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PI Index of Generalized Gear Graph

GONG Wenhui, SHAO Yanling
(School of Mathematics, North University of China, Taiyuan 030051, China)

Abstract: Let G be a simple connected graph, e=uwv is an edge of the connecting « and v in G, the PI

index is defined as PI(G)= Z [ny,,( e|G)+ n.(elG) } The distance from a vertex to an edge is taken

e=uw€E(G)

as the minimum distance between the given point and the two endpoints of that edge. The generalized
gear graph is a graph obtained from the conical graph with a vertex added between each pair adjacent verti-
ces of the cycles, which has a graceful symmetry. Let PICC") be the PI index of generalized gear graph
C*. In this paper, the symmetry of generalized gear graph was used to obtain a method to calculate the
number of edges that is equidistant from two ends of an edge and classifies its edges. By using this
method, we found the edges that did not contribute to PICC"), and then estimated the PI index of the gen-
eralized gear graph, which provided a clue for the study of the PI index of some special graphs.

Key words: PI index; generalized gear graph; even cycle; symmetry

s B 2023-06-17

EETHE: MK A AR ARG H 61774137 5 1074 & Il = 8 2% A 5 BHOF T [ (2022-149) 5 174 & 5 28 B2 % 4 1 H
(20210302124212)

TEER A 531996 —), o, Wik, BENFIEIR SHABEETI.

BISMEE: BRI (1963—), 2, #dZ, WA S0, EZNGA S AL | BHE X HIEM RPN . E-mail: ylshao@nuc.

edu.cn,



CEEE 215 1)

7 SCHT S TR PTG £k (5 SRS 297

0 31

P11 4 148 BOE — b 2 £ BT 25 4 04 7 AiE 4L
B, BB ARk, 38 i ) TS A3 i 5
PR R BRSO AR B & GO R
K, V(G)FRHETRSE, E(G)FRHu%E, 1
e=uvFR GTIER T u B o —Fil, We=
uv, i n.(elG)FR GH ) 8w 125 L2 2 o 1)
FB AT ECH , n.(eG)FR GHEE vl
B LG A w RO BE B TR A R E

[ G 1 Padamkar-Tvan 48 54 (fFR A PTFS K50 &
SRy

PI(G)= > [nleG)+n.leG)]. (D

e=uw€E(G)

Kl G 1) PI 48 %0 J& Padamkar V. Khadikar 7£
2000 4R FE 1 — AR MR B, o, PR A
“Padmakar”, “1” & H “Ivan”, K1, P145 504 B 8%
Fx A “Padmakar-Ivan #5880 . P18 R A EdE —
FBIE B 3T B A RE e AEAE T, R Y AR Y
LRl 2540 A A AR AT A2 Ak, PTAR B E#R AN L .
JAE PLAR A L REAE e 0 &5 B 19 o0 F B b R 454
M BB IR EA s, JFakS e A K
HEEERRMERN . PLIEEUE—MEEWE K
J WA L5 G5 A FEAE () Fh NS B, T 2
1 53— B LA R ST - 450 SRR Z TR i O R
AHEZAER, FEE 2 N T3S 2 09
PRAL 2% PE T R A Wi M o Vukicevic S | Ma
S OIRG 2245 3 T XL R = P BT PTAR(E, Ma
AL T A B AL S PTFS £0 1- 3
FIRF, Ma %8S gi th 7 EHAR N d ) G, m) E Y
TALT S PTEE £y 1 5, Kandan %945 3] 7115
(3] A Pl A T S A F T Y Mostar 8 2000 RS i 2 =X
Vujosevie T 1 AN 2 5% &Y 31 P14 %k
FITHS, PURS BB A {EL

ARSI — SRR 1Y) PLAE 2, 1115 2]
H PIFRE ARG H A =0,

1 HEEIE

WG AfREE R, Hd(u,e) 2R TS uF)
HelIEE ., T GCHmEgNe=(u,v)MeEX
1, du,é)=d(v,e),

= 2
0, d(u, e )F#d(v,e),

e=(u,v)

W70 G B TR a0 00 B B AR S O T8
fEE

EX 1M WE GRE—AEE R A, X
Bille=uweE(G), EXn(G)HGTHHu
FLE o B BN A SE T8

H B G PHIREU 5 X T, GHgskille =
(u, v) % PI(G) DTk 2 5 oo 21w o A S5 R 1)
AEED, HE O )15 2]

H“ﬁ—anH—ZOEWHZBﬁO
€E(( fEE(G)

cE(G) eCE(G)
(3)

