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The joint impacts of maturation delay and digestion delay on the
dynamics of a predator-prey model

LI Shuai”, YANG Yanhua’, SONG Xinyu'

(1. College of Mathematics and Statistics, Xinyang Normal University, Xinyang 464000, China;
2. College of Information Engineering, Xinyang Agriculture and Forestry University, Xinyang 464000, China)

Abstract: The dynamics of a predator-prey model with maturation and digestion delays were studied. The
characteristic equation with delay-dependent parameters was first analyzed using the geometric method.
Accordingly, the Hopf bifurcation curve and unstable region on the two-delay plane were obtained. The center
manifold and normal form theory were then applied to deduce the criteria for judging the bifurcation direction and the
stability of the bifurcation periodic orbit. Combined with numerical examples, it was found that, as the digestion
delay increases, the model would lose its stability. In contrast, as the maturation lag increases, the model would
tend to be stable after finite stability switches.

Key words: delays; Hopf bifurcation; stability switches; normal form

BRI [ T RSO, HA T U AR

0 gll:l dN(Z): rN CAN()—
BT # - PRI A SRR A R v oh B dr 1 +kP
MR C R T S e F1 R SAR T A AN (1)— NP "
P I — e 2 i (9 A A ol R G v SRR 48 174 S L+ AN
A 90 A 150 XU T 7 A 1 07, L 2 dP@)_ 3 NP b))
3£ R R R 0 0 7 A L B T g s d 1+ AN ’

BT LT A S AR 2 R S A RS Y P NCOFIP () 535 e B A & & AE (1 Z)
FEENAY . WANG 2125 Vi T2 L i fr - WA s d A dL 53 B B AR R B ARAE

Wi B HE:2024-10-16; &6 B #5:2024-11-07; *. B{S B & A , E-mail : xynu_sx_lishuai@163.com

E&TH : HEAARIEEEEIH (12401651) 5 {5 BHITL RS o 25 & 22 il i) 5 450 H

EE RN 20 (1994—) , 55, T Ra{F BHA VR, 1+, 2 i A Wik ox

SR 220 At ee RS . A 5 T A e i S TR R — 283 B R R Bl ) 2 AT S RS [T ] A B R 2 2 4l (B AR 2%
fiit),2025,38(4) :421-427.
LI Shuai, YANG Yanhua, SONG Xinyu. The joint impacts of maturation delay and digestion delay on the dynamics of a predator-
prey model[J].Journal of Xinyang Normal University (Natural Science Edition), 2025, 38(4):421-427.

421



38 H4l

A5 BRUBE R 222 4R ( A SR B4 0R) - http://journal.xynu.edu.cn

2025 4 10 H

TR AR N TE S5 F AT 46 5 £ 20 i R A5,
§%E,aﬁﬁﬁ%5’mﬁﬁ$,hﬁ$’f@%ﬂm@t,ﬂiﬂ
AR m A EHE LT, PR R,
RUPEALON, P AN RY (1) By Ae e M o

VF 22 A= W3 R R AS J2 Bk B 58 G , AR A7 A B
[AEIR il AP I A B e A% A 5 AR 2
2R PG . PR T S R ST
RIGABEHEAT T — & sh fl s i . KUANG 7
T 2 R s Y AT DL B0 AR SR FRAE R
BT AL ] MA 5530 1 R A 2R ff 2 A
AR S R HE S T TR T DA A £ P A 1
B .

dN(z) . rNG—7) B
i ¢ T ONW
., aN(2)P(1)
&N(2) 1+AN(2)’ @
dP(z)  aN(2)P(1)
d " 14+aN() mb (L),

A oA A R B T I A4 A B Y
FET %,

BT (2) () SEh I, 1F
ARSI, A5 20 T TSR TR -
dN(¢) .. TNt—1)
i T N

, aN(2)P(t)

d,N (Z)771+hN(z)’ (3)

dP(r) aN(t—0c)P(t—0)
@ PN P

Ko AT AR

B (3) P K WA~ Z s i HL S B H A i |
FEBIHA TN EAA —E MR . AR SCH 2 ]
A 98 EF 35 [ B 25 A %) JLART 7 3, 3 A5 I3 SF 1T
1 Hopf 73 32’k , #2E 1 115 Hopf 43 32 B9 By 7k
e R SR R A R e vk . B gT A R AT
6 7R A A AL A L VR S e e

