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The Inverse Symmetric Division Deg Index Under Graph Operation

LI Shuang, MEI Yinzhen
(School of Mathematics, North University of China, Taiyuan 030051, China)
Abstract: Molecular topological indices are topological invariants of molecular graphs, and are often used

to study the relationship between structures and properties of compounds. The inverse symmetric division
deg index 1s a new type of molecular topological index based on vertex degree. We studied the inverse
symmetric division deg indices of new graphs obtained from two finite simple connected graphs by the
operations of Join, Corona product, Cartesian product, Lexicographic and Symmetric, and their extremal
graphs reaching these upper bounds. Firstly, the edges of the expression after these five operations were
classified according to the definitions of Join, Corona product, Cartesian product, Lexicographic and Sym-
metric operations. Then, using the maximum and minimum degrees of the vertices, the degree of each
vertex was rationally deflated by the deflation method to find out the valuation inequality of the upper
bound of the inverse symmetric division deg indices under each type of graph operation. Finally, it was
proved that the upper bound of the inverse symmetric division deg index of the resulting graph operations
could be obtained when both graphs were regular graphs. The results of this study can be used as a predic-
tion method for other studies on topological indices of vertex degree under graph operations.

Key words: graph operation; inverse symmetric division deg index; extremal graph; bound

s B EA: 2023-10-17

BEEWH: HE QAR E G H 61774137 5 1L 7444 = & % A 5 FFBEIH (2022-149) 5 th P54 B AR &0 H
(20210302124212; 202303021211154)

&R 2 F2(1999—), &, Wb, FENFEE  HEEEF T .

BISIEE: MR (1977—), L&, #4Z, W+, FEMAFELE . HAEEE)T mUFSE . E-mail: myzmath@nuc.edu.cn.



406 b K2 2 MCARRREND 2025 455 3 1
0 3| = EX 3 WK G MG, B A AT AT 4R
B G (V(G). E(G)) Tl V(G)RV(G,). EXE GG, Rl &
S, TR V(G ). A E(G) [’EIGEP’—?E‘; Hil1V(G)) IR Gy, BRIGH G TS o, R ¢4l
R ’ : : (1) Gy W — A B E I ELE, 120 GioGye H
S o PSR B R TS o BB, 1E/E do(v),

K GRERKREIE N A, B/NEIEH o, X HALR
S ARTE FIAE & v Z e SCiik[ 1] .

20104F, Vukicevic™ B A T K G X FR 4
FIFEE(SDDAE%0 I F AR, XFRsrHI4E
BOEAR TR T A e SCHR[3-5] . 7RIk |,
Ghorbani 55 7F 2021 AF4&H T — Rt Me%
B G ) J T FR A E 38 5 (ASDD #8500, Hig Xk

d(u)do(v) o . N
o i)+ di() ) T TR
TR R R BT B — 2 R 3, Al T —
HZIAER KR BifS, Albalahi 557 Zlim T H
A B KRN /NSO R A 14 B S P ]

bt e R, Blia B prit it afh 2
BRI, RN B2 B AR T —
MGG, IEEfE | AR | NSRS
Zh . De. Pattabiraman , Imran %543 518 T
F A% . WS B0 Mostar 1850 i 8L, IH45
T ETH. HeMkgsis M i, ol Sk
[11-12],

SRS RIFEEAE B i th i ME %k, A
R AR, ASCH IR G o Gy B R/RFH
G X Gy FHF G\ G, |5 RISEE, 4 soxd
FRAorEF850s B 5 B ) B A, 20 T AH R i
Kl WFFE EHE T 9 ROFR B 50 B T R A7 A
N S5 F T, X EE 3T B A TS
MR B AT — 2 SN E.