EX 2 BEWAKE GRH, 10 H R K
FGOHETSHE RN V(G)X VIH)E, Hdw
AT (e v)) A gy 0,) FHAR 2 HANL Y 0y =, H
v, €E(H), v,=v, Huu, EE(G )

TE N 3N [ Rl e — e s O 5 E]
C, R P, R R R B 5 — 2 AHE ST A5 2
R, Hhi=1,k=2,

EX AT T (=1, k=2, T LS5 E C(,
/) SR A [V S 1] 114 Pl A M4 T s 2 [ s
— AT ARSI . e SCR T A O wo,
R B LR i m ok kie
Ui o gy ooyt i (P=1, -+, 0), W C*(L, 2k)
TS TTE N V(CH)={uo, iy e, 1 [i =1, 2, -+,
k(mod %), j=1,2, -, 1}, W& 1 fix.

B e ) ke C
Fig. 1 The generalized gear graph C” with the center u,

REX 5 KON kW IEIFR S Ve, 14 k)i 25 ik
JEAHRL, B kAT R A e

2 FEHFR

511 B GR)TNRE, e=(u,v)EE(G)



298 e ko

7 R CHRBRARO

2024 455 3 1)

EGTER 4, HHEK GTREk s —%5 e
(R T AVt o, o R o B BSAHSE (30 €, MIFERL T ¢ OR
15 O WHT B A R rh A 31300 e B PR S A o Fl o
PR B AR A 301

ERR W 1 s, W e=uoui, 2% Rkl
iyt N i 3 e B PR o F ) 1O RS
A, il MG T VIIC)=
{u/%—l, ul{*l./y u/lev u/%, ug—l,k, u%—l}s fl%@ C, E‘Jﬁ)ﬁ%
VI(C,)= w B %Ak
wiui - 1ﬁﬂéﬂi_u?uiliﬂeéﬁﬂﬁ/l\““5EEFL%7FH%, w
UCH REGX AR T 25, AT AR B 2/ 23X PR30
ﬁE+

IR 1 &/ =1,k=2,Cx(0,2k) NINE 1 T
AN SRR, )

11 12 2 2
{ulv Up 1y Upy Upy Up, 1y Hl},

PI(C*)=
18, [=1,k=2,
3k(3k—3), [=1,k>2,
22/ — 38/ — 6, [>1,k=2,
3R — TR — 8kl + k" — 11k, [>1,k>2,

IERR HIELLTF AFMEIE

BR1 N/ =1, k=20, ) UHF R T
£ V(CH) 1 E(C¥)=
{Uotlyy Uotlsy ULy 2y Uy U 15 Uslly 5y Uslls ), 25 T 3R TIE
HT S ECh 5, ECh 6.,

etk e=uwou,, NEITHATLLZI 0, ., =3,
Wn,=6—3=3, HERXSFRYERHIn,, = 3.

i e=uu ., NEIHTLLEB S, . =
3, W, =3, tHEWXTFRMERT L, 2,0, = 100, =
My, = Mo = 35

25 LTk, PI(C*) =18,

B2 /=1, k> 20, | LFeE TSR
V(C)={wo, usy wsut; 1)i=1,2, «-+, k(mod £) }, 1
£ E(C)={uottsy ity 1yttt i =1,2, -+,
k(mod &)}, %55 B ik Fe TS 5k 26+ 1, SWECH
ke it E(C)={uuli=1,2, -, k}, E,(C" )=
{wu; ;1)i=1,2, -+, k(mod k), E;(C" )=
1,2, k(mod k)}, I & PL(C )= > n(C )=

eCE(C*)

:{u()’ U, Z"1,29 Uy, u?,l}v

{ux'ui‘i+l|l.:

o, Hhi=1,2,3.

> )<|E(C*)| >

e€E(C dEE(CH)
)5‘11E6 =3, I
) |=#, EEit(B)ﬂﬁ%

ek e=uu, €E,(C
n=3k—3, B M|E,(C

PL(C*)=k(3k—3),

B e=uwu €L, (C*
Jln,= 3k — 3, Z F| E,(C*
PL,=k(3k— 3);

e, We=u,u,€E;(C
3, Wl n,=3k—3, BHIEs(C
& PL,=k(3k—3).

