was applied to compute the base kernel weight for each approximate neural tangent kernel, and
a linear combination of multiple kernels was performed based on the weight to obtain the final multiple kernel decision function. By
compareing the single-layer kernel with the NTK-based SVM in 3 UCI datasets, the NTK-based SVM improved the accuracy at least
1.9% , precision at least 2.0%, and recall rate at least 2.0%. By compareing the NS-MKL with other MKL methods in 3 UCI
datasets, the NS-MKL improved the accuracy at least 2.0%, and runtime reduced at least 9 s. The proposed algorithm had higher
predictive accuracy and faster computation speed.
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K7k, N =245 M) &L ( support vector machine,
SVM) E—mE L 2x 2 5 ikt R v T 4%
FRBLER 2% > [A) 3 86 Ty 3l 2ok — > A% R R R
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2] A 25 IE 26 4% (neural tangent kernel, NTK) i)
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T A%, TR BT RN Zad B v B AR R AR 5 S
R [ 8 ]38 3k 12 4 o i, i s A PR 5 X 4% 1 i 5 ¢
PEACRRAS 000 A o — Btk . SCHR[ 9] A B, %K
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1.1 HFSEX
2ln]=11,2,-,n} ,@FmiKEFM, OFR
PIANFERERY TCR AL, X TI7 /% A ¥ B, R B-A
RIEER NG A<B, # a, 58 SCHITRE A 15
P17 jNTEE v, X XN & v F5E § T,
1.2 £EHEMEME NTK
ZERIA x € R, FIE— MR ALEECN d, &4k
FL R PR %Y (linear rectification function, ReLU) 4
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2, Lt o PREIEVIRER BT A SOh

(L) N af<x’0) af(x”0>
KNTK('x’x )_ (9|:< 90 ’ 00 >19 (2)

X 0 5k AbRER A, 5E n DEE R X =

(1)




5 4 1]

Ty, A TR IE VIR R I 2 2] Tk 15

[x, %, x,]"eR™ &
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m
ERE K (x,x')=(D (x),®, (x')), 5 K KE
[ NAZHE R K J&—A O o i AR B, 4>
&:=(® (x,) D, (x,) D, (x,)] ER™™,
M K =@P" =K, EWZIEENTEHR m, S8 m 1E
TR 2% B RGO £ 2 ) A T AU , 38/ INRY) e 2%
IR EE | FEAR N AX I A R
SCHR[ 30 48t IR 7% 4% A, BYBEAILRAE R «
ay(x)=./2/m,Step([w, w,--- w, 1'x) . (6)
A, IBEALRFIE R .

al(-x):«/WRGLU([W]’WQ...W%]TJC)’ (7)
ftqj,wl,wz,...,wmo, w’l,w’b...’w:n] cR' FHET

N(0,1,) ,step(+) M ERpREL, 1€ {1,2,---, L}, X
Fx,x' eR’,
[(ag(x),ay(x")) ]=A,(x,x"),
I:<a1(x> sal(x,> > :l =Al(x,x,) s
H AR A, MA, .
Ay (x,x") :=1—icos_1(—<x’x,>, ),
™ [, Tx"1,
Ay = el )
(EINERA

SCHR[ 31 ] ) 24 7% A% Job X Re A e 53 19 26 01
gk R T ML NTK 18R ToBR4ERRE
WS  K A J08 7S AR A B S5 A i A A 7 P A% 1) i
HURRAE LS, T A5 3 NTK B Bl AL AR AE e 5, Bk 4
K2k .

v (x)=a, (P (x)),
D (x)=v"(x)=x,
D" (x)= [P (x) ,a,( P (x)) P (x) ],
(8)
Krfr1=0,1,-,L-1, XLRAET] FHF NTK i1,
Wk
Ky (x,x") = (@ (x),®@"(x")), (9)

3 (8) AT LLE th, NTK % iR AF B0 12 IR

L R385 i AR @ (x) FO4ERE N .
(X mb)ymy+mbd=0(mi(m,+d) ) .