1 F&HIR
EX 1" Gutman %3¢ LT 55— HI%E — Zagreb
8 &, e M\(G)= z (de(u)+di(v)),

weE(G)

M.(G)= z do(u)d(v)o

weE(G)

ISDD (G )=

EX 2M W GG, A A H A T 4k
V(G V(G,). EXTRERV(GUV(G,),
B A E(GUE(G)HuwlueV(G)),
vE V(G YK, RIRE—AN P B TR 1442 51 )
— IR EE TR, (R OR B A P JEOR Y AT 3
FRAF RN G G, R, 1228 G+ Gao

o, V(GG |l=n(l+n,),
my +ny(n,+my)o

EX 4 & E G MG, B AR T S 4
V(G)), V(G)MAMZAEE(G), E(Gy). JE
SCHEN GG, T RARFROE TS E R V(G X
G)=V(G)XV(G,), BN E(GXG,)=
{Cuir0;) Qs v) ;= sy 00, €E(G,) - BY,
wa, € E(GOMIEL, 124 G X Gy

ENX 5 EGE G MG, B A AR T S 5
V(G), V(G)WAMHEEHEE (G)), E(G,)e EX
KW G MK G r 5 e 1o T R R
V(GG )=V(G)XVI(Gy), #H % H
E(G\[G.))={(us v\ tty v,) |, €CE(Gy) 8w~

u, v 0, €E(G,) YK, 128 GG, o

ENX 6" GG, B A 5 TG 4
V(G)), V(G)FHIAMHEEHE E(G)), E(G,). EX
Bl G I G, R 22 R TSR V(GDG, )=
V(G)XVI(G,), B % K E(GODG,)=
{Cuy v) (g 0w €E (G ) 80,0, €E( G, ), (HFE
REEFIBAATE L, 28 GiDG..

‘E(G1°G2)|:

V=0,

2 FEHFR
EE1REG MG EERE@EE, f
[V (Gy) Fny, [V (G,)Fn,, |E(Gy)=m,

|E(G) [=me, RS A FA,, SINES
J o, F 8., HRA
ISDD (G, + G,)<
ml(A1+n2)2+m2(A2+nl)2
200, +n)" 208, +n)
ni( A+ ,) (A, +1y)
S 0 + i+ ni+ 20+ 28.m,
SRS TS HAY Y G A GL AR TE N A
iE BB % V(G )={u, us -+ u, ), V(Gy)=
(v, 05y oo+, v, o P E X, 15
Jdo () V(G weVI(G),

do-o(u)=
e T GOV G, 1€ VG,
;H\:I:Fl9uev(Gl+G2)O

+




CEE 221 8D EHEH T RO FRr BI85 (. 94 407
) d ()= d(;l(u)JFnz, uc V(G
ISDD(G, + G,)= CEET a0+, wE VG,
z d(;ﬁ(;z(u)d(;ﬁr(;z(v) _ ;H\:EFI, ueV(GioG,)s
uzreE(G,Jer)d(Z;l*Gz(u)+d(2;1*(,;2(‘v) il

(de(u)+n:)(de(v)+n,)
B (do () m,) 4 (do(v)+n)
(de(u)+n)(de(v)+n)
wlEo (do(w)+m) +(dolv)+m)
(do(u)+ny)(de(v)+n)
vevichmevie (do(u)+ny) +(de(v)+n)
(A + 1) N (D, +n,)
werton 2001+ n2)" wiFon2(8,+m)
(A ) (A, +ny)
vevicmevie (81 +my) + (8, +m)
. (A1+nz)2?+mz(A2+711)22+
2(6,+n,) 2(68,+ny)
(A + 1) (A, +my)
Ol 0+t +ni+28,m,+ 26.m,
G5 WY BACY do(u)=0,=0", d(v)=0,=
8., Hh, u€VI(G)), vEVI(G,), BI G, FI G, H 2
IENEL