25 LTk,
PI(C*)=PI,(C*)+ PL(C*)+ PI,(C*)=
3k(3k—3)o

1B 3 M/ >1, k=20, I~ A F 1 TS
£ V(Cx)=
1,2, -, 1), B E(CH)={uou, )1t 1, U]
1, z(mod2>,j:1 2,00, [)s ﬁ%%wﬁ,ﬁlﬁ,ﬁﬁﬁ
2k+ 1, R 6L, ?EJ%EL% AT -

D &e=uul(i=1,2), Hik z O =

dEE(CH)

)y B 60 =3,
)=k, R

), HUE O =
*) =4, B3 AT

{u(hulf zz+1|z_1 2(m0d2) ]:

j+l|l

2041, Mn,=2(6/—2[—1)=8/—2;
ll !( 1 2 EI/IE E éw w

dEE(CH)

2) e=

2, Mn,=2(6l—2)=12[—4
D We=w" (i=1,2 H j=1,2,---,/— 1),
Gk > 0 =2, W oa=(l—2)X6[—2)=

¢EE(CH)
6/ — 14/ +4;

O We=ulul, &K e=ul, ul , Hpi=
L2(mod2), ZiE > 0, ,=(+2, Wn=

JEE(CH)
X[6/—[—2]=20l—8
5) ue_u u11+l j%‘ e_ujzz+luz+17 >N ':FI

i=1,2(mod2) H j=2,3,-,(—1, %5 iF
D> 0y, 2= D11+ 1=2/+1, W
JEE(C)
n,=4(l—2)[6/—(2/+1)]=16/*— 36/+8;
6)me:uu,,.lj%e:ul,uu,.l,,\EPz:
,2(mod 2), 5 iiF 2 Oy 20—+ 1+
dEE(C
1+1=21+1,U‘\‘Jne—4><[61*(21+1)]=61*40
g5 ATk,
PI(C¥)=8[— 2+ 12/ — 4+ 62— 14/ + 4+

20/ —8+16/*—36/+ 8+ 16/ — 4=
2201 — 38— 6.

B4 H/>1, 20, T XK Cx Y

]ﬁ‘ﬁ%‘/ C* :{u(hui’uz‘ﬁrl'Z: ) 9 '9kﬂ_]:
19 25 ) Z}; jjl % E(C*):{Mou}, ujz"ujzzil’ ujz"ulz:.i\la



CEEE 215 1)

7 SCHT S TR PTG £k (5 SRS 299

k H j=1,2,--+,/(mod/)}.
oy BAE LTS B0k 260+ 1, SH50CR 30,
B E (CF)={uoui, uouts, *++, uoty },
E,(C*)={u""ul, us "oy -+ i 't}

Ei(C)=

ujz',z'flujz'+1|z. - 19 2,

{u1u1 29 u1 2uz, ) uéui.l’ ui,lull}’
E(C*)={ulul o, ul sty =+ wp 1 gtk with s Wit}
Es(C¥)={u\t4,.,, thtth, 1, W, téi]j = 2, 3, -,Z*l},
Es(Co)={whu; by, -+t | =
1= 2]
I

STIE(CH)|— > o),

eEE(C*) dEE(CH)
Hrh,i=1,2,3,4,5,6.
D e€eE(C*)., W e=uwuui, % ikt
> O a2+, Mn,=3kl—2/—1, HIE

€EE (CF)

BIXTFRER LT B Y e=uoul (i=1,2, -+, k)
BF, 2 (3) a5 PL(Cx)= k(3kl —
eEE (C*)

20— 1)==23k1— 2k — k.

2) e€E,(C*), Be=ub 'ub, HUES (7=
k—1-+1=k, Wl n,= 3kl — k, H & AT FR iﬁu
W B e=ul "ul(i=1,2, -, kI, H AT
BPL(C*)= > n=k[3kl—kF=3k"— k"

e€E,(C*)

3 il E(Cx)=E5(Cx)UES(C*), H
ES(Cx = {utur oy ustth sy ooy wpu )y Ho EL(C*)=
{uh ottty b 50y +oey ul o

FeW e=ulu'y, By IE O, =—1+1=,
W 12, = 3kl — 1, PP X FRPE AT LASE T 512 e =
dul, | EEL(C*)i=1,2,, k(modk)) B , H
KT D) n=~k(3k —1)=3k1— k.

e€E{(C*)

ﬁ:& e—u54u4, %I/IE@ (i, 171+1:Z,

W 0, =3k — 1, th & 8% FR iTUﬁETLﬁle:
it €ES(CH)(1=1,2, -+, k(mod £)) I,

KOTH D n,= k(36— 1)=3k1— k.
e€EY(C*)
[3'¢
PL(C*)= z n,= E nJr Z ne
eEE,(C*) eEEL(CH ¢€E}
6/e21f2/elo

E{(Cx)=

{ul 2“2, Uz %u% .