EIESIEA IR
1 BE(3) LMD

KRR SR T LA 53 23 A T (3) 7 1 - iy
SEAL B RO T R, DT A2 I S B T B 2
e XI5 Hopl 4 307 A 4«

MORTRFSE A A, G SR TE A B A )
LA, DRIk T 2 PR AR TR (3) Y - A

— B AR B

422

%ref‘["r> dl ﬂ:‘[]
(re " —d\)af — mh)>d,m,
N (3) fF e ME— IE R & = (N., P.(7)),

Hrp
m

:aﬂ —mh’
P.(o) W2 T
akPi(7)+(k(1+ AN.)(d,+
d:N.)+a)P.(t)+
(1+ AN )(d;N.—re " +d,)=0,
TR (3)7E E R Z AL RS h

dj\(;i”:all(r)N(z)+a12P(1)+
bn(t)N(t—7)+bu(r)P(t—1), @)
dlzl(l‘l‘)zazzP(z)vchl(r)J\f(z—a)vL
CZZP(I*G),
e
o aP.(7)
(111(‘[)* (d1+2d2N*+(1—’—hN*)z )9
__aN.
e 1+hN*’a227 "
re 4"
bn(r)_ilJrkP*(z')’
rkN.e 4"
bu(f)_i(l—'—kp*(f))z’
oz )= apP.(7) - aN.
“ (1+AN? % 1+AN°
%N(z):5Ie*',P(z):&e“ﬁ/\/%§ﬁ(4 &

2= (au(t)+bu(r)e ¥)&+
(ay+ b1, (z)e™ )52, (5)
Ao=cu(r)e &+ (an+ cne )&
S
A—ay(t)—

—Ao

bu(z)e ™ —ap—bu(e™|_ o

—Cy (r)e A—ay— 5"226716

W5 R (O AFTEARF- MU (£,,6.)
LR (6) A B R GE (4) WRHIE T 78
P t,0)=po (A, t)+pi(A,c)e +
p(A)e+p(Ar)e =0, (7)

PolA, ):/12_(all(r)+a22)/1+all(f)a225
Pl(;{, ):*bn( )AJVClzzbn(T),
— At an(t)en—

a126‘21( T ),



2R A O RGBT LA 5 T A I IR X — 2 AR R Bl 2R AT D Y R

Ps(A)=b1(T) o — bl T)calT)s
R FH SCHR L6 ] v i 5 v b BURR A 7 72 (7))
BTG E (7, 0) T E R 2B 2 DA SR E 5 AR
EXI, BA=iw(w=>0)RAFR(T)A
(poliow, o)+ po(iow,v)e “)e “+
poliw, )+ p, (iw, r)e =0, (8)
XoF 7 A (8 ) A i B I 7 2 )
le 1= |cos(ws )+ isin(ws)|=1,
kLS
Ipo (iw, T)F + |p, (iw, T)f —
. (iw, )] — |ps(iw, T)f =

2(E(w, t)cos(wr)— F(w,t)sin(wr)),

£
N
o
S
~

-
S
~

=

D
= = 2 X
: T
— o~~~

&

~
S e SR B
/\/\'—‘/\/-\

S

~
- — — —
z T =z =
S b

S
~N
- — — —

§
N

5

N

=

o(w, v)=arg( p,(iw, r)Zs(iw, T)—

poliw, 7) p (iw, 7)),
AR FE(9) AT H A,
Lbo(iw, 'l')|ZJr |P1(iCU, T)‘Z_

2 (iw, T)f — |ps(iw, T)f =

2JE*(w, )+ F*(w,7)cos(p(w, )+ wr),
(10)
2 (10) AT AT, AR 5 F8 (7) F77E 21 AR A 4
BN (v, )W 2 F AT
<|Po(iw,2')|2+|' 1(iw,T)|2_
b (iw, )P — |ps (1w, 7)F) <
4(E2(w,z’)+F2(w,r)>2,
FR (7, )Wl 2 E AN S X5 D SR Al 47 X