+

+

<

+

nn,

HEHE
2 WG MG, 2P EEE, A

|V(G1)|:771, |V(G2)\:n2, |E(G1)‘:m1,
|E(G,) F=my, Ha KB A A, /NS
ISDD (G,°G,)<<
ml(A1+n2)2+nln12(A2+1)2
2(0,4+m)  200,+1)
7117’12(A1+712)(A2+1)
Ot + 0t +ni+ 20, +20,+1°
LSS 2 HAY G G #R R IE AL
TERR K G o G, I3 AN HHZE B =381
EI]E(GloGz):ElLJEzUEs, /ﬁ\:qj
Elz{eEE(GloGz),eEE(Gl)},
Ezz{eeE(G1°G2>veeE(Gz)},
E:s:{eéE(GloGz},
€ — Uuv, 1465‘/((}2), Z’E}‘/((}l)}o
F PR P R e AR S mT A

+

ISDD(G, X G,)= >

ISDD(GoG,)= > ‘f”*“"ﬁ(“)d“';‘*("‘” =
wEE(G0G,) dci,ucz( u ) + d(;la(;z( U)
(de(u)+ny)(de(v)+ny)
STt (do(u)+m) +(do(v)+n)
(do(u)+1)(de(v)+1)
it (do(u)+1) +(do(v)+ 1)
(de(u)+n)(d(v)+1)
werietoev. (dg(u)+n) +(do(v)+1)
Z LM)ZZJFM z (ALl)iJF
et 2(8) + ny) et 2(8, 4+ 1)
(A +Fn)(A+1)
wekicvwev, (8, +ny) (8, + 1)
(A +ny)° (A, + 1)
m———— Ty
2(8,+n,) 2(8,+1)
(A +n,)(Ay+ 1)
Ot o0t +ni+20n,+20,+1°
&5 ar M B ALY do(u)=d(v)=0=6,
duv( u ):d(;»( v ):Azzaz, El] G, i G %BIEIL:IEIJI\U@EM'O
UEEE
EE3IREAG MG EMpEER, A
|V(G1)|:771» |V(G2)\:n2, |E(G1)|:7771,
|E(G.) [=mey, HEREDHN AN, /NES5H]

KoMy, IRA

+

+

n;

2 %

+

117,

(A +Ay)°
28,4 8,)"
S ST 2 HACY G G R IE A
WE B i V(G)={u, us - u,}, V(G,)=
U, fo PN EIRE R RBUE X, nl15
|E(G, X Gy) |[=IE(G) [[V(Gy) |+
[E(G)IIV (G
do o u,v)=dg(u)+de(v)s

ISDD (G, X G,)<<(n,m,+ n,m,)

{‘U], Ugy **

)

d(;lx (;Z( U;, ’Uj)d(;lx (;Z( U, "UZ)

2 2 ,
(tt0) (3o 0)EE(Gy X Gy, (0,7 (1 0)) d(,;1 X (;2( Ui, "Uj) + d(:, X (;3( Up,y "Uz)



408 e ko

7 R CHRBRARO

2025 45 3 )

d(} XG(un

vj)dG,XGZ( )

2

() (u;,0)EE(Gy X G,), 00, €E(C

d( X G (uf, vj) + d(z;,xcz( Ui, 'U/)
d(‘ X(‘(uz‘, 'Uj)d(;,xuz( Ups U;)

2

() v))EE(Gy X Gy), u, €E(G

(de(u)+de(v

d( X G, (LL,, Uj)de(‘,Z;\xuz(u/uUf)

))(de(u

wEV(G) vuEG) (., (
71

ui)er(;J(
(d(;,( u;)+ du,,(

vj)) +(de,(u
vj))(d(}\(uk)+d(}2(‘vj))

Dt de(v)
Dt de(v))

>

YEV(G,) u€E(Gy) ( d(,,l( u,)+ d(;z(
. <A1+A2>2+n2 o) (A4,
v,0,E€EE(G,) (6 +§2) wu, €E(G (6 +82)
(A +4,)° (A+ay)"
nlmzi—Fn 771172—
2(0,+02) 2(0,+9,)
(nlszrnzml)M,
2(0,102)

G5 8 H ALY do(w)=do(u)=0=
81 do(v)=de(v)=0,=0,, P, ue V(G,),
veVI(G,), Bl G A G, #R & IE A