HIH AT S O (mg(m,+d) ) WA 2, R L
TR KRR TRk = ®, 4 L 298K R E
B S K TR £, 0 D/ R AT e 5 4 B, STk
[32]7F NTK AR %A% FEHLRRAE SRl i A 5K & 5
BIGE , B2 0 28 0F U1 A% B 18] NTK i B33 ik
NTKSketch,

1.4 TensorSketch Z#t

TensorSketch % F  CountSketch 7ZF #&,
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Wit R (x)
3 WEHERE AN

AT AL AT 0 2 0 X i AR R M BB AT
BIE , — & NTK 5% 5 4% ph B0 P B X b il 56,
Fi— T NS-MKL 53k 5 HAlF 2% 2% 2]
R PEREXT HLi e
3.1 NTK #Z eI R 4R

A4 56 v FH Abalone 25 £ | Car $04E & A1
Avila B4 3 MRMERIE R, £ 18 3 MEURE
HYBEEAT B, A g6 1 Bl AL %K B 60% B4k 15 4
YIZRER , 40% VA R EE

F 1 NTK PERERIER R &

Table 1 Datasets for NTK Performance testing

EUEITES HEAKL Esilk i
Car 1728 4 6

Abalone 4177 3 8
Avila 10 430 3 10

%% 1 A, Car ZU¥E 4 | Abalone % 5 £ Fil
Avila BHREFEARFBAR, 7T NTK 514 G5 #%
PRATE /NFE AR AR AR B RN KRR A 4R 1 PR g
LKW,

FIH Scikit-Ntk 4% 4o FEH LRI 43 4k ntk, .ntk, I
ntk,3 M IEVIRZ R, W1 tn ik )28 L R 11,2,3,
4,50 45 H T e, H1107°,107, - 107 K3 A
PR IE DI RS = 30T A pR B e PR A% pR BN £ T
KAZREN T SVM B, 2 M % iR B S 50k
C=1.0; ML RS E N C=1.0,y=0.1; 2T
RS HCh C€=1.0,d=3,

KRR A, KR P AIE B R, 3 H
FHVEO B3R HE XS 45 43 22 38 A 2 Bdi 4 - kA7 MR
PEAS AR B R 0] 23 53 300 Ry 0K B R A
[

BAERIAE 3 ARG L B HER R RS AR A
RG2S RN 2 i, t 3 2 iIe s 1]
154 NTK % bR $50H LU T 15 Ge A% R B 7E /N AU | rp
FHEE R EE G 1 0 B = 1 2% 5 % G A% R 2
B R R 5 PP 48 1 DA AH 25 AN K, G 1 5 0 4 [l
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Table 2 The comparison between NTK and other kernels
R Car Abalone Avila
¥
ACC Pr&: RSC ACC PI“S REC ACC Pre REC
linear 0.609 0.180 0.250 0.644 0.630 0.570 0.616 0.660 0.600
rbf 0.709 0.360 0.380 0.498 0.250 0.330 0.744 0.760 0.740
poly 0.751 0.550 0.510 0.648 0.600 0.600 0.742 0.750 0.740
ntk, 0.887 0.640 0.620 0.667 0.630 0.600 0.805 0.820 0.800
ntk, 0.861 0.750 0.700 0.648 0.650 0.620 0.797 0.790 0.792
ntk, 0.873 0.740 0.670 0.654 0.630 0.590 0.801 0.800 0.794

T BRI i A RE TR R (E
R UE A 22 1E VA% A5 1% GE A% e KO RS Al R A
AW ER2E S 8 ok, 5 HAD 3 MEGALTE Car

Hdn e LRI AT B R A R R L, B
PREERUNZE 3 FioR

K3 Car Bl AR BN BSR4 R

Table 3 Experimental results for each category on the car dataset

. . . ntk, linear rbf poly
% EIJ #Z,K/I\ﬁ Pre RE:C Pre REC Pre Rec Pre REC
-1 499 0.950 0.950 0.720 1.000 0.900 0.950 0.920 0.950
0 144 0.770 0.830 0.000 0.000 0.550 0.630 0.470 0.520
20 0.480 0.550 0.000 0.000 0.000 0.000 0.170 0.350
2 29 1.000 0.520 0.000 0.000 0.000 0.000 0.200 0.240

H12E 3 AT LUA 4 2 B R A RS f o
A BIRZERNBER, G R BT E AT 2 732 Hk
S A AT AR U Hh O rh — 2R 2 5 A
JUZETEVE P, rh e o mT 6 4E i 22 1F U0 A% 7 A B
SN AT B SR L T G s
3.2 NS-MKL HiEMRERERER