Ak, i

o(w, v )= arccos((|p,(iw, 7)f +
Ip1 Gw, T)fF — |p, (iw, 7)F — |ps (iw, )F )/
2VE* (w,t)t+ F(w,7) ),

HH R SCeR LS, D> RN

folr,w)=¢(w,t)F ¢lw,v)—
2min+wr,m €Z,

#i(rn, ) £z, 0) =0, fEAR(8) AT 1%

F oy FikA
‘ :larg(* pz(iw, r,f)+p3(iw, rf)e
w po(i(u, T,,',l>+p1(iw, r,,‘,,>e
2mo,m, myEZ,
TR B I T _E A2 A 2
S=(r,,0,)ERZ, m,mEZ, (11)
#i (T, 0.)€ S HARRAE BRAF B N, WIAFAE
w35 Pliw.; T, 0.)= 0 VL S A (zoy 0. ) FIEAEAE
M, 0)=alr,o)Liw(r,o) W 2 alr.,0.)=0,
W(1s, 04)=Weo
TR 25 B B (7, 0 ) IR S (7., o) B A RRAE
BLZEER T 1) o PR SCHRL7 1A SCHR : T 2R T 2R w
B O ) Ay T T 3 R 2 ), g 4k
A 2 A ) DX 38 Ay 2 (A ) X3

—iwr,,
1

)+

—iwr,,

Rl(r,a)ZRe(M),
dr

I(z.g)=1m( P Aiza)
dr

RZ(T,G)ZRQ(M),
do

Lz o)=1m( FAino)
do

F 55 PR S0 BN SCHR [ 7 el 200 ThISE BE AT -

EE1 Y7, 0.)C S FHEIT R (T FEAELL
@*EO
HEAh 7

R,(t,0.) ] (7e, 0. )—
R\(r.,0.)L(1.,0.)<<(>)0,
W24 (7, 0) 252k (7o, o) B ZF B 2 A M0 C2E M) I
FRIE 72 (7) A PG HLAT TE SRR AR

2 HopfaZHMSEE

TS O T T A2 PR AR T R E S A
AU (3)7E Hopf 73 3 s I 1 8l 1 2# 470 -

2 PR (L)AL, [ 22 o, /£ 7E Hopl 43 32 (8 0. [ 15
FRAE 5 R (D AAAE AL B AR 1. H AR FRIEAR Y B
TSR . SR SCHRL8 Wy 5 i AL (3) 7E 0.4
Hopf 43 3 BRI RY | I 5 43 S /9 5 ) 4 ] B 20
AR E P

L U)=(U,(2),U,(2))", U, (t)=N(1o)—
N.,U,()=P(to)— P.(z), W (3) 540N

dU (1)
dr

=L(o)(U,)+g(U,0), (12)
s

423



38 H4l

(LSRN == QSN S =)

http: //journal.xynu.edu.cn 2025 410 H

L(o)(y)= oL,y (0)+ oL.y(—

—(¢1,¢2 ) (13)

)+0’Lgl//( 1),

gy, 0)=0(g,g)",
A

1 v
81— N1k g{ﬂ«/ (O)WZ(O>'

i+jt =2

PH—S)gh(—2),
o o

L :(an a12) L72(511 bn) L :(O 0 )
' 0 a)z, ) 0 0/ ’ Can szo

B AT A g (2 A I<3) AN
gém(2<7n+n<3 ﬁH—F

s (1L N.AY

llOO - a OOll - reid’rk
&1 (I +NAE S (1+P.R)

0002 ﬂlrrN kz 3000 o 01PJL2
& eV e
gl)l()() - ah 0012 J— eid’rrkz

(1+Nh) (14 P.k)’
e — Nk
(1 +P.k)

gP— paP.h n_ Ba

’ (1+N.A) (1-+N.h)?