TIEEE

TEBAREG MG EMpiEERE, A
V(G I=n, |V(G)|l=n, [E(G)|=m,
|E(G.) |[=my, KRB A FIA,, S/ NESY
Wk 0, 1S, ARA

ISDD(G.[ G,])<
(n3A%m, + ny A M( Gz)"‘Mz(Gz))LZ
2(n,0,+6,)
ISDD(G\[G,])= >

) +(do () +dov))

+

2 %

2
(n§M2(G1)+n2A2M1(G1)JrAgml)#z,
2(77251+é\2)
Hrp,
Ml(GZ): E (d(;z("U/)Tdez('U/)),
v, €E(G,)
z d( dc, "U/>
v0,EE(G,)
2 Cl](;l ui (;. uls)a
wu, €E(Gy)
MI(GI): z (dul(uz')+d(;,(uls)),

wu, €E(Gy)
S5 AT 2 HACY G G R E AL
i‘IE HH & V(Gl):{ul’u2"“?um}’V(GZ):
H A P )~ Bt AR R A

{.Ul’ Ugy **y vuz}o

IE(GLG])I=IE(G)IV(Gy) | +
|E(G)IV(G)],
doou,v)=nds(u)+de(v),

I

dipo (s v)d o (e )

2 2
(s 0)(upv)EE(G[G,]), (wpnv) 7 (g v)) d ‘][GZ]( Uiy rz}]) + dGl[Gz]( Up,y vl)

d GG, ]( Uss Uj)dc;,[(;gj( Ui, v;)
) + d(z}l[(,‘z ( Uiy .U/)
(n2do(

>

(u;y0)(uv)EE (GG )/7‘ld [G, ]( Uy U

)+a’<(

z d(,\[(‘ ]( U, "U')d Glc ~]( Uy, "U/) .

S 0) (g 0 )EE(C 17‘kd (ul’vj)+d (uh‘v/>
))(7720](,( z)_’_d(}z(vl )

>

wE V(G v EE(G) ( ngd(;,(

)+ (nado (u
D+ di(v

Uf)+d(‘(

D de(v))
))(nzdr (M)Jﬁd(;_,(v/))

(772d( (u
2

W€ E(G) v, € V(G 0, € VI(Gy) ( n9d(, (

Otde(
(n2d ( u)+do(v]))(mdcl(

2

) 4 (nodo () + do(v))
uz’) + d(;z( "U/))

n;

vu, € E(C (nZdG(

(77261(;‘( u; ) + d(;,(

2

)+do(v))
vj))(nZd(},(uk)+d(};( vy

+(node () div))

n;
wu€E(G) ( nzd(,’l(

u;)+ d(;g(

)+ (nadio(w) + o0,

) 0,0, €E(G,)