AT NS-MKL 8155 AverageMKL 5%
EasyMKL 5% ¥ F1 LL f] fin 40 2 # ¢ 2] J5 &
( proportionally weighted multiple kernels learning,
PWMKL) Bk M RE . A L1500 Bean £
PE4E  Occupancy FPE4EF1 Bank Fidia4E 3 4~ UCI %4
sk, 483 MEARERIEAE R,

%4 NS-MKL PEREM Kb 4R
Table 4 Datasets for NS-MKL Performance testing

Bean 13 611 7 16
Occupancy 20 560 2 10
Bank 41 118 2 20

AverageMKL 51 3R il — A~ 187 5L A0 26 PR A% 4

B, KA AR NZB M, NG E
SR

k(x,2)= Yuk(x,2), u,=

r P’
b w WA REL
EasyMKL 63K i 45 214 28 2 1] (%) 31 B i K
NG E SR

.
k(x,2)= Y uk(x,z), u,=0A|ul,=1,
r=1

PWMKL B0E— g & 20 MKL B3k, 45
BN BIPERE S BOAE , & U .

k(x,z)= Zlurk,(x,z) ,
Kb, m BiRBIR/ME R 8 RS,

K 3.1 5 AH 6] 1 J7 B BE ALY 46 16 ntk, F0
ntk, P30 NTK A% &% i A NTK & 2R 45
ntk, Fl ntk, Z5FIAEPLE ntk, F1 ntk, PISIEL NTK
% PRESL 5 B PR 1 T i 28 0 DDA eR 50 7 A 3 (L
Z0E V)R pR B T 2.3 T T A A Y
NS-MKL3:%: , #£ Occupancy . Bean 1 Bank % i £
5 FH AL Ge % R BUE S B 1Y) AverageMKL &
1 BasyMKL %75 f1 PWMKL &3 7E1 7% Ak

XFF Occupancy Fl Bank £ 4E , ntk, 1 ntk, Bl
MR ZEE L 4500 1 R 2, 45 K5 ¢, 4300
1071 100; %1 T bean £#i % , ntk, Fl ntk, BEHLP) i
ZECL 3000 1R 3 4R F ¢, o107 464k
RS C= 1.0, MR SECh = 1.0,
v=0.1,

AverageMKL % 15  EasyMKL 54 7: il PWMKL
SN H MKLpy 15230, A 21 2 56 >R FH o 1 2%
A JVERIB T HEBRET 8] ¢ 5 b 22 2 R EN o
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Table 5 The comparison between NS-MKL and other multi-core learning algorithms

Occupancy Bean Bank
¥

A /s A s A t/s
AverageMKL (1+r) 0.976 172 0.891 55 0.896 378
EasyMKL(1+r) 0.982 294 0.897 104 0.902 726
PWMKL(1+r) 0.987 535 0.902 263 0.913 1 351
NS-MKL (ntk1+ntk2) 0.992 337 0.915 128 0.925 860
NS-MKL ( ntk3+ntk4) 0.989 150 0.907 46 0.915 352

0 BARE N Fe AR BB R AR AL

%% 5 Al & . 7F Occupancy . Bean Fll Bank #{
PEgE L N H R 4R NTK () NS-MKL 559 E #f K 15
T HA 2 A% 2 2] SRk S v, IRl NTK 1) NS-
MKL B3ka TR 35 L 55 AR LA 242 2 SRk
Rt ; 7 Occupancy 0 #E£E [T {2 NTK #J NS-MKL
B T R 4G NTK Y NS-MKL 54k 5 i 12
F2 {52 HERRAUIE 0.3% ; 7 Bean B4 I AH#R
Fd 5 A NTK 9 NS-MKL 8 v 5 2 55 2.5 1%
% WER R 0.8% ; 75 Bank BE 4 hAHA: T8
JF A NTK 9 NS-MKL 57k U 128 52405 2, HEH
RAUK1.0%

Z5 b ,NS-MKL H3LAE 3 AN EE 4L b i B it
(i) 359 FE A LA 7L 30, X gk 0 0F 1T FF NTK %
BIFIRGI A 2% 2% ) 7 0T 7 S8 8 76 KRB L
e LT AsR i o R AR NTK R
Bl NTK 19 NS-MKL 552 76 A [ Bichie 48 - 1 e aff o
ALK B, (B NTK A48 T IR iR NTK {0 720
sEERESIL . NS-MKL 5Bk 7E 3 AN EdE4E T iy e
R Ah 3 A% 2] B B TR) At 4 s ]
FAE, BAE T NS-MKL B LM T 7 4h 3 2k
2 FEA R PR R R v TR