30:6 l&zp*/l2 21 l@ah
Y N (1+N.AP®

Lo=o0.+ e, ARG (12) ] 51§
dU
J”—L@Q@U+G@L@, (14)
.
Lioc)(y)=0c.Ly(0)+
ath//(_ )+ o.Liy(—1),

Gly,e)=(L(g.+¢)— L(o.))(y )+

gy, 0.1¢),
GHle= 0 A% (14) i Hopl 7 % 5, tiw.o. 2 T
MR LR IR

dU (1)
i o )(U,),

i1 Riesz &/~ € PR, £ 76 A 748 22 R B
max{§,1}<e<o fi 15

=L(

V(0)(— Xt ge C[—

0], R)H

max { —, 1},
O«

424

h(dz\f h*=+3d;N?h~+ 3d;N.— P.a)+d,

Loy (=]

—max { —,1}
.

g bR (5 PR Vo) ECh
V(0)=0.(L,6(0)+ 1,26(0+gl )+

dv(0)w(9),  (15)

L.o(0+1)),

#Fg(0)eCl[— AiihoLwhii

max {

dy
0 ,0E[— max{ 1}0

A4 Z 58 (14) 1] B g

dg =AU,+R(e) (U,), (16)

X p(s)EC[0,max{—,1}], (R*)"),E X

ggfsE(O max{ =111,
ds o

A(p(s))=1 w0
r p(—s)dV(s),s=0,
—max{—,1}

WA E SCR THT A R A TE 2
(p(s),y(0))y=p(0)y(0)—

f Tfkﬁfﬁmﬂmwa%,

—max{—,1}
WA 5 A" R R PR S 2
(p(5), Ap(0))y=(A"p(s),y(0)).

HIRTAT AL, £ iw-o. 2 A FIA"UFFIE(E . R

9[)((9):(3/12)6%”’

iw.o.

=
Co1€
¢2: : —iw.o.

W« = dop — (C29€

p(s):D(l’{O2>eiwmm’
o an + lCU* + [71167”” ‘

=(1+p,¢.+
<;2c‘21 +;2622¢2>5*e

—lw.o. )*l
)

oy



N AR ROBTT UA R  T AL A

&R R — Al R Bl T 24T R

Al¢)=iw.o.y, A" (p)=—lw.0.p,

(p(s),w(0))=1,{p(s), y (0))=0,
A U RRG(16) G e=0 W HIffE. & X

(0. U,),

W(t,0)=U,— 2Re(z(t)y(0)),

U—1D)=z(r)e "+ 2z (1)e"" +w?(—1)

—2

wl(—1)zz +wP(— 1)%+

Uzr(i 1 ):¢22(f)e w-0. -+ szzg (Z)e""“’* +

2 —2
W (- 1) T wl (- Dzt w1 E e

U )=2(r)e ™ +z (1) 4w (—= ) =+
o o. 2

H=C(17)ATAL, 2 e=0RF,
dz(7)
dz

:iw*a*erg(z,g), (18)

A
gz 2)=p (0)G(W(1,0)+
2Re(z([)¢(5)),0):

2

gzo +g1122+g02
@J‘iﬁ‘%ﬁ_fﬁn,

Z

+g21z + ey

G(W(q, 9)+2Re( ()y(0)),0)=

—2 2
0. (G +G zz—ﬁ—GlZ + G=* 22)
A
‘ :((z‘fi),csz_ () 6| )
Gr G G5 G5

=, (g™, + 21" e " +
20,81 + gi™,
G = e (288 g ),
G =(gI"™ +g!") ¢, + g g7 +
gt gt g™
Gi*=12Re(¢s)g:' + g5",
G =G, G =G,
Gi=[gl"'g, i+ 281" gl + g9 +-

(Zwil (_i >g?011 +

[oF%
Z'wél (_gl )gi)ooz)‘/jz +
ZUJ;I (70-1 )g%)Oll :I e*lw»r +

[( UJ%O (70_1 )g111011 +

)glot)ll :| exw,r+

70(O)g1100+g9100)¢ +
2w g11(>(>+2g7100)¢2+
+2w11( )) 1100+gi3000+
( er{“(O)) 2000