(772A1 + du‘,( 'Uj))( 120, = d(,y( 'U/)) 4
2(772(5\] +62)2

2<771 z



CREE 221 3D EZ 8T R AR B8 (4 3458 409
2 (nZdG,(u[)+A2)(nZd(;l(u/:)+A2)_
2 —
wu, EE(G,) 2(77251+62)2
el [@AHnzAxd@(md(,v,,<v/>>+d(,~,,<vj>d@<v,>}+
(n?é\ +é\2) v, €E(Gy)
- z I:nzd( Ll,g)+ﬂ9A( ( )+d(( ))—’_AéJO (1)
(n251+5 ) wiEE(G,
% ISDD (G, PBG,)<
M(G)= > (de(v)+de(v)), ) . (0, + 1,0y — 26,0,)°
o E(Gy) (n§m1+n1m2*4m1m2)2( PO )2,
N30, 1m0, — 2014,
M, (G,)= deo(v)de(v,); 2) h = ) )
o 2 e SRS ALY GG, BB TE I
2 d(;](u,')d(;](u/g), -‘L[E HH & V(Gl):{ul’u%“',unl}’V(GZ)
neEe) {01, 02, oo, U, o P EIRORTFR 220 3L, 15
M\(G,)= (de(u)+do(u))s (3 L , e
o ZH o |E(GiDG)|=IE(G)IIV(G,)| +
FORAORA D, wTH [E(G)I V(G —4|E(G)IE(G)L,
ISDD(G\[G,]) <= —— " (n3Am, + ds (1 0) = nod () + mudo (v) —
2(77281+52) Zd(;](u)d(,'z(‘v),
712A1]\/[1(G2)JF]WZ(GZ))JF JWJ
ns , ) ISDD (G,BG,)=
72(715]\42((}1)+n2A2M1(GI)+A§ﬁZI)’ d ( d
2(n,6,+5,) Z 6,06, uhvj) (;,@(;Z(umvl) _
S5 o 2 AL Y de,(u)=dg (u,)=N0=01, (t3.0) (1 0 EE(GBG) délez,(un ')+d(2;,®(}z(u/w‘v/)
do(v)=ds (v)=0,=0,, J |, u€V(G)), 2 > 3 oot v) doge i V1)
VEV(G,), MG A G TE ML o€ VTG0 VG unr o di g (U v) + diga (un 0)
JERE z 2 2 ((D( uz»v')d('@(‘(uhvl) .
Eiﬂs&@ Gl *ﬂ G2%ﬁ$LL@ ﬁ w V(G € V(G v €E(G (@((u,,v)erl@,,(uﬁ,v[)
|V( )|:771a |V G2)|:n2, |E )|*m1, (GJ( U:’U’)d(‘lgr(uk,v/)

|E(Gs) |=m,, Ha REITH A FIA,, fF/NE
a3k 6 M6, ARA

. (4

22

wu €EE(G)) vy, €E(G d( DG, (unv )+d< DG, (UA,U/)

HRYEXF PR 22 L, )

d(,;lEB(;z( Ui Uj ) d(;l@(;z( T

di‘ ®G, (u;, "U)Jr d2‘1€B(; (s 0r)

(71251(,\( M/)+771d(;,('0j)_2d( ( )d( (

))( n2d< ( Uy ) + 7716[(;‘,( 'U/) - Zd(;.( u&)d@( 7//))

(772d( ( )+7l de, ( )* 2d(;\< u/)d(;_,(

"Uj))z +(772617(;.( Mﬁ)JV nld(;_,< "U/>*
(n2A1 + nlAz -

~
2

Zd(;,( u/")d(}z( 7)/))
20,0,)"

2(7’1261"7771827

B EORAK D P52

, A A, —
ISDD (G,DG,) < nim, (.81 m A,

26,0,)"

(5)
20,4, )

(nzAl + A, — 23152)2

2(77281—'_77162_

(1,0 + 0, — 26, 52)
2(n,8, +n 6, — 2A Az)
S WAL Y HAN Y do (w)=d (u,)=A0,=0,
de(v)=d;(v)=0=0,, HH , ueV(G),

dmym,

20.A,)°

=(nim, +nim,—

—+ nim,

2(ny0, + 110, — 20,A,)°
(A1 + A, — 28,8,)°
2(n,0,+n,0,— 207, )2’

veEVI(G,), Bl G G, AR IE A

HEE

dm,m,)



410

S| PN e

A RBFRRO 2025 45 3 )

3 Zit5REE

AR ORI B PR o> FIE By 2 3, i T
G+t Gy GioGyy G X Gy GG GDG, Kliz
GBI A, LLRGAE] SR TR R AR
WFFEAE R AT g — PP O 3%, XEER TR E
A R TH AR Y AR F MR BT 04T — 5 B 4 3
el BT BRI IKs A, dnl ke 2K
BERIRT N, D IR RN A

Sk

[ 1 ]BONDY J A, MURTY U S R. Graph theory with
applications[ M ]. London: Macmillan, 1976.

[ 2] VUKICEVIC D. Bond Additive Modeling 2. Math-
ematical properties of max-min rodeg index [J]. Cro-
atica Chemica Acta, 2010, 83(3): 261-273.