4 b

FIXTIRA 242 2 D5 AR e 10 S0 s R R
AE AN I FIAE KA E e rh i3 2218 45 m) R, T
NTKSketch S iE 82 1 T —F 44 2 NS-MKL 1) £ #
2] 0k . T AT NTK A% AR B 15 58 4% ek B
RN S IR B 2 ) Tk R OR BT
FH NTKSketch 8 3% 1% NTK B K AL 47 1E, w2
NTK 785 0 P2 A R E BRI AR AE A 46 5, It &2
2 20 R RSO s MR AR A% B AR S A5 2 1
L NTK #HA74MAHA 5T SVM Ny 2%

4y AR NS-MKL, i 1 78 2 1~ UCT A5 1fE %L
e FAEATXF HEiR S, B0 T P B Bk T A RUR T
LN ) T B AR o R R

F AR B AR JE AT R RT3 B AN 18 3 25
o R A, ] i /0 FE 9 A7 o DR T — 2P 5%
BRI,

S 3k

[1] ZHANG T. An introduction to support vector machines
and other kernel-based learning methods [ J ]. Al
Magazine, 2001, 22(2) . 103-104.

[2] SOLICH P.
machines ; Evidence and predictive class probabilities [ J].
Machine Learning, 2002, 46(1) . 21-52.

[3] KLOFT M, BLANCHARD G. On the convergence rate of
¢ p-norm multiple kernel learning [ J ].
Machine Learning Research, 2012( 1) ; 2465-2502.

[4] CRISTIANINI N, SHAWE-TAYLOR J, ELISSEEFF A,
et al. On kernel-target alignment[ C]// Proceedings of the

Bayesian methods for support vector

Journal of

14th International Conference on Neural Information
Processing Systems: Natural and Synthetic. Vancouver,
Canada: MIT Press, 2001. 367-373.

[5] WILLIAMS C. Computing with infinite networks[ C]//
Proceedings of the 9th International Conference on Neural
Information Processing Systems. Denver, USA. MIT
Press, 1996. 295-301.

[6] LEE J, BAHRI Y, NOVAK R, et al. Deep neural
networks as gaussian processes| C]// Proceedings of the
6th International Conference on Learning Representations.
Vancouver, Canada: MIT Press, 2018, 1-17.

[7] JACOT A, GABRIEL F, HONGLER C. Neural tangent
kernel: convergence and generalization in neural networks
[ C]//Proceedings of the 32nd International Conference
on Neural Information Processing Systems. Montreal,
Canada; MIT Press, 2018 8580-8589.



20 R K % % M (L % W %54 &
[8] LEE J, XIAO L, SCHOENHOLZ S, et al. Wide neural v R R, 2014,

(9]

[10]

[(11]

[12]

[13]

[ 14

[

[15]

[16

[

[17]

[18]

networks of any depth evolve as linear models under
gradient descent [ EB/OL]. (2019-08-18) [ 2019-12-08 ].
https . //arxiv.org/abs/1902.06720.

Mg, VL, XV 5. ST MR IE VIR 2 4% 2] 5 ik
[T 3PN ,2021,41(12) ; 3462-3467.
WANG Mei, XU Chuanhai, LIU Yong. Multi-kernel
learning method based on neural tangent kernel [ J].
Journal of Computer Applications, 2021, 41 (12):
3462-3467.

T, RIBERE, XI5, % # 2 IE VI8 K-Means 2R 26
[J]3HEMLN A, 2022, 42(11) ; 3330-3336.

WAND Mei, SONG Xiaohui, LIU Yong, et al. Neural
tangent kernel K-Means clustering [ J ].
Computer Applications, 2022, 42(11) : 3330-3336.
ARORA S, DU S S, HU W,
computation with an infinitely wide neural net [ EB/
OL]. (2019-04-26) [ 2019-11-04 ]. https://arxiv. org/
abs/1904.11955.

CHEN L, XU S. Deep neural tangent kernel and laplace
kernel have the same RKHS [ EB/OL ]. (2020-09-22)
[ 2021-03-18 ]. https://doi. org/10. 48550/ arXiv.
2009.10683.