G%":(gz ¢, (2wl (—1)¢, +
2wy (—1)) g + 2g5 wi! (— 1)+
2g3' g, + g e+
(glwi(—1) ¢, +
gFwi(—1)+
grwi’(—1))e“”,
Rl T A
gu=0.D (GF+7,G),
=0.D(Gi*+p,Gi°),
ge=0.D (Gi*+p ,G5*),
gﬂ—m_(Gf‘;vL,; G5, (19)
PRI g0 P Y wa, (0) Rl wy, (0), 1 (16)
A= (18) AT,

425



38K 4y {5 BRITIE K22 (A AR BF 24D http://journal . xynu.edu.cn 2025410 H
dW(z,0) dU, dz dz— —A(E,)=0.G,
a dr dt? y(0)= a? v (0)= P
sk AER (23) Y E I E,:
AW = 2Re(g (= =)y (0). E,=(2iw.c.l,— L, — Le"" —
0 €[—max { L, 1},0)% L.e™ ") "0.Go,
B - E.=(—L,—L —L,) '0.G.
AW = 2Re(g (= <)y (0)) + H52% (23) O AR (19) 178 51 g0 19 88 50 3
G(W(1.0)+ 2Re(2(£)y(0)),0), E ey
=0, : 2 ]
Fid (0)= Zwl*a* <g“g20*2|gn|2* |g02| )JF&
dwW(z,0) - .
dz :AW+H<Z’Z’€): ﬂz—_Re((;;((f))))»,gz—ZRe(Cl(O)),
AW+H2(><<9)%+H11((9)Z;+ Im(cl(O)H—ngm(A’(m))
s To— o
. 9 L+’ 20 W 0«
‘ He0)7 20 M, > 0( < 0) B, R () WG HE 0> (<)o
A o B s 24 4, 0( < 0) B, 41 3¢ 1 10 1 4
—(guw(0)+g, v (). R R B E (952 2, = 0( << 0) I, JE %0
T T 4 )
. 66[7max{§’1}’0); B AR o B0 258 T m (o2l )
“ ( T B0 ))* 3 BEFIF
ow (0)+ 0))+ 6.G..,
¥ ) i””’ i O B I 4 5B 0 T
- P, R ST B -5 T AL IS X AR (3) ) 2
(guv/(ﬁHgnl//(ﬁ)), BRI . SECA SCHR[5]:r=0.4,,k=20,d,=
. (X 1).0) 0.1, d,=0.01, d,=0.05, a=0.5, h=0.6,
H.(0)= Clmaxt S LLOk 04 =0.05. ATHE R BRI SE (z, ) i
—(guw(0) g, ¥ (0)+0G., LA LT/, (z,0) T b 1053 3l 22 A 2
9—0 TN TR 2 H T Sk T 0] ) DX e AR X
%—‘ﬁﬁ ° 0.10 v
0.09 —S
dW(Z,ﬁ)_ di dz - e S,
i Wy ()2 d[er“(é’) q 2+ ZZj
) E i w0 i 1)
@ dlfz Wo dz < 0.05
Feg =t (20) f=N (21 M R E0H 0.04
(Ziw*a*lz—A)'wzo(@):Hzo(@), Bar
—Aw,, (0)=H,,(0), - (22) .
Mﬁ(ZZ)mﬁ@ﬁ% 0'010 5 1‘0 . 15 ' 20 25
ig0 1§W _ E1 ®TEIINS (7, w) Bk
wy (6)=( W0 (0)+ 3(0*&* v (0))+ Fig. 1 Feasible region and curves of S; (7, w)
E e, r 1 2 AT, BT © ) 5 | 2 ik RE e PR
—igy g, — P, MK AT AL o B A5 . i, 14
w(0)= 0 + +FE,.
wu(d) (wa w0 .0 v (o) E =15, 3 H 0 =0.0298,6.= 2.913 5, i@ 1