E{(Cx)UE(C*), H ,
{uius oy usus 5y -+ wpuy,y H EJ(C*)=
U UL Yo

We=uwul,  He=ul, u (i=1,2,--+,k
(mod k), Gk o, ={+2, FH3DMIrkmT

H, PL(C*)= Z n—Z/e[Skl —(+D—1]=

e€E,(C*)
6k*l — 2kl — 4k,

5 it E(Cx)=E:(C*)UEL(C*), H

EL(CH)={whwd) o, thidh 5, - s ujud =2, 3, -+, — 1}
H  ENCH)={w o,  hstds, -+, ]
—2,3,-,0— 1},

1‘«,% e_u]ujszl ﬁ % €:u]z:f+1ujz"+1(l':

1,2, =, & (mod#), j=2,3,+, [—1), 5 iE
O, =L 1, FUADHT L ATA, PL(C*)=
2 n.=2k[ 3k — [ —1]=6k*1 — 2kl — 2k,

e€E;(C*

6) e€E(C*)y W e=ulul, Bk 0 _ .=
k— 1+ 1=k, W n=3kl—(k—1)— 1=3k —k,
B XE BR R HE T B Y e=wln T =1, 2,

L h(modk),j=1,2,+-,0—2) i , PL(C*)=
> ne=(l—2)k(3kl— k)=3k"[" — Tk*[+2k’
e€E(C*)

25 LRTR,

n,(C*)=

i=1e€E(C*)

SULECH) = > of|=

e€E(Cx) £EE(CY)
kP — 2kl — k+ 3R — k* + 6k° — 2kl +
6k* 1 — 2kl — 2k + 3R71* — Tk*[ + 2k =
3PP — Tk — 8kl + k* — 11k,
i b

S E Lk

[ 1 ]KHADIKAR P V. On a novel structural descriptor PI
[J]. National Academy Science Letters, 2000, 23(7/
8): 113-118.

[ 2 ] KHADIKAR P V, KARMARKAR S, AGRAWAL
V K. A novel PI index and its applications to QSPR/
QSAR studies [J].
and Computer Sciences, 2001, 41(4): 934-949.

[ 3 JINDULAL G, ALEX L, GUTMAN L. On graphs
preserving PI index upon edge removal[J]. Journal of
Mathematical Chemistry, 2021, 59(7): 1603-1609.

[ 4 ]VUKICEVIC Z K, STEVANOVIC D. Bicyclic

6

Journal of Chemical Information



300 b R A s CASRBREROD

2024 455 3 1)

graphs with extremal values of PI index [J]. Discrete
Applied Mathematics, 2013, 161(3): 395-403.

[ 5]MA G, BIANQJ, JISJ, etal. Tricyclic graphs with
maximum PI index [J]. Ars Combinatoria, 2021,
155: 157-168.

[ 6 ]MA G, WANG J F. Disproving a conjecture on PI-
index of graphs[J]. Match Communications in Math-
ematical and in Computer Chemistry, 2022, 88(1) :
199-203.

[ 7]MA G, BIAN Q J, WANG J F. Bounds on the
weighted vertex PI index of cacti graphs[J]. Filomat,
2019, 33(18): 5977-5989.

[ 8 IMA G, BIAN QJ, WANG J F. The weighted vertex
PI index of (12, m) -graphs with given diameter [J].
Applied Mathematics and Computation, 2019, 354:
329-337.

[ 9 ] KANDAN P, SUBRAMANIAN S. Mostar index of
conical and generalized gear graph [J]. Communica-
tions in Combinatorics, Cryptography &. Computer
Science, 2021, 2021(2): 163-171.

[10] VUJOSEVIC S. Computation of edge PI index, ver-

tex PTI index and szeged index of some cactus chains

[J]. Mathematica Montisnigri, 2022, 54: 14-24.

[11]HAO J X. The PI index of gated amalgam [J]. Ars
Combinatoria, 2009, 91: 135-145.

[12] MA G, BIANQJ, JISJ, etal. Tricyclic graphs with
minimum values of PI index [J]. Match Communica-
tions in Mathematical and in Computer Chemistry,
2016, 76: 43-60.

[13] CHARMAINE S, JOSEPH G. The game chromatic
number of some families of Cartesian product graphs
[J]. AKCE International Journal of Graphs and Com-
binatorics, 2009, 6(2): 315-327.

[14] AYACHE A, ALAMERI A, GHALLAB A, et al.
Wiener polynomial and Wiener index of conical graphs
[J]. Sylwan, 2020, 11(3): 107-116.

[15] KANDAN P, SUBRAMANIAN S. Weighted PI and
szeged indices of generalized gear graph[J]. Interna-
tional Journal of Natural Sciences, 2022, 72 (13) :
41816-41823.

[16] BONDY J A, MURTY U S R. Graph Theory with
Applications[ M ]. New York: American Elsevier Pub-
lishing Co., 1976.