[3]DAS K C, MATEJIC M, MILOVANOVIC E,
et al. Bounds for symmetric division deg index of
graphs[J]. Filomat, 2019, 33(3): 683-698.

[ 4 JPALACIOS J I.. New upper bounds for the symmetric
division deg index of graphs[J]. Discrete Mathematics
Letters, 2019(2): 52-56.

[5]ALI A, ELUMALAI S, MANSOUR T. On the
symmetric division deg index of molecular graphs[J].
MATCH Communications in Mathematical and in
Computer Chemistry, 2020, 83(1): 205-220.

[ 6 ] GHORBANI M, ZANGI S, AMRAEI N. New
results on symmetric division deg index[J]. Journal of
Applied Mathematics and Computing, 2021, 65(1) :
161-176.

[ 7 JALBALAHI A M, ALT A. On the inverse symmetric
division deg index of unicyclic graphs [J]. Computa-
tion, 2022, 10(10): 181.

[ 8 IDEN, NAYEEM S M A, PAL A. F-Index of some
graph operations [J]. Discrete Mathematics, Algo-
rithms and Applications, 2016, 8(2): 1650025.

[ 9 JPATTABIRAMAN K. Inverse sum indeg index of
graphs[J]. AKCE International Journal of Graphs and
Combinatorics, 2018, 15(2): 155-167.

[10] IMRAN M, AKHTER S, IQBAL Z. Edge Mostar
index of chemical structures and nanostructures using
graph operations[J]. International Journal of Quantum
Chemistry, 2020, 120(15): €26259.

[11] MODABISH A, ALAMERI A, GUMAAN M S,
et al. The second Hyper-Zagreb index of graph opera-
tions [J].
ence, 2021, 11(2): 1455-1469.

[12] WANG YING, HAFEEZ S, AKHTER S, et al.
The generalized inverse sum indeg index of some graph
operations[J]. Symmetry, 2022, 14(11): 2349.

[13] GUTMAN 1, TRINAJSTIC N. Graph theory and

molecular orbitals. Total ¢ -electron energy of alter-

Journal of Mathematics and Computer Sci-

nant hydrocarbons [J]. Chemical Physics Letters,
1972, 17(4): 535-538.

[14] SHETTY B S, LOKESHA V, RANJINI P S. On
the Harmonic index of graph operations [J].
tions on Combinatorics, 2015, 4(4): 5-14.

[15] ASHRAFI A R, DOSLIC T, HAMZEH A. The
Zagreb coindices of graph operations [J].
Applied Mathematics, 2010, 158(15): 1571-1578.

[16] DAS K C, XU K, CANGUL I N, et al. On the
Harary index of graph operations [J].
Inequalities and Applications, 2013(1): 1-16.

[17] KHALIFEH M H, YOUSEFI-AZARI H,
ASHRAFI A R. The Hyper-Wiener index of graph
operations[J]. Computers & Mathematics with Appli-
cations, 2008, 56(5): 1402-1407.

Transac-

Discrete

Journal of

(5 404 10)

[23] PLAZA R G. Derivation of a bacterial nutrient-taxis
system with doubly degenerate cross-diffusion as the
parabolic limit of a velocity-jump process [J]. Journal
of Mathematical Biology, 2019, 78(6): 1681-1711.

[24] LIU H, GE B. Turing instability of periodic solutions
for the gierer-meinhardt model with cross-diffusion
[J]. Chaos, Solitons &. Fractals, 2022, 155: 111752.

[25] MILLER D G. Some comments on multicomponent

diffusion: Negative main term diffusion coefficients,
second law constraints, solvent choices, and reference
frame transformation [J]. The Journal of Physical
Chemistry, 1986, 90(8): 1509-1519.

[26 ] WANG R, BIALAS AL, GOEL T, et al. Mechano-
chemical coupling in hydra regeneration and patterning
[J]. Integrative and Comparative Biology, 2023, 63
(6): 1422-1441.