2 0=0,n13

2iw.0.E, — A(E ™) =0.G..,

426

EHE R A4 0, (0)=—0.5464 —0.286 11,
u,=2288.7782, B,=—1.0928, ,=21.9206,

VEM A4S, 24 6>6,=2.913 5B}, & H A4 H iy



2R A O RGBT LA 5 T A I IR X — 2 AR R Bl 2R AT D Y R

XL

0 5 10 15 20 25
i

2 (r,0) FHENSTHESAREXE

Fig. 2 Stability curves and unstable region in (z, o ) plane

JEI S BE T A E Y o B(ELDT AR (1 3) B
HIE TiZ45E .

4 EEFRIE

TRIT T IR 5 T A it 2 ) 1 PR — 26
AR A . 55, s HBE% 1L XU
it [/ 28 AR A ) JLAR T3 95 Ak BB A 2 JUH R I i

Sk

011 0=27<0, 011 oc=31>o0,
0.10+ 0.10
0.09+ 0.09
0.08 0.08
0.07} 0.07
T 0.06 + i 0.06
0.05} 0.05
0.04} 0.04
0.03} 0.03
0.02 = 0.02
0.01 0.01
01 02 03 04 05 06 01 02 03 04 05 06
N(t) N(t)

E3 REQQ)HMBERE
Fig. 3 Simulations of model (3)

FRRFAE D7 R , Y IHCAS 380 I - T8N Y Hopf 43 St
2o HK i A ion e B B e, 15 3
FEHITE Hopf 73 SRR S50 R GE L B0 E 1 70 305
] 5 M EE R e . R A5G BUER G L
P, Bl A T A I 2 B0 1 R B BRE Ok £ RS E
P 5 B A AP i R, AR 2 5 A PR R T
KGR BTREE . HIRs a7 Ay e
RIS 14 7T . 25 5 W e B A I A 8l 0 A v

(1] HICe R, EOROME . — A4 o B vp 2B A0 5 S A T Db ) 5 5 A I 28 3l g 25 [T ). Besr Wy B 24l

2024, 44 (6): 1577-1594.

XTAO Jianglong, SONG Yongli, XIA Yonghui. Spatiotemporal dynamics induced by the interaction between fear and
schooling behavior in a diffusive model[ J]. Acta Mathematica Scientia, 2024, 44 (6): 1577-1594.
[ 2] WANG Xiaoying, ZANETTE Liana, ZOU Xingfu. Modelling the fear effect in predator-prey interactions[J]. Journal

of Mathematical Biology, 2016, 73(5): 1179-1204.

(3] RS, HEE. —2HAREXET R AE B6 B BEASHH & REERI S 12200 [T ] A5 PRS2 Be a4l ( A S8R

), 2024, 37(2): 203-209.

SONG Ge, GAN Jingwen. Dynamical analyses of a nonautonomous prey-predator stage structure system with refuges
and time delay[J]. Journal of Xinyang Normal University (Natural Science Edition), 2024, 37(2): 203-209.
[4] KUANG Yang. Delay differential equations with applications in population dynamics [M]. New York: Academic

Press, 1993.

[ 5] MA Xiaoke, SU Ying, ZOU Xingfu. Joint impact of maturation delay and fear effect on the population dynamics of a
predator-prey system[ J]. SIAM Journal on Applied Mathematics, 2024, 84(4): 1557-1579.

[ 6] LI Shuai, SONG Xinyu, HUANG Chengdai. Further study on the crossing curves in two-delay differential equations
with delay-dependent coefficients[J]. Applied Mathematics Letters, 2024, 158: 109264.

[7] AN Qi, BERETTA E, KUANG Yang, et al. Geometric stability switch criteria in delay differential equations with
two delays and delay dependent parameters[J]. Journal of Differential Equations, 2019, 266(11): 7073-7100.

[ 8] HASSARD B D, KAZARINOFF N D, WAN Yieh-Hei. Theory and applications of Hopf bifurcation [M]. New

York: Cambridge University Press, 1981.
EEmE: e E

427