SRk, VEAEAE ) JE R TR BEFL N SVR 28
PALBEFEHERE [ T] SRR S, 2021, 57(16)
50-64.

ZHANG Lin, WANG Tinghua, ZHOU Huiying.

Research progress on parameter optimization of SVR

Journal of

et al. On exact

based on swarm intelligence algorithm [ J ]. Computer
Engineering and Applications, 2021, 57(16) ; 50-64.
ARHEU , TRLLAS. T O X 55 1) 2 4% 5028 30 R 1)
HLLT]. FHRALRH, 2022, 42(2) ; 349-356.

QI XING Hongjie.

alignment based multiple kernel one-class support vector

Xiangzhou, Centered  kernel
machine[ J]. Journal of Computer Applications, 2022,
42(2): 349-356.

LANCKRIET G, CRISTIANINI N, BARTLETT P L, et
the kernel

matrix with semidefinite

of  Machine

al. Learning

programming[J].  Journal
Research, 2002, 5(1): 27-72.
PRRET . THRRAERLG I 2242 2 20 04T AR 5 i A
X[ D]. M. IR TR, 2014.

HOU Nenggan. Research on pedestrian detection methods

Learning

based on feature fusion and multi-core learning [ D ].
Hefei; Hefei University of Technology, 2014.

GONEN M, ALPAYDIN E. Localized multiple kernel
learning [ C |//Proceedings of the 25th International
conference on Machine learning, Helsinki, Finland:
MIT Press, 2008 352-359.

R BT 2R SR L s sl [ D], K

[22

]

[24]

[25]

[

LIANG Jun. Currency Recognition Based on Multikernel
Learning Support Vector Machines [ D ].
Central South University, 2014.

HE Q, ZHANG Q, WANG H. Kernel-target alignment
based multiple kernel one-class support vector machine
[ C ]//Proceedings of the 2019 IEEE International
Conference on Systems, Man and Cybernetics. Bari,
Italy . IEEE, 2019. 2083-2088.

AR, 2R, HETARAEANACH) Z A SR ALY . 7
TR 224, 2017, 22(2) ; 84-88.

SHAO Chao, LI Qiang. Multi-kernel support vector

Changsha

machines based on feature weighting[ J]. Journal of Xi’
an University of Posts and Telecommunications, 2017,
22(2) . 84-88.

PO, EEMEWE, JR AT, T BOMIAL st 29 Y S0 UL Bk I
AL HORT]. DRI, 2019, 38(8) : 43-47.
JIA Han, LIAN Xiaofeng,
defects multiple kernel learning technology based on
[T].
Control Technology, 2019, 38(8) : 43-47.

EAMg, BEMC, KR BT RS EERNZEAG T
LDV AR R (TSR, 2021, 51(1):
108-113.

WANG Mei, XUE Chenglong, ZHANG Qiang. Multi-
kernel combination method based on rank
difference[ J]. of  Shandong
(Engineering Science) , 2021, 51(1); 108-113.
i, NG, TRR. T EE¥I0NE SR E
TREER B AR KI5 [ 7], R, 2013, 38(5) .
84-87.

LI Xiangjuan, SUN Xian, WANG Hongqi.

detection method for high-resolution remote sensing

PAN Bing. Appearance

fuzzy relaxation constraints Measurement and

spatial

Journal University

Target

images based on multi-core learning [ J]. Science of
Surveying and Mapping, 2013, 38(5) ; 84-87.
NOVAK R, XIAO L, HRON J, et al. Neural tangents:
fast and easy infinite neural networks in Python [ EB/
OL]. (2019-12-05) [ 2019-12-05] . https://doi.org/10.
48550/arXiv.1912.02803.

LIU X, LEI W, ZHU X, et al. Absent multiple kernel
learning algorithms [ J]. IEEE Transactions on Pattern
Analysis and Machine Intelligencev, 2019, 42 (6).
1303-1316.

MITCHEL A P, OVENEKE M C, H SAHLI. SVRG-
MKL. a fast and scalable multiple kernel learning
solution for features combination in multi-class
classification problems[ J]. IEEE Transactions on Neural
Networks and Learning Systems, 2020, 31 (5):

1710-1723.
(T4:% 34 )



